Larbi Ben Mhidi University - Oum EI Bouaghi-
Faculty of exact sciences, natural and life sciences
Department of Mathematics and Computer Science Academic year: 2023/2024
Level: L1 Computer S Duration:1h30
Catch-up exam: Analysis 1
Exercise 1 (06 pts) (6=3+3)

n

1) Let A = { N E N}, specify if possible (With justification) sup 4, inf A, max A, min A.

n+1’
2) a) Prove that:e®™ — e 5% = (¥ — ™) (41X 4 g H¥ 4 @2I¥ 4 o2 4 1),

b) Deduce that:

.TT WTT WTT WTT
41— —41— 21— —21—
e s+e s4+e"s+e

and

221‘[ 2T
4 cos ?+2cos?—1 = 0.

Given: Vk € N;Vx € R: ek* 4 ¢7kiX = 2 coskx  and cos2x = 2cos®x — 1.
Exercise 2 (08 pts) (8=2.5+3+2.5)

Let f be a function defined in the interval I = E 1] by
x?+x
f0 =501
1) a) Prove that the function f is strictly increasing on I.
b) Deduce that if x € I then f(x) € I.

uO = 1
2) Let (u,),en be asequence defined by: vn € N: _uZ+uy,.
Un+1 = 302

a) Calculate u,,u, and prove that vn € N: u,, > %

b) prove that the sequence (u,),¢ey IS Strictly decreasing.

c) Show that the sequence (u,),cy IS CONvergent.

3) a) Prove that: vn € N: (un+1 — g) < E(un — g) and deduce that

4
n—oo

nES\MT3)=3\;
Exercise 3 (06 pts) (6=4+2)

1) Using L'Hopital's rule, calculate the following limits

In(1 —x)+e*—cosx _ , 1
m > , lim (x sin— — x)
x-0 X x—+oo

2) Applying the mean value theorem to the interval [0, x], Prove that:

Vx € R}:0 < arctan x < x.

n

b) Deduce lim u,,.

Good luck.
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Corrected catch-up exam: Analysis 1

Exercise 1 (06 pts)

1) Let A = {ﬁ,n € N}, specify if possible (With justification) sup 4, inf A, max A, min A.

1
We have Vn € N: — = 1 ——, S0
n+1 n+1

1
VvneENNn+1>21=0< <1

2) a) Prove that:e®™* — e 5% = (e — ™) (e + e ™H¥ 4 2% 4 721X ¢ 1),
b) Deduce that: et's + e s+ e?s +e %5 +1=0and élcoszz?1t + 2 cosz?1T —-1=0.

a) We have

n+1
1
= — — <
n+1
0<1 ! <1
2 J—
a n a (0.5)
Forn = 0 then — = 0 so
n+1
infA =minA = 0. (2x0.5)
Let's prove that: sup A = 1. Indeed
n
vn € N: 1 <1
supA=1< n No
Ve>0;anp N1 —e<
ng+1
According to Archimedean axiom we have Ve > 0.3n, € N*:1 < nge < e(ny + 1) so
1< +1)= —e< —
£(ng ) ¢ ng+1
=1—-e<1- :
ng+1
So
Ve>0.3n, EN" 1 — g < —2
€ = : € ot 1 (1)
we have 1 ¢ A so max A = unvailable. (0.5)
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(eix _ e—ix)(e4ix + e—4ix + ezix + e—2ix + 1) — eix(e4ix + e—4ix + ezix + e—zix + 1)
_e—ix(e4ix + e—4ix + ezix + e—Zix + 1)
— eSix + e—3ix + esix + e—ix + eix _ e3ix _ e—Six _ eix _ e—3ix _ e—ix
— eSix _ e—Six_

b) by putting x = gwe get

ic —iz) (4iz —4iz 2i —2ic ] ]
(es—e 5)(3 s+e "s+e“s+e s+1)=e‘“—e““=0.

.TC TC
Since e's — e~ 's # 0 we obtain

.TC .TC .TC .TC
4% 4™ 2T o
es+e s +es+e 5 +1=0.

.TC .TC .TC .TC
. 4i— —4i— 4T 2j— —2i— 21
And since e*'s + e~ *'s =2cos;e S +e s = 2 cos - we get

41t 2T
2cos?+2cos?+ 1=0

. 41T 2T .
and since cos? =2 COSZ? — 1 we obtain

2T T
4cosz?+2cos?—1 = 0.

Exercise 2 (08 pts)

xX%4x
3x2+1°

Let f be a function defined in the interval I = E, 1] by f(x) =

1) a) Prove that the function f is strictly increasing on I.

—3x%+2x+1
(3x2 + 1)

f'(x) =

A= 16; x; = —%;x2 =1soVx € I: f'(x) > 0 = f is strictly increasing on 1.

b) Deduce that if x € I then f(x) € I.

We have
1
x€E€El = 3 <x<1
f is strictly increasing 1
7 (5) = f@ < FQ)
! <f(x) < ! <1
= — - .
3 S flx) < 5 S
uO = 1
2) Let (u,),en be a sequence defined by: Vn € N: _ ul+u,.
Un1 = 320

1
a) Calculate uy, u, and prove that vn € N: u,, > 3

(1)

(0.5

(0.5

(0.5)

(0.5)

1)

(2x0.5

(0.5)
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1
u1=z;u2=

U =1> g, suppose that u,, > %

1 f is strictly increasing 1

Un >3 ’f(un)>f<%)=>un+1>§-

b) prove that the sequence (u,),cy is strictly decreasing.

We have uy =1 > % = u, and f is strictly increasing so (u,,) is strictly decreasing.

c) Show that the sequence (u,),cy is conver

gent.
Since (u,,) is strictly decreasing and boundedﬁw then the sequence (u,,) is covergent. (0.5)

3

3) a) Prove that: Vn € N: (un+1 — %) < Z(u” — g)

We have Vn € N:

3)

( 1)_u,21+un 1 13u,-1 1 < 1)
Unt173) T 3241 3 33u2+1 3w+ 1\"

On the other hand we have:

1 ) 4
un>§=>3un+1>§

So

1 3 1
(“nﬂ - 5) = z(”n - 5)-
1 2/(3

Deduce that Vn € N: (un — 5) < E(Z)n'

—
IA
wN
~~
Bl w
—

S
wn
(@]

1 2 (3\°
(uo — —) <- (3) = g < é, suppose that (un —§

3 3 \4
1 3 1
(“nﬂ ‘5) Sz(“n“)

b) Deduce lim u,,.

n—->0oo

(2x0.5)

(0.75)

(0.75)

(1.25)

(0.75)



CRISTAL
Typewritten Text
(2x0.5)

CRISTAL
Typewritten Text

CRISTAL
Typewritten Text
(0.75)

CRISTAL
Typewritten Text
(0.75)

CRISTAL
Typewritten Text
(0.5)

CRISTAL
Typewritten Text
(1.25)

CRISTAL
Typewritten Text
(0.75)

CRISTAL
Sticky Note
below,

CRISTAL
Typewritten Text
///////////

CRISTAL
Typewritten Text

CRISTAL
Typewritten Text

CRISTAL
Typewritten Text


We have 0 < (un - l) < g(z)n

. . 2
. since lim =

3 n
n—oo 3 (4-)

= 0 then lim
n—->0oo

Exercise 3 (06 pts)

1) Using L'Hopital's rule, calculate lirré
X—
In(1 —x) +e* —cosx
m _
x—0

In(1-x)+e*—cosx

lim

’
x2 xX—+oco

()

= lim

(+

xZ

(In(1 — x) + e* —cosx)’

u, = 0.

.1
sin-—— X)
X

x—0

(x2)
-1 x .
—4e* +sinx

= ]im =%
2x

x—0

. \1-x
= lim

(_—1 +e¥ + sinx)

()

x—0

2(x)’

+e* + cosx

2

-1

lim =
1
E.

. , .1
lim (x“sin——x
x—+00 X

= (I.F .0).
So

lim = lim
Xx—+oo x—toco

1
(x2 sin— — x)
X

(2)

(0.5)
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1 1
= —— lim sin—=0.
2 x—>too X

(2)

2) Applying the mean value theorem to the interval [0, x], Prove that: Vx € R}:0 < arctan x < x.

1
c2+1

We have Vx € R} arctan x — arctan 0 = (x —0)where0 < c < x,

SO

1

—x where 0 < ¢ <x.
c2+1

Vx € R} arctan x =

On the other hand we have:

c>0= c*+1>1

=0< <1

c2+1
1
C2+1x

= 0 < arctanx < x.

=0< <x

(2)
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