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Solutions of exercise series number 3 

Exercise 01 (The limit, using the definition ) 

1) 

Limit by definition (1) 

(∀ε ∈ ℝ+
∗ ; ∃δ ∈ ℝ+

∗ ; ∀𝑥 ∈ V𝑥0: |𝑥 − 𝑥0| < δ ⟹ |𝑓(𝑥) − ℓ| < ε)  ⇔ ( lim
𝑥→𝑥0

𝑓(𝑥) = ℓ). 

Prove that: lim
𝑥→3

𝑥2−1

𝑥2+1
=

4

5
. 

Let ε ∈ ℝ+
∗  and V3 = ]2,4[ is an neighbourhood of the number 3. We have: 

|
𝑥2 − 1

𝑥2 + 1
−
4

5
| < ε ⇔

1

5
|
𝑥2 − 9

𝑥2 + 1
| <  ε ⇔  

1

5

|(𝑥 + 3)|

𝑥2 + 1
|(𝑥 − 3)| < ε. 

On the other hand we have: 

∀𝑥 ∈ V3 : 
|(𝑥 + 3)|

𝑥2 + 1
<
7

5
, 

so 

∀𝑥 ∈ V3 : 
1

5

|(𝑥 + 3)|

𝑥2 + 1
|(𝑥 − 3)| <  

1

5
∙
7

5
|(𝑥 − 3)| =

7

25
|(𝑥 − 3)|. 

Therefore, it is enough to put: 

7

25
|(𝑥 − 3)| < 𝜀, 

so 

|(𝑥 − 3)| <
25

7
ε. 

It is enough to choose δ =
25

7
ε. 

2) 

Limit by definition (2) 

(∀ε ∈ ℝ+
∗ ; ∃𝐵 ∈ ℝ+

∗ ; ∀𝑥 ∈ V+∞: 𝑥 > 𝐵 ⟹ |𝑓(𝑥) − ℓ| < ε)  ⇔ ( lim
𝑥→+∞

𝑓(𝑥) = ℓ). 

(∀ε ∈ ℝ+
∗ ; ∃𝐵 ∈ ℝ−

∗ ; ∀𝑥 ∈ V−∞: 𝑥 < 𝐵 ⟹ |𝑓(𝑥) − ℓ| < ε)  ⇔ ( lim
𝑥→−∞

𝑓(𝑥) = ℓ). 

 

 

Prove that: lim
𝑥→+∞

𝑥2−1

𝑥2+1
= 1. 

Let ε ∈ ℝ+
∗  and V+∞ = ]1,+∞[ is an neighbourhood of +∞. We have: 
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|
𝑥2 − 1

𝑥2 + 1
− 1| < ε ⇔ |

2

𝑥2 + 1
| < ε ⇔ 𝑥2 + 1 >

2

ε
 

On the other hand we have: 

∀𝑥 ∈ V+∞: 𝑥
2 + 1 > 𝑥2 

Therefore, it is enough to put: 

𝑥2 >
2

ε
, 

so 

𝑥 > √
2

ε
 

It is enough to choose B = √
2

ε
. 

Prove that: lim
𝑥→−∞

𝑥2−1

𝑥2+1
= 1. 

Let ε ∈ ℝ+
∗  and V−∞ = ]−∞,−1[ is an neighbourhood of −∞. We have: 

|
𝑥2 − 1

𝑥2 + 1
− 1| < ε ⇔ 𝑥2 + 1 >

2

ε
. 

On the other hand we have: 

∀𝑥 ∈ V−∞: 𝑥
2 + 1 > 𝑥2 

Therefore, it is enough to put: 

𝑥2 >
2

ε
, 

so 

𝑥 < −√
2

ε
 

It is enough to choose B = −√
2

ε
. 

3) 

Limit by definition (3) 

(∀𝐴 ∈ ℝ+
∗ ; ∃δ ∈ ℝ+

∗  ; ∀𝑥 ∈ V𝑥0: |𝑥 − 𝑥0| < δ ⟹ 𝑓(𝑥) > 𝐴)  ⇔ ( lim
𝑥→𝑥0

𝑓(𝑥) = +∞). 

 

Prove that: lim
𝑥→1

𝑥+2

(𝑥−1)2
= +∞ 
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Let 𝐴 ∈ ℝ+
∗  and V3 = ]0,2[ is an neighbourhood of the number 1. We have: 

𝑥 + 2

(𝑥 − 1)2
> 𝐴 ⇔ (𝑥 − 1)2 ∙

1

𝑥 + 2
<
1

𝐴
 

On the other hand we have: 

∀𝑥 ∈ V1:
1

𝑥 + 2
<
1

2
 

Therefore, it is enough to put: 

1

2
(𝑥 − 1)2 <

1

𝐴
, 

so 

|𝑥 − 1| < √
2

𝐴
. 

It is enough to choose δ = √
2

𝐴
. 

 

4) 

Limit by definition (4) 

(∀𝐴 ∈ ℝ−
∗  ;  ∃𝐵 ∈ ℝ+

∗ ; ∀𝑥 ∈ V+∞: 𝑥 > 𝐵 ⟹ 𝑓(𝑥) < 𝐴)  ⇔ ( lim
𝑥→+∞

𝑓(𝑥) = −∞). 

Prove that: lim
𝑥→+∞

𝑥2+𝑥+1

−𝑥+1
= −∞. 

Let 𝐴 ∈ ℝ−
∗  and V+∞ = ]1,+∞[ is an neighbourhood of +∞. We have: 

𝑥2 + 𝑥 + 1

−𝑥 + 1
= −𝑥 −

3

𝑥 − 1
− 2. 

And 

𝑓(𝑥) < 𝐴 ⇔ −𝑥 −
3

𝑥 − 1
− 2 < 𝐴 

                    ⇔ 𝑥 +
3

𝑥 − 1
+ 2 > −𝐴. 

On the other hand we have: 

∀𝑥 ∈ V+∞: 𝑥 +
3

𝑥 − 1
+ 2 > 𝑥 + 2. 

Therefore, it is enough to put: 

𝑥 + 2 > −𝐴, 

so 
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𝑥 > −2 − 𝐴 

It is enough to choose 𝐵 = −2 − 𝐴 ( where − 2 − 𝐴 ∈ ℝ+
∗ ). 

Exercise 02 ( Calculation of limits ) 

1) lim
𝑥→1

(
1

1−𝑥
−

3

1−𝑥3
) = +∞−∞  I F. 

lim
𝑥→1

(
1

1 − 𝑥
−

3

1 − 𝑥3
) = lim

𝑥→1

1

1 − 𝑥

𝑥2 + 𝑥 − 2

1 + 𝑥 + 𝑥2
= lim

𝑥→1

−(𝑥 + 2)

1 + 𝑥 + 𝑥2
= −1 

2) lim
𝑥→+∞

𝑥(√𝑥2 + 2𝑥 − 2√𝑥2 + 𝑥 + 𝑥) = +∞ −∞ I F. We have: 

   √𝑥2 + 2𝑥 − 2√𝑥2 + 𝑥 + 𝑥 =
(√𝑥2 + 2𝑥 − 2√𝑥2 + 𝑥 + 𝑥)(√𝑥2 + 2𝑥 + 2√𝑥2 + 𝑥 + 𝑥)

√𝑥2 + 2𝑥 + 2√𝑥2 + 𝑥 + 𝑥
 

=
−2𝑥(𝑥 − √𝑥2 + 2𝑥 + 1)

√𝑥2 + 2𝑥 + 2√𝑥2 + 𝑥 + 𝑥
     

                                       =
−2𝑥(𝑥 + 1 − √𝑥2 + 2𝑥)

(√𝑥2 + 2𝑥 + 2√𝑥2 + 𝑥 + 𝑥)

(𝑥 + 1 + √𝑥2 + 2𝑥)

(𝑥 + √𝑥2 + 2𝑥 + 1)
 

                                       =
−2𝑥

(√𝑥2 + 2𝑥 + 2√𝑥2 + 𝑥 + 𝑥)(𝑥 + √𝑥2 + 2𝑥 + 1)
 

                                    =
−2

(√1 +
2
𝑥 + 2

√1 +
1
𝑥 + 1)(1 +

√1+
2
𝑥 +

1
𝑥)

. 

So 

lim
𝑥→+∞

(√𝑥2 + 2𝑥 − 2√𝑥2 + 𝑥 + 𝑥) = lim
𝑥→+∞

−2

(√1 +
2
𝑥 + 2

√1 +
1
𝑥 + 1)(1 +

√1 +
2
𝑥 +

1
𝑥)

 = −
1

4
. 

3) lim
𝑥→∓∞

(
𝑥2+1

𝑥2−2
)
𝑥2

= 1∞ I F. 

Putting 𝑓(𝑥) = (
𝑥2+1

𝑥2−2
)
𝑥2

 we get, ln(𝑓(𝑥)) = 𝑥2ln (
𝑥2+1

𝑥2−2
). 

So 

lim
𝑥→∞

ln(𝑓(𝑥)) = lim
𝑥→∞

𝑥2ln (
𝑥2 + 1

𝑥2 − 2
) = lim

𝑥→∞

3𝑥2

𝑥2 − 2

ln(1 +
3

𝑥2 − 2
)

3
𝑥2 − 2

. 

And by putting ℎ =
3

𝑥2−2
, then 𝑥 → ∞ ⟺ ℎ → 0 . 

So 

lim
𝑥→∞

ln(𝑓(𝑥)) = lim
𝑥→∞

3𝑥2

𝑥2 − 2
∙ lim
ℎ→0

ln(1 + ℎ)

ℎ
= 3. 
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So 

lim
𝑥→∓∞

(
𝑥2 + 1

𝑥2 − 2
)

𝑥2

= e3. 

4) lim
𝑥→±∞

𝑥

E(𝑥)+1
. We have: 

∀𝑥 ∈ ℝ ∶   𝐸(𝑥) ≤ 𝑥 < 𝐸(𝑥) + 1 ⇔  1 + 𝑥 ≥ 𝐸(𝑥) + 1 > 𝑥 

                                                               ⇔  1 + 𝑥 ≥ 𝐸(𝑥) + 1 > 𝑥. 

So 

For 𝑥 > 0, then 1 + 𝑥 ≥ 𝐸(𝑥) + 1 > 𝑥 ⇔
1

1+𝑥
≤

1

𝐸(𝑥)+1
<

1

𝑥
⇔

𝑥

1+𝑥
≤

𝑥

𝐸(𝑥)+1
< 1, 

and for 𝑥 < −1, then 1 + 𝑥 ≥ 𝐸(𝑥) + 1 > 𝑥 ⇔
1

1+𝑥
≤

1

𝐸(𝑥)+1
<

1

𝑥
⇔

𝑥

1+𝑥
≥

𝑥

𝐸(𝑥)+1
> 1. 

Since lim
𝑥→∞

𝑥

𝑥+1
= −, then lim

𝑥→±∞

𝑥

E(𝑥)+1
= 1. 

Exercise 03  

Let the two sequences (𝑥𝑛) and (𝑥𝑛
′ ) defined by, 

∀𝑛 ∈ ℕ: 𝑥𝑛
′ =

1

2𝜋𝑛 +
𝜋
2

  and  𝑥𝑛 =
1

2𝜋𝑛 +
𝜋
6

. 

We have  

lim
𝑛→+∞

𝑥𝑛
′ = lim

𝑛→+∞
𝑥𝑛 = 0, 

and on the other hand we have: 

𝑓(𝑥𝑛
′ ) = sin (2𝜋𝑛 +

𝜋

2
) = 1   and    𝑓(𝑥𝑛) = sin (2𝜋𝑛 +

𝜋

6
) =

1

2
. 

So 

lim
𝑛→+∞

  𝑓(𝑥𝑛
′ ) = 1  and   lim

𝑛→+∞
 𝑓(𝑥𝑛) =

1

2
, 

thererfore 

lim
𝑛→+∞

  𝑓(𝑥𝑛
′ ) ≠   lim

𝑛→+∞
 𝑓(𝑥𝑛). 

So the function 𝑓 does not accept a limit at 0. 

4) 𝑓 = 𝑣 ∘ 𝑢 and 𝑣(𝑥) = {
1 , 𝑥 = 0
0 , 𝑥 ≠ 0

 ;  𝑢(𝑥) = 𝑥 cos
1

𝑥
. 

 

Let the two sequences (𝑥𝑛) and (𝑥𝑛
′ ), defined in the previous question. We have  

∀𝑛 ∈ ℕ: 𝑢(𝑥𝑛) =
1

2𝜋𝑛 +
𝜋
6

cos (2𝜋𝑛 +
𝜋

6
) =

√3
2

2𝜋𝑛 +
𝜋
6

≠ 0, 
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and 

∀𝑛 ∈ ℕ: 𝑓(𝑥𝑛) = 𝑣(𝑢(𝑥𝑛)) = 0, 

so 

lim
𝑛→+∞

𝑓(𝑥𝑛) = 0. 

On the other hand we have: 

∀𝑛 ∈ ℕ: 𝑢(𝑥𝑛
′ ) =

1

2𝜋𝑛 +
𝜋
2

cos (2𝜋𝑛 +
𝜋

2
) = 0, 

and 

∀𝑛 ∈ ℕ: 𝑓(𝑥𝑛) = 𝑣(𝑢(𝑥𝑛
′ )) = 1, 

so 

lim
𝑛→+∞

𝑓(𝑥𝑛
′ ) = 1. 

thererfore 

lim
𝑛→+∞

  𝑓(𝑥𝑛
′ ) ≠   lim

𝑛→+∞
 𝑓(𝑥𝑛). 

So the function 𝑓 does not accept a limit at 0. 

Exercise 04 

1) 𝑓(𝑥) =
𝑥3+5𝑥+6

𝑥5+1
 ;  𝑥0 = −1. 

lim
𝑥→−1

𝑓(𝑥) = lim
𝑥→−1

𝑥3 + 5𝑥 + 6

𝑥5 + 1
                     

                                   = lim
𝑥→−1

(𝑥2 − 𝑥 + 6)(𝑥 + 1)

(𝑥4 − 𝑥3 + 𝑥2 − 𝑥 + 1)(𝑥 + 1)
 

                            = lim
𝑥→−1

(𝑥² − 𝑥 + 6)

(𝑥⁴ − 𝑥³ + 𝑥² − 𝑥 + 1)
=
8

5
 

So 𝑓 can be extended by continuing at −1 for the function 𝑓 where 𝑓(𝑥) = {
𝑓(𝑥), 𝑥 ≠ −1

8

5
, 𝑥 = −1

. 

3) 𝑓(𝑥) = 1 − 𝑥 sin
1

𝑥
 ;  𝑥0 = 0. We have 

∀𝑥 ∈ ℝ∗: 0 ≤ |𝑥 sin
1

𝑥
| < |𝑥|. 

Since lim
𝑥→0

|𝑥| = 0, then 

lim
𝑥→0

𝑥 sin
1

𝑥
= 0. 

So 
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lim
𝑥→0

𝑓(𝑥) = 1. 

So 𝑓 can be extended by continuing at 0 for the function 𝑓 where 𝑓(𝑥) = {
 𝑓(𝑥) , 𝑥 ≠ 0
1      , 𝑥 = 0   

   . 

Exercise 05  

1) 𝑓(𝑥) = {
 𝑥                      if |𝑥| ≤ 1 

 𝑥2 + 𝑎𝑥 + 𝑏  if   |𝑥| > 1
 

Since 𝑓 is continuous at 1 then 

lim
𝑥→1+

𝑓(𝑥) = 𝑓(1) ⇔ lim
𝑥→1+

𝑥2 + 𝑎𝑥 + 𝑏 = 1 

             ⇔ 𝑎 + 𝑏 = 0. 

Similarly since 𝑓 is continuous at 1, then, 

lim
𝑥→−1−

𝑓(𝑥) = 𝑓(−1) ⇔ lim
𝑥→−1−

𝑥2 + 𝑎𝑥 + 𝑏 = −1 

                    ⇔ −𝑎 + 𝑏 = −2. 

So 

{
𝑎 + 𝑏 = 0

−𝑎 + 𝑏 = −2
, 

therefore 

{
𝑎 = 1
𝑏 = −1

. 

Exercise 06 ( Application of M.V.T ) 

Mean Value Theorem 

If a function 𝑓 [𝑎, 𝑏]  →  ℝ  is continuous on the closed interval [𝑎, 𝑏] and differentiable on the open 

interval ]𝑎, 𝑏[, then there exists a point 𝑐 ∈]𝑎, 𝑏[ such that 𝑓(𝑏) − 𝑓(𝑎) = 𝑓′(𝑐)(𝑏 − 𝑎). 

 

1) Prove that ∀𝑥 ∈ ]0; 1[ ∶ 1 + 𝑥 < 𝑒𝑥 <
1

1−𝑥
. 

By applying the mean value theorem to the function 𝑓(𝑥) = 𝑒𝑥 on the interval [𝑎; 𝑏] = [0; 𝑥]  where 𝑥 ≥

0, we get: 

  ∀𝑥 ≥ 0 ∶  𝑒𝑥⏟
𝑓(𝑏)

− 𝑒0⏟
𝑓(𝑎)

= 𝑓′(𝑐) (𝑥⏟
𝑏

− 0⏟
𝑎

)    ,    0⏟
𝑎

< c < 𝑥⏟
𝑏

. 

So 

                𝑒𝑥 − 1 = 𝑒𝑐 ⋅ 𝑥     ,     0 < c < 𝑥.  

We have 

  0 < c < 𝑥 ⟹ 𝑒0 < 𝑒𝑐 < 𝑒𝑥 ⇒ 𝑥 < 𝑒𝑐𝑥 < 𝑥𝑒𝑥 ⇒ 𝑥 < 𝑒𝑥 − 1 < 𝑥𝑒𝑥 

So 
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∀𝑥 ≥ 0 ∶ 𝑥 < 𝑒𝑥 − 1 < 𝑥𝑒𝑥 . 

On the one hand we have: 

∀𝑥 ≥ 0: 𝑥 < 𝑒𝑥 − 1 ⇒ 𝑥 + 1 < 𝑒𝑥 . 

and on the other hand we have: 

∀0 < 𝑥 < 1: 𝑒𝑥 − 1 < 𝑥𝑒𝑥 ⇒ 𝑒𝑥(1 − 𝑥) < 1 ⇒ 𝑒𝑥 <
1

(1 − 𝑥)
, 

So 

∀𝑥 ∈ ]0;1[ ∶ 1 + 𝑥 < 𝑒𝑥 <
1

1 − 𝑥
. 

Exercise 07 ( Hospitat Rule ) 

Hospitat Rule 

Let 𝑓 and 𝑔 be a continuous functions on a neighbourhood 𝑉𝑎  of the point 𝑎 and differentiable on 𝑉 −

{𝑎} then, if the lim
𝑥→𝑎

𝑓′(𝑥)

𝑔′(𝑥)
 exists, then the lim

𝑥→𝑎

𝑓(𝑥)−𝑓(𝑎)

𝑔(𝑥)−𝑔(𝑎)
 exists also and  

lim
𝑥→𝑎

𝑓′(𝑥)

𝑔′(𝑥)
= lim

𝑥→𝑎

𝑓(𝑥) − 𝑓(𝑎)

𝑔(𝑥) − 𝑔(𝑎)
. 

In particular if 𝑓(𝑎) = 𝑔(𝑎) = 0, we have 

lim
𝑥→𝑎

𝑓′(𝑥)

𝑔′(𝑥)
= lim

𝑥→𝑎

𝑓(𝑥)

𝑔(𝑥)
. 

 

 

1) lim
𝑥→0

𝑒𝑥−𝑒−𝑥−2𝑥

𝑥−sin 𝑥
=

0

0
  𝐼 𝐹. 

lim
𝑥→0

𝑒𝑥 − 𝑒−𝑥 − 2𝑥

𝑥 − sin 𝑥
= lim

𝑥→0

(𝑒𝑥 − 𝑒−𝑥 − 2𝑥)′

(𝑥 − sin 𝑥)′
 

                                            = lim
𝑥→0

𝑒𝑥 + 𝑒−𝑥 − 2

1 − cos 𝑥
=  
0

0
  𝐼 𝐹 

                                = lim
𝑥→0

(𝑒𝑥 + 𝑒−𝑥 − 2)′

(1 − cos𝑥)′
 

                                    = lim
𝑥→0

𝑒𝑥 − 𝑒−𝑥

sin 𝑥
=
0

0
  𝐼 𝐹 

                        = lim
𝑥→0

(𝑒𝑥 − 𝑒−𝑥)′

(sin 𝑥)′
 

                            = lim
𝑥→0

𝑒𝑥 + 𝑒−𝑥

cos 𝑥
= 2 
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2) lim
𝑥→

𝜋

3

sin(𝑥−
𝜋

3
)

1−2cos𝑥
=

0

0
  𝐼 𝐹. 

lim
𝑥→

𝜋
3

sin (𝑥 −
𝜋
3)

1 − 2 cos𝑥
= lim

𝑥→
𝜋
3

(sin (𝑥 −
𝜋
3)) ′

(1 − 2 cos𝑥)′
 

                        = lim
𝑥→

𝜋
3

cos (𝑥 −
𝜋
3)

2 sin 𝑥
 

                   =
cos(0)

2 sin
𝜋
3

=
1

√3
. 

3) lim
𝑥→+∞

𝑥 (𝑒
2𝑥+1

𝑥2 − 1) = 0.∞ 𝐼 𝐹. 

lim
𝑥→+∞

𝑥 (𝑒
2𝑥+1
𝑥2 − 1) = lim

𝑥→+∞

(𝑒
2𝑥+1
𝑥2 − 1)

𝑥
                       

                 = lim
𝑥→+∞

(𝑒
2𝑥+1
𝑥2 − 1)

′

(
1
𝑥)

′  

                     = lim
𝑥→+∞

−
2𝑥 + 2

𝑥3
𝑒
2𝑥+1
𝑥2

−
1
𝑥2

 

                                             = lim
𝑥→+∞

2𝑥³ + 2𝑥2

𝑥³
𝑒
2𝑥+1
𝑥2 = 2𝑒0 = 2 

6) lim
𝑥→+∞

 𝑥 ln [tan (
𝜋

4
+

𝜋

𝑥
)] = 0.∞ 𝐼 𝐹. 

lim
𝑥→+∞

 𝑥 ln [tan (
𝜋

4
+
𝜋

𝑥
)] = lim

𝑥→+∞
 
ln [tan (

𝜋
4
+
𝜋
𝑥
)]

1
𝑥

 

                                                   = lim
𝑥→+∞

 
(ln [tan (

𝜋
4 +

𝜋
𝑥)
])
′

(
1
𝑥
)
′  

                                                    = lim
𝑥→+∞

𝜋 (tan²(
𝜋
4 +

𝜋
𝑥) + 1)

tan(
𝜋
4 +

𝜋
𝑥)

 

                                          =
𝜋 (tan²

𝜋
4
+ 1)

tan
𝜋
4

= 2𝜋. 

8) lim
𝑥→0

3 tan 4𝑥−12 tan 𝑥

3 sin4𝑥−12sin𝑥
=

0

0
 𝐼 𝐹. 
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lim
𝑥→0

3 tan 4𝑥 − 12 tan 𝑥

3 sin 4 𝑥 − 12 sin 𝑥
= lim

𝑥→0
 
(3 tan 4𝑥 − 12 tan 𝑥)′

(3 sin 4 𝑥 − 12sin 𝑥)′
 

                                             = lim
𝑥→0

 
3 

4
cos24𝑥

− 12 
1

cos2𝑥
3(4cos 4 𝑥) − 12 cos 𝑥

 

                                                           = lim
𝑥→0

cos2𝑥 − cos24𝑥

cos2𝑥cos24𝑥(cos4 𝑥 − cos𝑥)
 

                                                          

                                                     = − lim
𝑥→0

(cos 4 𝑥 + cos𝑥)

cos2𝑥cos24𝑥
= −2. 

9) lim
𝑥→

𝜋

4

2√2−(cos𝑥+sin𝑥)3

1−sin2𝑥
=

0

0
 I F. 

lim
𝑥→

𝜋
4

2√2 − (cos 𝑥 + sin 𝑥)3

1 − sin 2𝑥
= lim

𝑥→
𝜋
4

(2√2 − (cos 𝑥 + sin 𝑥)3)
′

(1 − sin 2𝑥)′
 

                                                                = lim
𝑥→

𝜋
4

3(cos 𝑥 − sin 𝑥)(cos 𝑥 + sin 𝑥)2

2 cos2𝑥
 

                                                              = lim
𝑥→

𝜋
4

cos 𝑥 − sin 𝑥

cos2𝑥

3(cos 𝑥 + sin 𝑥)2

2
. 

We have 

lim
𝑥→

𝜋
4

3(cos 𝑥 + sin 𝑥)2

2
=

3(
√2
2 +

√2
2 )

2

2
= 3, 

and 

lim
𝑥→

𝜋
4

cos 𝑥 − sin 𝑥

cos2𝑥
=
0

0
 𝐼 𝐹, 

so 

lim
𝑥→

𝜋
4

cos 𝑥 − sin 𝑥

cos2𝑥
 = lim

𝑥→
𝜋
4

(cos 𝑥 − sin 𝑥)′

(cos 2𝑥)′
 

                                              = lim
𝑥→

𝜋
4

−cos𝑥 − sin 𝑥

−2 sin 2𝑥
=
√2

2
. 

So 

lim
𝑥→

𝜋
4

2√2 − (cos 𝑥 + sin 𝑥)3

1 − sin 2𝑥
=
√2

2
3 =

3√2

2
. 

Exercise 08 
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𝑓 defined on ℝ by 𝑓(𝑥) = {
 −

𝑥2

𝑥+2
           𝑖𝑓  𝑥 ≥ 0

ln
2𝑥2+1

𝑥2+1
      𝑖𝑓  𝑥 < 0

. 

1) Studying the continuity of 𝑓 over ℝ leads to studying continuity at 0. So 

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

−𝑥2

𝑥 + 2
= 0 = 𝑓(0), 

and 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→−

ln
2𝑥2 + 1

𝑥2 + 1
= 0 = 𝑓(0). 

So 𝑓 is continuous at 0. 

2) Studying the continuity of 𝑓 at 0. We have 

lim
𝑥→𝑥→0+

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→𝑥→0+

−𝑥2

𝑥 + 2 − 0

𝑥 − 0
= lim

𝑥→𝑥→0+

−𝑥

𝑥 + 2
= 0 = 𝑓𝑑

′(0). 

Similarly we have 

lim
𝑥→𝑥→0−

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→𝑥→0−

ln
2𝑥2 + 1
𝑥2 + 1
𝑥

= 

lim
𝑥→𝑥→0+

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→𝑥→0+

−𝑥2

𝑥 + 2 − 0

𝑥 − 0
= lim

𝑥→𝑥→0+

−𝑥

𝑥 + 2
= 0 = 𝑓𝑑

′(0),                                              

         lim
𝑥→𝑥→0−

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→𝑥→0−

ln
2𝑥2 + 1
𝑥2 + 1
𝑥

lim
𝑥→0−

(ln
2𝑥2 + 1
𝑥2 + 1

)
′

(𝑥)′
= lim

𝑥→𝑥→0−

2𝑥
2𝑥⁴ + 3𝑥² + 1

1
= 0 = 𝑓𝑔

′(0). 

Since 𝑓𝑔
′(0) = 𝑓𝑑

′(0) so 𝑓 is differentiable at 0 and 𝑓 ′(0) = 0. 

3) Express 𝑓 ′(𝑥) in terms of 𝑥. 

𝑓′(𝑥) =

{
 

 −
𝑥² + 4𝑥

(𝑥 + 2)²
       if  𝑥 ≥ 0

2𝑥

2𝑥⁴ + 3𝑥² + 1
   if  𝑥 < 0

 

4) We have ∀𝑥 ∈ ℝ∗: 𝑓′(𝑥) < 0, then 𝑓 is strictly increasing and continuous over ℝ. So 𝑓 it accepts an 
inverse function 𝑓−1 that is continuous and strictly increasing over 𝑓(ℝ) = ]−∞; ln2[ 

Express 𝑓−1(𝑥) in terms of 𝑥. We have 𝑓(ℝ−) = [0; ln2[  and  𝑓(ℝ+) = ]−∞;0]. 

For 𝑥 ∈ ℝ+ and 𝑦 ∈ ]−∞;0] then, 

𝑦 = 𝑓(𝑥) ⇔ 𝑦 =
−𝑥2

𝑥 + 2
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                                                        ⇔ {
𝑥 = −

1

2
𝑦 +

1

2
√𝑦(𝑦 − 8)                                           

  𝑥 = −
1

2
𝑦 −

1

2
√𝑦(𝑦 − 8)            ( unacceptable).   

 

So 

𝑥 = −
1

2
𝑦 +

1

2
√𝑦(𝑦 − 8). 

For 𝑥 ∈ ℝ− and 𝑦 ∈ ]0; ln2[, 

𝑦 = 𝑓(𝑥) ⇔ 𝑦 = ln
2𝑥2 + 1

𝑥2 + 1
                                  

                                                        ⇔

{
 
 

 
 
𝑥 = −√−

𝑒𝑦 − 1

𝑒𝑦 − 2
                                           

  𝑥 = √−
𝑒𝑦 − 1

𝑒𝑦 − 2
            ( unacceptable).   

 

So 

𝑓−1(𝑥)   =

{
 
 

 
   −

1

2
𝑥 +

1

2
√𝑥(𝑥 − 8)      if  𝑥 ∈ ]−∞;0]

 −√−
𝑒𝑥 − 1

𝑒𝑥 − 2
                  if   𝑥 ∈ ]0; ln2[.

 

Exercise 11 

I) 

1) tan Arc sin 𝑥 =
𝑥

√1−𝑥2
. 

∀𝑥 ∈ ]−1,1[ ∶ tanArc sin 𝑥 =
sinArc sin 𝑥

cos Arc sin 𝑥
                      

                                                =
sin Arc sin 𝑥

√1 − (sin Arc sin 𝑥)2
. 

                       =
𝑥

√1 − 𝑥2
. 

2) ∀𝑥 ≥ 0 ∶ 𝐴𝑟𝑐 tan(𝑥 + 1) − 𝐴𝑟𝑐 tan 𝑥 = 𝐴𝑟𝑐 tan
1

1+𝑥+𝑥2
. 

We have tan(α − β) =
tan α−tanβ

1+tan α tanβ
⇒ α − β = 𝐴𝑟𝑐tan

tan α−tanβ

1+tan α tanβ
. 

So by putting α = 𝐴𝑟𝑐 tan(𝑥 + 1)  and  β = 𝐴𝑟𝑐 tan 𝑥 we get: 

∀𝑥 ≥ 0 ∶ 𝐴𝑟𝑐 tan(𝑥 + 1) − 𝐴𝑟𝑐 tan 𝑥 = 𝐴𝑟𝑐tan
𝑥 + 1 − 𝑥

1 + (𝑥 + 1)𝑥
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                =
1

𝑥2 + 𝑥 + 1
. 

3) Since sin2 𝛼 =
1

1+cotan²𝛼
 and for 𝛼 ∈ ]0, 𝜋[ then, sin 𝛼 = √

1

1+cotan²𝛼
. So 

∀𝑥 ∈ ℝ ∶ sin(Arc co tan 𝑥) = √
1

1 + cotan²(Arc co tan 𝑥)
=

1

√1 + 𝑥2
. 

II)  

1) lim
𝑥→0

𝑥Arc sin𝑥2

𝑥 cos𝑥−sin𝑥
=

0

0
 I F. 

lim
𝑥→0

𝑥 Arc sin 𝑥2

𝑥 cos 𝑥 − sin 𝑥
= lim

𝑥→0

(𝑥 Arc sin 𝑥2)′

(𝑥 cos 𝑥 − sin 𝑥)′
          

                                 = lim
𝑥→0

Arc sin 𝑥2 +
2𝑥2

√1 − 𝑥4

−𝑥 sin 𝑥
 

                                        = lim
𝑥→0

(
Arc sin 𝑥2

−𝑥 sin 𝑥
+

2

√1 − 𝑥4

−
sin 𝑥
𝑥

). 

We have  

lim
𝑥→0

(
Arc sin 𝑥2

−𝑥 sin 𝑥
) = lim

𝑥→0
−
(Arc sin 𝑥2)′

(𝑥 sin 𝑥)′
 

                                               = lim −
𝑥→0

2

√1 − 𝑥4

sin 𝑥
𝑥

+ cos𝑥
= −1,   

and 

lim
𝑥→0

(

2

√1 − 𝑥4

−
sin 𝑥
𝑥

) = −2. 

So 

lim
𝑥→0

𝑥 Arc sin 𝑥2

𝑥 cos 𝑥 − sin 𝑥
= −3. 

3) lim
𝑥→0

(𝑒𝑥 + 𝑥)
1

𝑥 = 1∞ I F. 

Putting 𝑓(𝑥) = ln(𝑒𝑥 + 𝑥)
1

𝑥 =
1

𝑥
ln(𝑒𝑥 + 𝑥). So 

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

ln(𝑒𝑥 + 𝑥)

𝑥
=
0

0
 𝐼 𝐹 
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                                        = lim
𝑥→0

(ln(𝑒𝑥 + 𝑥))
′

(𝑥)′
= lim

𝑥→0

𝑒𝑥 + 1

𝑒𝑥 + 𝑥
= 2, 

so 

lim
𝑥→0

(𝑒𝑥 + 𝑥)
1
𝑥 = 𝑒

(lim
𝑥→0

𝑓(𝑥))
= 𝑒2. 

4) lim
𝑥→0

(tan 
𝜋

𝑥+4
)

1

𝑥
= 1∞ I F. 

Putting 𝑔(𝑥) = ln(tan 
𝜋

𝑥+4
)
𝑥

=
1

𝑥
ln (tan 

𝜋

𝑥+4
). So 

lim
𝑥→0

𝑔(𝑥) = lim
𝑥→0

ln (tan 
𝜋

𝑥 + 4)

𝑥
=
0

0
 𝐼 𝐹. 

          = lim
𝑥→0

[ln (tan 
𝜋

𝑥 + 4)
]
′

[𝑥]′
 

                                      = lim
𝑥→0

1

tan
𝜋

𝑥 + 4

∙
1

cos2
𝜋

𝑥 + 4

∙
−π

(𝑥 + 4)2

1
 

                                             = −π ∙ lim
𝑥→0

1

sin
𝜋

𝑥 + 4 ∙ cos
𝜋

𝑥 + 4 ∙
(𝑥 + 4)2

 

             = −π
1

√2
2 ∙

√2
2 ∙ 42

= −
π

8
. 

So 

lim
𝑥→0

𝑔(𝑥) = −
π

8
. 

And we get 

lim
𝑥→0

(tan 
𝜋

𝑥 + 4
)

1
𝑥
= 𝑒

(lim
𝑥→0

𝑔(𝑥))
= 𝑒−

π
8 = 1. 

5) lim
𝑥→

𝜋

2

−
(tan 𝑥)2cos𝑥 = ∞0 I F. 

Putting ℎ(𝑥) = ln(tan 𝑥)2cos 𝑥 = 2cos 𝑥 ln(tan 𝑥). So 

lim
𝑥→

𝜋
2

−ℎ(𝑥) = 2 lim
𝑥→

𝜋
2

−

ln(tan 𝑥)

1
cos 𝑥

=
∞

∞
 𝐼 𝐹. 

  = 2 lim
𝑥→

𝜋
2

−

(ln(tan 𝑥))
′

(
1

cos 𝑥)
′  
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= 2 lim
𝑥→

𝜋
2

−

1
cos2𝑥 ∙ tan 𝑥

−
sin 𝑥
cos2𝑥

 

           = −2 lim
𝑥→

𝜋
2

−

1

tan 𝑥sin 𝑥
= 0. 

So 

lim
𝑥→

𝜋
2

−
(tan 𝑥)2cos 𝑥 = 𝑒

( lim
𝑥→

𝜋
2

−ℎ(𝑥))

= 𝑒0 = 1. 


