Series of exercises 2 (Questions marked * left to the students)

Exercise 01 Study the monotonicity of the following sequences.
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For the two sequences (k,,),(f,) we use Bernoulli's inequality
vneN;Va>-1:(1+a)">1+na
Exercise02 Calculate the limit of each following sequences
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Exercise 03
1) Using the restriction calculate the limit of each following sequence.
1
a)* (nen:Un = Tici oy B) Wndnenr: Vn = 15 iy E(kx) (Where x € R).
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c) (Wn)nEN*: wy = e

2) Using the definition prove that:

a)lim (Vn+1—+/n) =0, b)*lim mot 1 , ) lim n:l+1=1 ,
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d) lim a" = 4+ (wherea > 1) e)* lim 1.

3) Prove that the sequence (u,,) is divergent in each of the following cases:

n+2 . (n?+1
a)u, = (—1)”7 , b)*u, = sm( y= n)

Exercise 04
Let be (u,,) a real sequence defined by .vn € N: u,,, =1+ i and uy = 1.
1) Prove that Vn € N : u,, > 1.
2) We symbolize a for the positive solution of the equation x = 1 + %
a) prove that Yn € N : |u,, —a| < %lun —a| and |u, —al| < al—nluo —al.
b) what do you conclude?.

Exercise 05

1) Prove that if the two subsequence (Uyy41) and (u,,) are converges towards £, then
the sequence (u,) is converges towards £



2) Application 1: Let (u,,) be a sequence where: Yp € N*;Vn € N*: 0 < Uy, < %+

"d_l»—\

Prove that (u,,) converges towards0.

3) Application 2: Let (v,)) be a decreasing and converges sequence towards 0 and let the
sequence (S,) defined by S, = Y ,(—1)'v;.

Prove that the two subsequences (S,,,) and (S,,.,) adjacent, what do you conclude ?
(Application 2 is a proof of Leibniz's theorem for series.).

Exercise 06 Let a ,b be real numbers, where 0 < a < b. we define the two sequences
(u,) and (v,) as follows.

Uunt+v
V€N : Uy = JUn.Vn , Vnis =% » Vo=bcu=a.
Prove the following

HDvneN:0<u, <v, 2).the two sequences (u,) and (v,) are monotonic.
1 1\"
3VREN: v, 1 —Uppq < E(‘Un —Uy) 4Hvn €Ny, —u, < (E) (b—a)
5) lim (v, — u,) = 0, what do you conclude?
n—->oo

Exercise 07

1) Let (u,) be areal sequence, where Vn € N: |u,;; —u,| <a” (0<a <1).

Prove that (u,,) is a Cauchy sequence.

2)* Let (v,,) be a real sequence, where Vn € N*: |[v,,,; — v, | < K|v, — v,,_1|(0 < K < 1).
Prove that (v,) is a Cauchy sequence

Exercise 08* Let a be a real number and (u,),s, a real sequence defined by

n 2(n2+n+1).
(n+1)2 1 (n+1)? ’

*- — —
vne N u,,; = U =a

1) a) Prove that the sequence (u,,) is monotonic and bounded

b) Calculate limu, (we denote this l[imitas ¥ ).
n—-oo

2) a) Find a simple relation betweenu, ., — € and u, —¥.
b) In terms of n and a deduce the expression for u,.

Exercise 09*

1) Let the two sequences (Uy) pen+ and (Vy)pen WwhereVn € N*: v, = w

Prove the following:

a) If (u,) is monotonic, then (v,) is monotonic and has the same direction of change
with (uy,).

b) If (u,) converges towards €, then (v,) is converges towards .



2) Let a,,a, ... .. , Ay, be a positive real numbers, that are not all zero where m € N*.

1
Prove: that lim(a;™ + a,™ + -+ a,™)» = max q;.
n—-oo 1<ism



