
Series of exercises 2    (Questions marked * left to the students) 

 

Exercise 01 Study the monotonicity of the following sequences. 

𝑢𝑛 =
3𝑛+4

2𝑛−1
 * , 𝑣𝑛 =

√𝑛+1

2𝑛
 , 𝑤𝑛 =∝ 𝑛 + (−1)𝑛 (∝∈ ℝ) , 𝑘𝑛 = (1 +

1

𝑛
)

𝑛

 , 𝑓𝑛 = (1 +
1

𝑛
)

𝑛+1

*. 

For the two sequences  (𝑘𝑛);(𝑓𝑛) we use Bernoulli's inequality  

                                                                                             ∀𝑛 ∈ ℕ; ∀𝑎 > −1: (1 + 𝑎)𝑛 ≥ 1 + 𝑛𝑎 

Exercise 02 Calculate the limit of each following sequences 

𝑎𝑛 =
3𝑛+(−1)𝑛

2𝑛+2(−1)𝑛  , 𝑏𝑛 =
1+3+⋯+(2𝑛−1)

𝑛2+𝑛
  ,  𝑐𝑛 =

1+𝑎+𝑎2+⋯+𝑎𝑛

1+𝑏+𝑏2+⋯+𝑏𝑛 *(|𝑎| < 1 ; |𝑏| < 1) 

, 𝑑𝑛 = (1 +
1

𝑛
)

𝑛

 , 𝑒𝑛 = √𝑛𝑝𝑛
 (* (𝑝 ∈ ℕ∗) ,  𝑓𝑛 = ( 

𝑛+𝑎

𝑛+1
)

𝑛

*(𝑎 ∈ ℝ) ,  𝑔𝑛 =
1+2+22+⋯+2𝑛

2𝑛 . 

Exercise 03  

1) Using the restriction calculate the limit of each following sequence. 

      a)* (𝑢𝑛)𝑛∈ℕ∗: 𝑢𝑛 = ∑
𝑛

𝑛2+𝑘

𝑛
𝑘=1       b) (𝑣𝑛)𝑛∈ℕ∗ : 𝑣𝑛 =

1

𝑛2
∑ 𝐸(𝑘𝑥)𝑛

𝑘=1  (where  𝑥 ∈ ℝ). 

                                           c) (𝑤𝑛)𝑛∈ℕ∗ : 𝑤𝑛 =
𝑛!

𝑛𝑛. 

2) Using the definition prove that: 

    a) lim (√𝑛 + 1 − √𝑛) = 0  ,  b)* lim 
𝑛2−1

2𝑛2+𝑛
=

1

2
   , c) lim

√𝑛2+1

𝑛
= 1   ,   

  d)  lim 𝑎𝑛 = +∞ (𝑤ℎ𝑒𝑟𝑒 𝑎 > 1)  e)* lim 
2𝑛−1

𝑛+3
= 2    f ) lim 

2𝑛+(−1)𝑛

2𝑛 = 1. 

3) Prove that the sequence (𝑢𝑛) is divergent in each of the following cases: 

                        a) 𝑢𝑛 = (−1)𝑛 𝑛+2

𝑛
  ,  b)* 𝑢𝑛 = 𝑠𝑖𝑛 (

𝑛2+1

4𝑛
𝜋) 

Exercise 04 

Let be (𝑢𝑛) a real sequence defined by  . ∀𝑛 ∈ ℕ: 𝑢𝑛+1 = 1 +
1

𝑢𝑛
 𝑎𝑛𝑑 𝑢0 = 1. 

1) Prove that  ∀𝑛 ∈ ℕ ∶ 𝑢𝑛 ≥ 1. 

2) We symbolize 𝑎 for the positive solution of the equation  𝑥 = 1 +
1

𝑥
. 

      a) prove that  ∀𝑛 ∈ ℕ ∶  |𝑢𝑛+1 − 𝑎| ≤
1

𝑎
|𝑢𝑛 − 𝑎| and  |𝑢𝑛 − 𝑎| ≤

1

𝑎𝑛
|𝑢0 − 𝑎|. 

      b) what do you conclude?. 

Exercise 05 

1) Prove that if the two subsequence (𝑢2𝑛+1) and  (𝑢2𝑛) are converges towards ℓ, then 
the  sequence (𝑢𝑛) is converges towards ℓ  



2) Application 1: Let (𝑢𝑛) be a sequence where:  ∀𝑝 ∈ ℕ∗; ∀𝑛 ∈ ℕ∗: 0 ≤ 𝑢𝑛+𝑝 ≤
1

𝑛
+

1

𝑝
. 

Prove that  (𝑢𝑛) converges towards 0. 

3) Application 2: Let (𝑣𝑛) be a decreasing and converges sequence towards  0 and let the 
sequence (𝑆𝑛) defined by   𝑆𝑛 = ∑ (−1)𝑖𝑣𝑖

𝑛
𝑖=0 . 

Prove that the two subsequences  (𝑆2𝑛) and (𝑆2𝑛+1) adjacent, what do you conclude ? 

(Application 2 is a proof of Leibniz's theorem for series.). 

Exercise 06 Let  𝑎 , 𝑏 be real numbers, where  0 < 𝑎 < 𝑏. we define the two sequences 
(𝑢𝑛) and (𝑣𝑛) as follows. 

           ∀𝑛 ∈ ℕ ∶ 𝑢𝑛+1 = √𝑢𝑛 . 𝑣𝑛   ,   𝑣𝑛+1 =
𝑢𝑛+𝑣𝑛

2
   ,   𝑣0 = 𝑏 ،  𝑢0 = 𝑎. 

 Prove the following  

1) ∀𝑛 ∈ ℕ ∶ 0 < 𝑢𝑛 < 𝑣𝑛               2).the two sequences (𝑢𝑛) and  (𝑣𝑛) are monotonic. 

3) ∀𝑛 ∈ ℕ: 𝑣𝑛+1 − 𝑢𝑛+1 ≤
1

2
(𝑣𝑛 − 𝑢𝑛)                   4) ∀𝑛 ∈ ℕ: 𝑣𝑛 − 𝑢𝑛 ≤ (

1

2
)

𝑛
(𝑏 − 𝑎) 

5) lim
𝑛→∞

(𝑣𝑛 − 𝑢𝑛) = 0, what do you conclude? 

Exercise 07 

1) Let (𝑢𝑛) be a real sequence, where ∀𝑛 ∈ ℕ: |𝑢𝑛+1 − 𝑢𝑛| ≤ 𝑎𝑛 (0 < 𝑎 < 1 ). 

 Prove that (𝑢𝑛) is a Cauchy sequence. 

2)* Let (𝑣𝑛) be a real sequence, where ∀𝑛 ∈ ℕ∗: |𝑣𝑛+1 − 𝑣𝑛| ≤ 𝐾|𝑣𝑛 − 𝑣𝑛−1|(0 < 𝐾 < 1). 

 Prove that (𝑣𝑛) is a Cauchy sequence  

Exercise 08* Let  𝛼 be a real number and  (𝑢𝑛)𝑛≥1 a real sequence defined by  

                                ∀𝑛 ∈ ℕ∗: 𝑢𝑛+1 =
𝑛

(𝑛+1)2 𝑢𝑛 +
2(𝑛2+𝑛+1)

(𝑛+1)2 ; 𝑢1 = 𝛼 

1) a) Prove that the sequence (𝑢𝑛) is monotonic and bounded   

     b) Calculate lim
𝑛→∞

𝑢𝑛  (we denote this limit as  ℓ ). 

2) a) Find a simple relation between 𝑢𝑛+1 − ℓ and   𝑢𝑛 − ℓ. 

     b) In terms of  𝑛 and 𝛼 deduce the expression for  𝑢𝑛. 

Exercise 09* 

1) Let the two sequences (𝑢𝑛)𝑛∈ℕ∗  and (𝑣𝑛)𝑛∈ℕ∗ where ∀𝑛 ∈ ℕ∗: 𝑣𝑛 =
𝑢1+𝑢2+⋯+𝑢𝑛

𝑛
 

Prove the following: 

a) If (𝑢𝑛) is monotonic, then (𝑣𝑛) is monotonic and has the same direction of change 
with (𝑢𝑛). 

b) If (𝑢𝑛) converges towards ℓ, then (𝑣𝑛) is converges towards ℓ. 



2) Let  𝑎1 , 𝑎2 … … , 𝑎𝑚  be a positive real numbers, that are not all zero where  𝑚 ∈ ℕ∗. 

       Prove: that lim
𝑛→∞

( 𝑎1 
𝑛 +  𝑎2 

𝑛 + ⋯ +  𝑎𝑚 
𝑛)

1

𝑛 = max
1≤𝑖≤𝑚

𝑎𝑖 . 


