Solutions of exercise series number 3

Exercise 01 (The limit, using the definition )

D

Limit by definition (1)

(VsEIR{*;;EIéERi;VxEVxO: lx —xo] < 0= |f(x) — 4| <£) s (lim f(x)=€).
x—Xxq

. x%2-1 4
Prove that: lim =— = -.
x—3 Xx“+1 5

Let € € R} and V; = ]2,4[ is an neighbourhood of the number 3. We have:

x2 -9 1|(x + 3)|
x2+1 5 x2+1

x2—1 4
x2+1 5

1
@_
5

|[(x —3)| <&

On the other hand we have:

[(x+3) 7
VXE€VsiTm 1 %

SO

1|(x + 3)| 17 7
Vxevs-gm|(x—3)| <z §|(x—3)| —£|(X—3)|-

Therefore, it is enough to put:
7
55 [(x —3)| <¢,

SO

25
[(x — 3)| <7£.

It is enough to choose 6 = ? €.

2)

Limit by definition (2)

(Ve €R};3B ERY VX E Vx> B = |f() — ¢l <) & ( lim f(x) = ?).
X—>+00

(Ve €R};3B € R VX € Vg x < B = |f(x) - 1 < &) & (lim f(x) =¢).
X——00

.ox2-1
Prove that: lim =
x—+o00 xX“+1

=1.

Lete € R} and V,, = |1, +oo[ is an neighbourhood of +o. We have:




x% -1
x2+1

2

-1
x2+1

g

2
|<£<:>x2+1>g

On the other hand we have:
VX € Vig:ix2 + 1> x?

Therefore, it is enough to put:

SO

It is enough to choose B = \E

x%-1

Prove that: lim =—=1.
x——o00 X°+1

Lete € R’ and V_,, = |—o0, —1[ is an neighbourhood of —oo. We have:

x% -1

-1
x2+1

2
<£<:)x2+1>z.

On the other hand we have:
Vx €EV_g:x?+1>x2

Therefore, it is enough to put:

SO

It is enough to choose B = —\E.

3)

Limit by definition (3)

(VAER;;3IB ER, ;Vx € Vit X — %0l <0 = f(x) >A) = (lim flx) = +oo).
X—>Xo

x+2

Prove that: lim

A e = T




Let A € R} and V5 = ]0,2[ is an neighbourhood of the number 1. We have:

x+2 o4 ( 1?2 1 <1
S @ — — J—
(x — 1) x x+2 4
On the other hand we have:
Vx eV ! <1
e 252

Therefore, it is enough to put:
1
Sx—-1)? <,

SO

[x — 1] <

ESTR

It is enough to choose & = \E.

4)

Limit by definition (4)

(VAER"; 3B ERL; VX € Vyoix > B = f(x) < A) (:)(liELn fx) = —o0).
X—>+ 00

xZ4+x+1

Prove that: lim
x—>+00 —x+1

Let A € RX and V,,, = |1, +oo[ is an neighbourhood of +o. We have:

x2+x+1_ 3

—x+1 X x—1
And

3
<Ae —x———-2<4
f(x) X=——7

3
Sx+—+ 2> —A.
x—1

On the other hand we have:

3
VX EVigpiXx +——+2>x+ 2.
x—1

Therefore, it is enough to put:
x+2> -4,

SO




x>—-2—-A
Itis enough to choose B = —2 — A (where — 2 — A € R}).

Exercise 02 ( Calculation of limits )

3
1)}(1_r)r}(—x—1x3)—+oo—ooIF.
. ( 1 3 )_1_ 1 x*+x—-2  —(x+2)
] 1-x 1-—x3 _xl—r}}l—x1+x+x2_xl—r>r}1+x+x2_

2) lim x(VxZ+2x —2Vx2 + x + x) = + o0 — o | F. We have:

X—+00

(VxZ+2x —2VxZ +x + x)(VxZ + 2x + 2VxZ + x + x)
VaZ+2x+2Vx2 +x +x

B —2x(x —Vx2+2x+1)
VxZ2+2x+2Vx2+x+x

o 2x(x+1-vx?+2x) (x+1+Vx?+2x)
TV rzxt oVt xtx) (AN F Zx A1)

—2x

_(\/xz+2x+2\/x2+x+x)(x+\/x2+2x+1)
_ -2
L2, [, 1 [[L2.1)
< 14-};+-2 14—I-+j{><1-+ 1-F;;+';>

lim (\/x2+2x—2\/x2+x+x = lim

X—+00 X—+00 2 1
1+ + 2 1+ +1 1+ 1+

\/x2+2x—2\/x2+x+x=

So

x%+1 x?
3) lim (55) =1"IF.

x—Foo \x2-2

Putting f(x) = (iit;)x we get, In(f(x)) = x%In (x +1)

So
x%+1 3x2 1 (1 + 2)
. _ - 2 _
;l_fgloln(f(x)) _il—r&x ln<x2—2>_a£l—l>1-}ox2—2 3
x%2 =2
And by putting h = then x>0 S h-0.
So
. ~3x% In(1+h)
fim In(f () = Jim o= = — -

|
B



So

X2 +1\°
: — A3
xl—l>r-l_¥100<x2—2> =&

4) lim —

. We have:
x—+oo0 E(x)+1

VxER: Ex) <x<Ex)+1e 1+x ZEx)+1>x
o 1+x 2E(x)+1>x.
So

1 1 X

Forx > 0,then1 + x 2E(x)+1>x=)f<

x — E(X)+1 " «x < 1+x ~ E(x)+1 <1

1 1 X

and forx < —1,then1+ x 2E(x)+1>x=>is S >
1+x E(x)+1 x 1+x E(x)+1

Since lim — = —, then lim =1
x—o00 X+1 x—+o00 E(x)+1

Exercise 03

Let the two sequences (x,) and (x;,) defined by,

vn€N:x, =—7 and x, = —.
2nn + = 2nn + =
2 6
We have

. P _
lim x;, = lim x, =0,
n—-+o n—-+oo

and on the other hand we have:

f(x;,) = sin (Znn + %) =1 and f(x,) = sin (Znn + g) = %

So

Jm fG)=1and lim fGe) =3
thererfore
Jim fGa) % lim ).
So the function f does not accept a limit at 0.

1, x=0

4)f=vouandv(x)={0 20’

u(x) = x cos %

Let the two sequences (x,) and (x;,), defined in the previous question. We have

V3
1 T 2
vn € N: u(x,) = ——cos (27m+—) =—=——%0,
27m+g 6 27Tn+g



and
vn € N: f(x,) = v(u(xn)) = 0,
SO
lim f(x,) = 0.

On the other hand we have:

1 T
vn € N: u(x,) = ——cos (27m + —) =0,

2nn + 5 2

and
vn € N: f(x,) = v(u(x;,)) =1,
)
lim f(x;,) =1.
n—+oo

thererfore

lim f(x;) #= lim f(x,).
n—+o n—-+oo
So the function f does not accept a limit at 0.

Exercise 04

x345x+6

1) f(x) = ; Xo = —1.

x5+1

y o) = 1 x3+5x+6
leLff X _-xlgh x>+1

_ (x2—x+6)(x+1)
_xlrzll(x4—x3+x2—x+1)(x+1)
_ (x*—x+6) 8
= lim — 3 > =—

x>-1(x*=x+x*—x+1) 5

f(x), x+ -1

So f can be extended by continuing at —1 for the function f where f(x) = { 8 Lo _1
s 7T

fx)=1 —xsini ; Xxo = 0. We have

1
Vx € R*:0 < |xsin;| < |x]|.
Since lir%lxl = 0, then
X—

1
limxsin—= 0.
X

x—0

So



}Cif(l,f(x) =1.

fx), x+#0

So f can be extended by continuing at 0 for the function f where f(x) = { P

Exercise 05

X iflx] <1

1)f(x)={x2+ax+bif x| > 1

Since f is continuous at 1 then
lim f(x)=f(1) © lim x*+ax+b=1
x—-1* x—-1*
©a+b=0.

Similarly since f is continuous at 1, then,

lim f(x)=f(-1)& lim x?+ax+b=-1
x——1 x—>=1

S —a+b=-2.

So
{ a+b=0
—a+b=-2
therefore
{ a=1
b=-1
Exercise 06 ( Application of M.V.T )
Mean Value Theorem

If a function f [a,b] — R is continuous on the closed interval [a, b] and differentiable on the open
interval ]a, b[, then there exists a point ¢ €]a, b[ such that f(b) — f(a) = f'(c)(b — a).

1) ProvethatVx € ]0;1[: 1+ x < e* <

1-x'

By applying the mean value theorem to the function f(x) = e* on the interval [a; b] = [0; x] where x >
0, we get:

Vx >0: ex—ig:f’(c)<a€—g> , 2<C<
a

f®)  fla) b 5
So
e*X—1=e‘-x , 0<c<ux.
We have
0<c<x me’<e‘<e*zx<ex<xe*>x<e*—1<xe*
So



Vx>0 :1x<e*—1<xe*.
On the one hand we have:

Vi=>0:x<e*—1=>x+1<e”.
and on the other hand we have:
Voi<x<l:e*—1<xe*=2e*(l—-x)<1le*<—y
(1-x)
So

Vx€0;1[:1+x<e*<

1—x
Exercise 07 ( Hospitat Rule )

Hospitat Rule

Let f and g be a continuous functions on a neighbourhood 1/, of the point a and differentiable on V —

{a} then, if the lim ! ,(x) exists, then the lim FCI-7(@) qyists also and
x—a g'(x) x—a g(x)-g(a)

| [l . f)—f(a)
im lim—————

x>ag'(x)  x-ag(x) —gla)

In particular if f(a) = g(a) = 0, we have
f'(x) ()

Mg gty

1)hmw:9 IF.

x—0 x—sinx 0
e¥—e™=2x (e —e™ —2x)’
lim = lim -
x-0 X —sinx x-0 (x —sinx)
y e*+e™* -2 I F
= lim = =
x>0 1—cosx 0

(e*+e™-2)
x-0 (1—cosx)’
e*—e™ 0

=lim———==-1IF
x—0 Sinx 0

(e —e™)
m—
x~0 (sinx)’
e*+e™

=lim——=2
x>0 COSX



sin(x-3) (sin(x-3))’

lim———= =1
xl_,nél —2cosx xl_,r% (1—-2cosx)’

_ lim Cos (X - %)

x_% 2sinx

B cos(0) 1

2sin§ V3

3) lim x(ez%—1) =0.001F.

X—+00

6) lirp xIn
X—+ 00

[tan (E +
4 X

8) lim

x—0 3sin4x—12sinx

2x+1
2x+1 (e x? = 1)
lim x(e x? — 1) = lim ——~
X—+00 X—+00 X

!

2x+1
)
= lim ———

T

2x+1
y 2x+2e x*
= l1m -
X—+00 x3 _l
x2

2x3 + 2x2% 2x+1
= lim ——5——e 22 =2e°=2
X—>+0o X

T

O] =0.c01F.

lim xIn [tan (% + g)] = lim

X—>+0o

i T (tanz(% + %) + 1)

X—+00 T,
tan(4 + x)

s
_ n(tanzz+ 1) Y

T
tan Z

3tan4x—12tan x __O

=-1F.
0



3tan4x —12tanx (3tan4x — 12 tan x)’

30 3sin4x —12sinx 0 (3sin4x — 12sinx)’

im cos“4x COS*X
x-0 3(4cos4x) — 12 cosx

cos?x — cos?4x

= lim
x-0 c0s2xcos24x(cos4 x — cosx)

(cos4 x + cosx) B

x-0 CO0S2xcos24x

2v/2—(cosx+sinx)® 0

9) lim _ =-1F.
o 1-sin2x 0
4
i 2v/2 — (cos x + sin x)3 e (2\/2— (cosx + sin x)3)l
xl_)rr%l 1 — sin2x B xl_,r% (1 —sin2x)’
’ 3(cosx — sin x)(cos x + sin x)?
B xl_,r% 2 cos2x
4
cos x — sin x 3(cos x + sin x)?
= lim
x—%  COS2x 2
4
We have
2
3(Y2 V2
~ 3(cosx + sinx)? 2 2
11rr71T > = > =3,
x—)z
and
cosx —sinx O [ F
im———=—-1IF,
x_,% cos2x 0
S0
cosx — sinx ~ (cosx —sinx)’
im———— = lim
x>k COS 2x x (cos2x)’
_ —cosx—sinx_\/f
_xl_,n% —2sin2x 2
So

Exercise 08

- 2v2 = (cosx +sinx)® 2 32
lim - =—3=—
x_,% 1 —sin2x 2 2

10



X if x=0
f defined on Rby f(x) ={ **2

2x%4+1
x24+1

ifx<0.

1) Studying the continuity of f over R leads to studying continuity at 0. So

a2

Jim fG0) = Jim ——=0=/(0),

x-0tx + 2 -
and
_ _ 2x%+1
xll)rgl_f(x) = ,lcl_,nlln o 0 = £(0).
So f is continuous at 0.
2) Studying the continuity of f at 0. We have
a2
fO-f0) o xx2-9 . —x ,
x-x—-0* x—0 N x—gcr—{lo’r x—0 x—!;cr—{lo’rx +2 0= fd(o)'
Similarly we have
| 2x%+1
f(x)_f(o) . nx2+1
— = lim ———=
x-x—-0" x—0 x—x—0" X
.2
f-f0) 320 —x ,
x-x->0t x—0 N x—}}cril0+ x—0 x—gcrilo’rx +2 0 = £2(0),
o O " 2x2 + 1 (ln 2x2 + 1)’ 2x
x) — (0 —> T 21 5% [ 2.2 11
JCI= Oy DTy, VX F L) 2743841 gy
x—-x—0" x—0 xX-x—-0" X x—0~ (x)' x—-x—-0" 1 9

Since f;(0) = £;(0) so f is differentiable at 0 and f'(0) = 0.

3) Express f'(x) in terms of x.

x* + 4x >0
-—— ifx
) — (x + 2)? -
f1e) { 2x
if x<O0

k2x4 +3x*+1
4) We have Vx € R*: f'(x) < 0, then f is strictly increasing and continuous over R. So f it accepts an
inverse function f ! that is continuous and strictly increasing over f(R) = ]—o0; In2[

Express f~1(x) in terms of x. We have f(R_) = [0;In2[ and f(R,) = ]—oo;0].
Forx € R, and y € |—; 0] then,
2

x+2

y=f)ey=

11



1 1
Xx=—5y+7Jyr—8)

1 1
X=-5y- E,/y(y - 8) (unacceptable).

=4

So

1 1
X=-3y +§\/y(y— 8).
Forx € R_and y € ]0;1n2],

2x%+1
x2+1

y=fx)ey=In

(unacceptable).

\ N ey —2
So

[ - x+% [x(x—8) if x €]—00;0]
1) =4| ex — 1
\

| ex=2

N| =

if x € ]0;1n2][.

Exercise 11
D

. X
1) tan Arcsinx = Ny

) sin Arc sin x
vx € |-1,1[ : tanArcsinx = ——
cos Arcsinx

sin Arcsin x
\/1 — (sin Arc sin x)?
X

Vi-x2

1
14+x+x2

2)Vx >0 : Arctan(x + 1) — Arctanx = Arctan

tan a—tan 3
1+tan atan B’

tan a—tan f3
1+tan octan f3

We have tan(a — B) = = a— B = Arctan

So by putting a = Arctan(x + 1) and 8 = Arctan x we get:
x+1—x

vx 2 0 Arctan(x +1) — Arctanx = Arctan 3——-——~

12



1

x4+ x+1
3) Since sin®a = ;2 and for a € ]0, [ then, sina = /;2 So
1+cotan“a 1+cotan‘a
1 1

Vx € R : sin(Arccotanx) = = _
( ) \/1 + cotan®(Arccotanx) /1 + x2

1)

. xArcsinx? 0
) lim—————=-1F.
x—>0Xxcosx—sinx 0

~ xArcsinx? ~ (xArcsinx?)’
im — = lim -
x-0x Ccosx —sinx  x-0 (xcosx — sinx)’
. 2x2
Arcsin x? + —
— 1 V1 —x*
= lim -
x—0 —x sinx
2
Arcsinx? 1 _ 24
= lim - + 1 —X
x-0\ —xsinx _sinx
X
We have
~ (Arcsinx? _ (Arc sin x2)’
lim(——— | =lim————
x-0\ —xsinx x—0 (xsinx)’
2
— +4
= lim - YL1=x* _ _4
x—0 SIinXx
+ cosx
and
2
A/1 — yv4
x>0\ _ sinx
x
So
~ xArcsinx?
lim - = -3.
x—0 X COS X — Sin x
1
3) lir%(ex +x)x=1%1F.
X—
1
Putting f(x) = In(e* + x)x = iln(ex + x). So
In(e*+x) O
I =lim—— —~=—]F
xl—I}(l)f(x) xl—I;% X 0

13



SO
1 1imf(x)>
lim(e* + x)x = e<"*° = e?,
x—0
1

4) lim (tan XL); =1"1F.

+4

Putting g(x) = In (tan ﬁ)x = iln (tan L) So

x+4

_ (ne*+x) e +1
=lim——— = lim =
x—0 (X)' x-0e* + x

2,

In (tan L) 0
. i x+4) Y
M= T !F
TL. A
o [nfn )
= lim
x>0 [x]’
1 _ 1 . —m
_r 2_ T (x+4)?
— i tanx+4 S Y ¥4
= lim
x—0 1
li 1
= —1- lim
-0 cin 1t . T, 2
x sin———7 - C0s (x+4)
1 T
= —TT = ——,
V2 V2 ,, 8
2 2
So
limg(x) = — =
x-0
And we get
_ x (chig(l)g(x)> L
}cl—% (tan x +4) o - =1
5) lim (tan x)%€05% = 000 | F.
x>

2

Putting h(x) = In(tan x)2°$* = 2cos x In(tan x). So

In(tan x co
lir7rTl_h(x) =2 lim_¥ =—1F.

1 %)
COS X

2 lim. (ln(tan x))’

!
5 ()
COS X

14



So

lim_(tan x)%C0sx = ¢

X

2

1

=2 lim -
PO __ sinx
2 2
COS?%x
= —2 lim

x_,g‘ tan xsin x

lirél_h(x)

x—>2

15

cos?x - tan x



