Chapter three: Real sequences

3 Real sequences
3.1 Generalities
Definition 3.1
We call each function U of N in R; a real sequence.

U:N — R

n — Un)=U,

. U,, is called the general term of the sequence U.
. We also symbolize the sequence by (Uy,) or (Up)nen OF (Un)nsn, if the sequence is defined
for each n > n,.
. Areal sequence is defined explicitly or with a recurrent relation.

Examples 3.1
1) (uy)ns2 is a sequence defined by its general term:
vn=2:u, =Jyn— 2.

we have
Uy, = 0, Uz = 1, Uy = \/E, Ug = \/§ v, U = VlO, ......
2) (V) nen is @ sequence defined by the following recurrent relation:
uTl
=1, VvneN: =
Uo n Un+1 w, + 1
So
1 U 1 Up 1 U, 1
U =1 u = ==; U, = ==; Uz = = e e
0 YT ue+1 72 P w413 T w41 4
Prove that Vn € N: u,, = =
n+1
Definition 3.2

Let (u,) be a real sequence.
. (uy,) is bounded from above if and only if :

IM e R;vn € N:uy,, < M.
. (uy,) is bounded from below if and only if :

Im e R;vn € N: u,, > m.

. (uy,) is bounded if and only if it is bounded from above and from below, in other words:
((un)is bounded) < IM e Ri;vn € N: |u,| < M.

Example 3.2
Let (u,)nen be areal sequence defined by: Vvn € N: u,, = 2nn+1'
We have Vn € N: uy,, = no_1_12 ,sovn € N:
2n+1 2 2 2n+1’
n=20=2n+12>1
1 1
=0>—-——= > ——
22n+1— 2
1 1 1 1
->-—3 >0
2 2 22n+1
= = > 0.
> >u, =

Then the sequence (u,,)nen is bounded.
Definition 3.3

Let (u,) be a real sequence.




. (uy,) is increasing (strictly increasing, respectively ) if and only if :

vn € N:u, < upyq (U, < upyq,respectively).
. (u,,) is decreasing (strictly decreasing, respectively ) if and only if :

vn € N:u, = u,yq (U, > uyyq ,respectively).
. (uy,) is constant if and only if :

vn € N:u, = u,41.

A sequence of real numbers (u,,) is said to be monotonic if it is either increasing
or decreasing.
Example 3.3
The sequence (U, )nen , defined in the previous example, is increasing. Indeed

n+1 n
" 2m+3 2n+1
1
T @2n+3)@n+ 1)

= 0.

vn € N:u, 1 —uy

3.2 Convergent sequences

Definition 3.4

A sequence (u,,) is convergent and its limit is the real number ¢ if and only if:
Ve>0;ANEN;VvneEN:(n> N = |u, — | < ).

And we write lim u,, = ¢ or limu, = ¢.

n—-oo
Example 3.4
Let (u,)neny be areal sequence defined by: Vn € N: u,, = 2:?
Let's prove that limu,, = %
Let € > 0 where |un - %| <g, s0
1 < | n 1 <
u, —-|<ees —-——|<e
"2 2n+1 2
! <
€
4n + 2
S 1 1
oS n>—-—-=
4e 2
We have — — = < i—1| < E(|i—l|) + 1, soit is enough to take N = E(li—ED + 1.
4e 2 4e 2 4& 2 4e 2

Remark 3.1




We can be determine the number N in another way. According to Archimedean axiom there
exists N, € N, where N, > 4_15 - % so it is enough to chose N = N,,.

Theorem 3.1 ( Uniqueness of limit )
Every convergent sequence has a unique limit.

Proof
Assume that the sequence (u,) has two different limits £ and €' (¢’ # £), taking € = M.
AN, eN;VvneN:n> Ny = |u, —?| <c¢
AN, eN;vne N:n> N, = |u, —¥'| < e
Putting N = max{N,, N, }, then
vieENn>N= |- =|u, —£— (u, — )|
< |un _fl + |un _‘gll
<2e=10 -1
= |¢' — | < |¢' — #|,it’s a contradiction.

which implies {

Theorem 3.2
If (u,,) is a convergent sequence, then it is a bounded sequence.
Proof

We assume that the sequence (u,,) is convergent to the number ¢, then for ¢ = 1 we have:
ANeEN;VvneN:n>N= |u,—¥| <1
=¢-1<u,<f+1.
Putting A = {ug, uq, .....,uy, £ — 1,2 + 1}, then ;vn € N: minA < u, < maxA.

Theorem 3.3
Let (u,)nen be areal sequence
1. If (u,,) is increasing and bounded from above, then (u,,) converges, and we have limu,,

sup u,.
neN
2. If (uy,) is decreasing and bounded from below, then (u,,) converges, and we have

limu, = irellg Uy,.

n
Remark 3.2 Every bounded monotonic sequence is a convergent sequence.
Proof
1. Let the sequence (u,) is increasing and bounded from above, then the set A =
{u,,,n € N} is bounded from above putting sup A = £.

vneN:u, <4

Ve > 0;3AN € N: £ — € < uy.

On the other hand, since (u,) is increasing we have:

VvneN:n>N=u, =uy
Sf{zu,=uy >t —¢
=l +e>u, >¥—¢
= lu, —?| <e.

We have {

Hence

Ve>0;ANEN;VvneN:(n> N = |u, — | <¢).

2. Let the sequence (u,,) is decreasing and bounded from below, then the set A =
{u,,,n € N} is bounded from below putting infA = ¢’.




vneN:u, >
Ve > 0;3IN EN: ' + & > uy.
On the other hand, since (u,,) is decreasing we have:
VvneEN:n>N=u, <uy
= <u, Suy<?+e¢
= —e<u, <t +e¢
= |u, —?¥'| <e

We have {

Hence

Ve>0;INeN;VvneN:(n> N = |u, —¥'| <e¢).
Example 3.5

Consider the sequence (u,)nen defined as follows:

vn €N = —2 nt 1 d =a>1
n u ana u (44
n+1 un | 2 0

First we will show that the sequence (u,,) is bounded from below by 1. We prove by
induction that Vn € N: u,, > 1.

Since ug = a > 1, itis true.

_ 2Up+4—4+1 3

Next suppose u,, > 1, and we have u,,; = 0 = 2 — — then
>1 & <1
u =
" nt2
=2 - >1
U, +2

= Upyq > 1.
Next we show that the sequence (u,,) is decreasing, indeed,

_ 2up+1

vneN:u -—U, =—-—-1u
n+1 n un+2 n

_1-ug
U, + 2

_ (1 + un)(l - un)
B U, +2

<0 (Sinceu, >1).
Thus (u,) is an decreasing sequence that is bounded from below.

By the monotone convergence theorem (u,,), converges.

Theorem 3.4




If the sequences (u,) and (v,,) are converges towards £ and ¢’ respectively then the
sequences (U, + v,), (U, vy,), (Au,) and (Ju,|) are converges towards € + £’ , £¢', AL, ||

Un

respectively. Also if £ # 0 and Yn € N: u,, # 0 then the sequence (v—) converges towards
i n

o

Proof ( Let us prove the last case )

%, which implies ; AN, € N; ¥n € N:

n>Ny,= |v,— | <e

We have limv, = ¢’ # 0 taking € =

) |4’
= |lval = 12']] <T
= ﬂ< |v |<3|€,|

2 n 2

2 < 1 < 2
= < — < —
3121 7 vl 1]

So
N 1 2
n> N, = |Un|<|€'|.
N, eN;vneN:n >N, = |u,— | <e
AN, e N;vneNin >N, = |v, — | < e.
Putting N = max{N,, N;, N,}, then Vn € N:

On the other hand for € > 0, then: {

u, * 'u, — v,
n>N= Z_F| = T
B (u, — ) — (v, — ')
B ‘ v, ‘
- 12| (up — O + 12| (v, — £)]
B 12" [ vy |
26(1€'] + 1€])
—E £o-
So
Vep > 0;INEN;VREN:(n >N = —n—§| < &)
n
Theorem 3.5

1. Let (u,) and (v,) two sequences that converges towards £ and £’ respectively,
whereVn € N:u, <v, (oru, <v,)then? < ¢'.

2.(Squeeze Theorem) Let (u,), (v,) and (w,,) three sequences such that

vne Ny, <u, <w,(orv, <u, <w,)then:

(lim v, = limw, = {’) = limu, =*.
Proof
1. ( prove by contradiction )

2{1 which implies ; 3Ny, N; € N; Vvn € N:
A 30—

n>N,= |u,—?|<e= = <u, < >
-4 3¢ -¢ L+ 2

n>N = |v,—¥|<e= = <y, < >

Assume that £ > ¢/, take € =

2 2




o+t . :
For N = max{Ny, N;}thenvn e N:n >N = v, < J; < Uy,. and this contradicts the

hypothesis Vn € N: u,, < v,.

2. We have limv, =limw, = £ & Ve > 0;3N,,N; € N; Vn € N:
{n>N0: lv, —f|<e=>f—¢e <v,<l+e¢
n>N = |lw,—?f|<e=f—-¢c <w,<l+e.

For N = max{Ny, N;}thenvneN:n>N = £ —¢e <v, <u,<w,<l+¢5s0

Ve>0;ANEN; VneN:n>N= |y, — | <ce.
3.3 Subsequences
Definition 3.5
Let (u,) be asequence. A subsequence (vy) of the sequence (u,,) is defined
by a function f : N — N such that f is strictly increasing, and v, = uy, for
k € N.
We often write 1y, instead of f (k).
Example 3.6
Let (u,,) be a sequence defined by Vn € N:u,, = ——

n+1’
For n, = f (k) = 3k ( f isstrictly increasing ) the subsequence (vy)
(or (uy, ) ) is defined by: Vk € N: v, = ug, = %

For n;, = g (k) = k? (g is strictly increasing ) the subsequence (wy)

2
(or (un,Q ) ) is defined by: Vk € N: wy, = uy2 = #
The following table shows the relationship of the subsequences (v;) and (wy) to the

sequence (uy,).

Uy Uy Uy Uy Uz Uy U Ug Uy Ug Ug  Uqg Uqq  eeeeees
0 1 2 3 4 5 6 7 8 9 10 11
2 3 4 5 6 7 8 9 10 11 12

Uk ZU3k UO Ul UZ v3 .......
0 3 6 °O .

4 7 10
Wk :ukZ WO Wl WZ W3 .......
0 1 4 °O .

2 5 10

Proposition 3.1
If (n,) is a sequence of strictly increasing natural numbers, then Vk € N: n, > k.
Proof ( By induction )
Fork = 0 wehaveny = 0 (Itistrue because ny € N).
Assume that Yk € N: nj, > k. Since (nk) is strictly increasing, then

Npp1 > Ny = Mgy > K

=Ny = k+ 1

Theorem 3.6
If a sequence is convergent, then any sub-sequence of it converges to the same limit
Proof

Let (u,) be a convergent sequence towards £ and let n;, be a sequence of strictly increasing
natural numbers, we constructing the subsequence (v} ) that is defined by Vk € N: v}, =
Uy, and let's prove that: ]lim v, = 4.

—00

WehaveVe > 0;INEN; VneEN:n >N = |u, —?| < e.
On other hand, since (ny) is strictly increasing then:




VEkeEN:k > N = n, > ny

= n;, > ny = N (According to proposition 3.1)

= n, > N

= |u,, —f <e

= |y, — | <e.
So

Ve>0;ANEN; VkeN:k>N= |y, —¥| <¢

We conclude that the subsequence (v},) is converges towards .
Remark 3.3
To prove the divergence of certain sequences, we can use the contrapositive implication in
theorem (3.6).

Example.3.7

_\n
Let the sequence (u,) be defined by Vn € N: u,, = %, we will show that the sequence

(u,,) is divergent.
We constructing the two subsequences (U, ) and(u,, 1), Where Yk € N:
2k(—1)%k 2k
{ Yk T Tkl 2k+1
2k + 1)(—1)%k+1 2k + 1)

ok = 2k + 2 T 2k+2
We have
li = li 2k _ 1
e 2 T e 1 T
Y _ 2k+1
oM Ung+1 = I okt 2
Since Ilim Uy F Ilim Uyk 41 then the sequence (u,,) is divergent.
Definition 3.6

A sequence (u,,) diverges to infinity if and only if
VAER;INEN; VneN:n> N = u, > A
In this case we write lim u, = +oo.

n—->oo

Similarly, a sequence (u,,) diverges to minus infinity and we write lim u,, = —oo, if and only
n—->oo
if:

VAER,IAINEN; VneN:n>N = u, < —A.
Proposition 3.2
If (uy,) is an increasing and unbounded sequence from above. Then
lim u, = +o0

n—-oo

If (uy,) is an decreasing and unbounded sequence from below. Then
lim u,, = —o0
n—-oo

Proof
Assume that (u,,) is an increasing and unbounded sequence from above.
Since (u,) is unbounded from above then VA € R; AN € N: uy > A.
And Since (u,,) is increasingwe have Vn e Nin > N = u, = uy

= u, > A
So

VAeER,IAINEN; VneN:n >N = u, > A
In the same way, we prove the second case.
3.5 Adjacent sequences




Definition 3.7
Two sequences (u,) and (v,,), are said to be adjacent if and only if one of the two
sequences is increasing and the other decreasing and lim (u,, — v,) = 0.

n—0o

Theorem 3.7

Every two adjacent sequences are convergent sequences and have the same limit.

Proof

Let (u,) and (v,) be two adjacent sequences, where (u,,) is increasing and

(v,) is decreasing, so the sequence (v, — u,) is decreasing and converges to 0, this means
that rilrelg(vn — u,) = 0, thus implies

vneNv,—u,=20= v, > u,
= Vo = Vp = Uy = Uy
So, the sequences (u,) and (v,,) are monotonic and bounded sequences, and therefore they
are convergent.
Next assume that lim u,, = £ and lim v, = ¥’ according to theorem 3.4 we have

n—oo n—-oo

lim (u,, — v,,) = £ — £’ and in other hand we have lim (u,, — v,) = 0.So
n—->oo n—>oo
-0 =0=>¢=1.

Example 3.8
Let (u,) and (v,,) be two sequences defined by
<! 11
VnEN:un=zﬁandvn= Zt
k=1 k=1
Let's to show that the sequences (u,,) and (v,,) are adjacent. Indeed, we have

n+1

1 Ol 1
VnEN:unH—un:ZF— F=m>0.
k=1 k=1

n

n+1
1 1 1 1
ma=m =) s (Lt

k=1 k=1
1 1 1
= + —_—
n+1)?2 n+1 n
1
=——°=><0.
n(n + 1)2

So (uy) is increasing and (v,,) is decreasing.

On the other hand we have lim (u,, — v,,) = lim (1) = 0.
n—-oo n—oo \n

Thus the sequences (u,) and (v,) are adjacent.

2
(It can be proven that lim v, = lim u, = =.)
n—-oo 6

n—-oo

Exercise 3.1
1) Let (u,,) be a sequence. Prove that if the two subsequences (u,,,) and (u,,,,) converges
towards ¢ then the sequence (u,) converges towards *.

_1\k+1
2) Let the sequence (S,) defined by S, = X.7_; ¢ 13( . Prove that the two subsequences

(8,,,) and (S,,,+1) are adjacent, what do you conclude ?

Solution

1) Assume that (u,,) and (u,,4,) converge to ¢ then:




k>Ny,= |vy,, —f| <c¢
" ;AN N EN;VkEN:{ 0 2k
£>O 0 1 k>N1: |172k+1_’€|<g.
Putting N = max{2N,, 2N; + 1} so Vn € N:

If n is pair, then n = 2k, so

n>N= 2k>2N,= k>Ny= |uy —¥|l<e= |u,—?|<e.
Ifnisodd,thenn =2k + 1, so

n>N= 2k+1>2N,+1= k>N, = |uy —ftl<e= |u,—*f| <e

So
Ve>0;ANEN; VvneN:n >N = |u, —¥| <e.
2) We have
2n+2( 1)k+1 (- 1)k+1 (—1)2n+2  (_1)2n+3 1
Sn+2 = San = Z Z = mt1 Ttz @niDaen+d %
s s an+3 ( 1)k+1 an+1( 1)k (_1)2n+3 N (_1)2n+4— __1 <0
43 o2l T T 2n+2 2n+3  (2n+2)Q2n+ 3) '

So (S,,) is mcreasmg and (52n+1) is decreasmg and

) 1
lim (Syns1 = Spa) = lim (—5——) =0.

So (S,,,) and (S,,4+1) are adjacent.

Thus the subsequences (S,,) and (S,,.1) are convergent sequences and have the same
limit, according to the first question the sequence (S,,) is convergent.

Theorem 3.8 (BOLZANO-WEIERSTRASS)

From every bounded real sequence, at least one convergent subsequence can be extracted.
Proof

Let (u,,) be a bounded sequence, we put a, = rlzrelig u, and b, = ilé[}\)] Uy,

We have Vn € N: qy < u, < by, we putly = [ag, bg].

Let us divide the interval [, into two intervals of equal length. At least one of these two
intervals contains an infinite number of terms of the sequence (u,,), which we denote by

I; = [a4,bq], and let u,,, be one of the terms of the sequence (u,), where u, € I;.

Let us divide the interval I; into two intervals of equal length. At least one of these two
intervals contains an infinite number of terms of the sequence (u,,), which we denote by

I, = [ay, by], and let u,,, be one of the terms of the sequence (u, ), where u,, € I, and

n, > ny (thisis possible because I, contains an infinite number of terms of the sequence
(Un))-

Thus, we create a sequence of intervals I, = [ay, bi] where I is one of the two halves of
the interval I_y; which contains an infinite number of terms of the sequence (u,) and u,,_ is
one of the terms of the sequence (u,) where u,, € [ and n, > ny_;, Thus we geta

subsequence (unk)k , satisfies Vk € N : ap < wu,, < by.

= 0.

Since I, g Ik_l, then the sequence (ay) ey is increasing and the sequence (by) ey is
decreasing, thus the sequences (a;) and (by) are adjacent, therefore the sequence (unk) is
convergent and its limit is the common limit of the sequences (a;) and (by).

3.6 Cauchy sequence
Definition 3.8

bo—ag

We have llm 0 Uy, = llm T

Let (u,) be a sequence, we say that (u,) is a Cauchy sequence if it has the following
property:




Ve>0;AINEN; Vp,geN:(p >NAg>N) = |up—uq| <e.

Second formula
Ve>0;,ANEN; VnpeEN:n >N = |un+p—un| <e.

Theorem 3.9
A sequence of real numbers is convergent if and only if it is a Cauchy sequence.
Proof
Necessary condition
Let (u,) be a sequence converging towards the real number £, then

€
Ve>0;ANEN; VneN:n >N = |u,—?| <=

2
So
Vn,q eEN:(p>NAg>N) = |up—uq|=|up—{’—(uq—{’)|
S|up_11')|'|'|uq_‘€|
£ €

<-4 =-—==.
_2+2 £

So, (uy) is a Cauchy sequence.
Sufficient condition
Since (u,) is Cauchy sequence, then for e = 1
3N, €N; VR, p EN: (n > Ny Ap > No) = |uy —up| < 1.
Forp = Ny + 1, and for every n > N we have |u,| = |u, — Uyy+1 T uN0+1|
< fun = ungsa| + [ung+1]
<1+ |uN0+1|.
Taking M = max{|uol, [uyl, luz| ... ... ) |uN0|, 1+ |uN0+1|} we get Vn € N: |u,| < M. So the
sequence (u,) is bounded.
Hence it has a convergent subsequence, let (unk)kEN be that convergent subsequence,

which converges to €. Now, for any € > 0 there exists k, € N such that:
VE €Nk > ko= uy, — €] <.

And the sequence being Cauchy, there exists an N; € N such that
vn,peEN:n,p >N, = |un —up| < %

Putting N = max{k,, N;} we get Vp € N:

p>ky= |unp—{’| <§

p>N= £

p>N =n, >N = |un—unp| <§ (Sincenp Zp).

SovVe> 0;3dN € N; vn € N:

n>N= |u,—*¢| = —unp+unp—{’|

IA

[n
|u" _unpl T |u"p _{)l
- s+£
—+-—=c.
2 2

So the sequence (u,,) is convergent towards #.

Remarks 3.4

1) Sometimes it is easier to prove that a sequence is Cauchy sequence than to prove that it is
convergent (i.e. without knowing the limit).

2) A sequence (u,) is divergent if and only if:




3e>OGYNEN; 3p,geNi(p>NAG>N)A Ju, —uy| > e
Exercise 3.2
1) Let n, be a fixed natural number where n, = 1 and (u,,) a sequence satisfying: Vn >
Ng: [Upsr — Unl < klu, — u,_1|, where k is a fixed real number verified 0 < k < 1.
Prove that the sequence (u,) is convergent.

2) Let (a,) be a sequence definedby ay, > 0; a,. =1+ ai Using the first question, study
n

the nature of the sequence (a,).
Solution
1) We will show that (u,,) is a Cauchy sequence.
First observe that Vn € N:
[Ups1 — upl < kluy, — up_ql
< kP lunog — Ups
< kPlup_p — Upsl

< k”‘"0|uno+1 - un0|.
SoVn = ng: [upeq — Uyl < k”‘”0|un0+1 - un0|.
Next, letp > n > n,

|up - un| = |up —Up_q T Up—q —Up_2 T e —Upy1 T+ Uppq — un|

< |up - up_1| + |up_1 - up_2| +4+ + |Uppq — Uyl

< kP70 uy pg — Upg | F KPR |up g — U | e + k0w g — Uy,

< (k"M 4+ +kP2 M0 + [P0 [y, o —uy |

1— kP
< k™Mo R |un0+1 - un0|
u —u

< w.&n‘”o , (Since 1—kP "< 1).

We know that lim Ml{”‘”ﬂ = 0 (Since 0 < k < 1), therefore,
n->oo -

Ve>0;IN, EN; VneEN:n > Ny = Wkn_n0<g_

Putting N = max{N,,n,}. We get:

|un0+1 - unol

=% K™ < ¢

Ve>0;ANEN; VpneEN:p>n>N= |up—un| <

So (uy) is a Cauchy sequence.
2) We first prove by induction that Vn > 2:a,,_; = 1.

Next, we have Vn € N*: |a,1, — a,| = |(1 +ai) - (1 + al )
n n—-1
ap—0an—1

anQpn—1
On the other hand we have,
vnz=2:a,a,1=1+a,121+1=2,andVn = 2:

So

1
Vn = 2:ag —agl < Elan_an—ll-

Therefore, the sequence (a,,) satisfies the condition given in the first question. Then the
sequence (a,) is convergent.
Exercise 3.3




Let the sequence (u,) be defined by: Yn € N*: u,, = ’,§=1i.

Prove that the sequence (u,,) is divergent.
Solution
We will show that (u,,) is not a Couchy sequence.
We have ¥n € N*:

2n+1 n+1

1 1
Uon+1 — Upy1 = Z E‘ZE

2n+1

1 1
= Sincevn e N*:2 <p < 1= = )
Z 2n+1 ( meevn p=n+ n+p 2n+1

k=n+2

1 1 1

> > =
=Moo +1-"2n+n 3

SO

1
vn € N : Uspi1 — Upyq = 3

Puttingq=n+1,p=2n+1ande=§,weget,

1
EI£=§>O;VnEN*; Ip,geN:(p=2n+1>nAqg=n+1>n)A |up—uq|2$.

3.7 Recurrence Sequences

Definition 3.9

Letf: D = R beafunction, where f (D) € D and a € D.We say that the sequence
(u,) is recurrent if it is defined by u,, = a and the recurrent relation:

vn EN: uyyy = f (un).

Monotonicity
The monotonicity of the sequence (u,,) is related to the monotonicity of the function f.
Using proof by induction, the following can be proven true.
Proposition 3.3
1) If f is increasing, the sequence (u,,) is monotonic, increasing if f(uy) —uy, = 0 and
decreasing if f(ugy) —uy < 0.
2) If f is decreasing, the sign of the difference u,,,; — u, is alternately negative and positive,
which means that (u,,) is non-monotonic in this case.
Proof
1) Assume that f is increasing.
For f(uy) —ugy = 0, let's to prove that Vvn € N : u,,; —u, = 0. Inded
uy —up = f(ug) —uy = 0.

Suppose that u, ., — u, = 0, then

Unsr — Un 2 0= Upyq 2 Uy

12




f isincreasing
~

= flupss) 2 f(uy)

= Upy2 = Un+1

= Upyz — Up1 2 0.
In the same way, we prove that: if f(uy) —u, <0,thenvn € N: u,,; —u, <0.
2) Assume that f is increasing.
If upye1 — up =0, then

Uppp = Up 2 0= Upt1 = Uy
f is decreasing
~

= f(un+1) < f(un)

= Uny2 < Un+1

= Uptz — Up+1 = 0.
That is, the sign of the difference u,,,; — u, is alternately negative and positive.
Convergence

Proposition 3.4
We assume that f is continuous on D.
If the sequence (u,) converges towards £ in D, then ¥ is a solution to the equation f(x) =

X.

Proof

If the sequence (u,) converges towards € of D then lim u,, = lim u,,,; = ¥.
n—-oo n—->oo

Since f is continuous at £, then: rlll_r)glo f(u,) = f(£). On the other hand, we have
vn eN: u,,; =u, = lim u,; = lim u,
n—oo n— oo
= lim f(u,) = lim u,
n—-oo n—oco
= f(¢) = 4.
So, ¢ is a solution of the equation f(x) = x.
Remark 3.4
The search for the limit of the sequence (u,,) leads to solving the equation f(x) = x, with
the unknown x in set D. If the equation has no solution, then the sequence has no limit.
However, If the equation has one or more solutions, then the problem returns to studying
the possibility that one of these solutions is the limit of the sequence (u,,).
If the equation f(x) = x has solutions, this does not necessarily mean that the sequence
(u,) is convergent.
Example 3.9

Let (u,) be a sequence definedby uy = a; vn € N: u, .y = /2 +u,.
Putting f(x) = V2 + x. So the function f is defined continuous and strictly increasing on the

domain D = [—2,+[, and f(D) € D. Then the sequence (u,) is defined and monotonic
and we have

_ o B _24a-a* Q2-a)(1+a)
fu) o = fla) —a =Nt a—a = o = rrata

So the sign of f(u,) — ug, is the same sign of (2 — a), also the equation V2 + x = x has a
single solution which is 2, hence the following results.

1) If a < 2, we can prove that Vn € N : u, < 2. So the sequence (u,,) is increasing and
bounded from above by 2.

2)If a > 2, we can prove that Vn € N : u,, > 2. So the sequence (u,,) is decreasing and
bounded from below by 2.

3) If a = 2, the sequence (u,,) is constant.

So the sequence (u,,) is convergent in all cases and its limit is 2.
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Example 3.10

Let (v,) be a sequence definedby vy =a > 1;Vn €N: v,.; = 1,2

Putting f(x) = x2. Since the function f is defined continuous and strictly increasing on the
domain D = [0, +oo[, and f(D) € D, and we have f(vy) — v, = f(a) —a=a’—a >0
Then the sequence (v,,) is defined and monotonic increasing. And the equation x? = x has
tow solutions which are 0; 1, but the sequence (v,) is divergent. Indeed, by induction we
can provethatvn e N: v, = azn, therefore lim v, = +oo.

n—oo
Newton’s Method
Newton’s method is a technique for generating numerical approximate solutions to
equations of the form f(x) = 0. If x,, is an approximation of this solution and if f'(x,) # 0 the
next approximation is given by,

P 1))

n+1 n f,(xn),

so (x,) is a recurrent sequence.
Example 3.11
We can easily get a good approximation to square root of a (a > 0), by applying Newton’s
method to the equation f(x) = x2 — a = 0.

Since f'(x) = 2x,so

x2—a 1 a
Fora = 2, by setting x, = 1, the following table gives us the first values of x,, and
compares them to: V2 =1,41421356.....

Xo | X1 X2 X3 X4

1 3 17 577 665857
2 12 408 470832

1.0 | 1.5 | 1.41666666.. | 1.41421568.. | 1.41421356..

Example 3.12

To approximate the cube root of a (a > 0), applying Newton's method to the equation
f(x)= x3— a = 0.Since f'(x) = 3x2,s0
f(xn) x% —a 1 a
Xn+1 = X — m— Xn — 3—%%—§(an+g).
Fora = 2, by setting x, = 1, the following table gives us the first values of x,, and
compares them to: V2 =1,25992104....

X Xq Xy X3 X4
1 4 91 1126819 2146097524 939083451

3 72 894348 1703358734 191174242
1.0 | 1.33333333.. | 1,34722222.. 1,25993349... 1,25992105...




