1st year MI Mechanics of material point
Chapter 3: Enerqy work in the case of a material point

1/ Work of a force

Consider a constant force acting on a material point M. Under the influence of F, M

moves between points A and B By definition, the work of the forceF on the
rectilinear displacement AB is given by:

s

A ¢ B

W= = F.AB = F.AB cos «
ais the angle that makesF with AB.

"

Noticed :

The work is either positive, zero or negative depending on the direction of the
force relative to

when moving. The unit of work is the Joule .
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Example :
Calculate the work necessary to move a mass from point A (x=Om) to point B (x= 10

m) under the effect of the force:
F(x)=5x+3
Corrected:
B _ (B . Bz [l0
W = L AW = L Fdl = L F(x)dx

10 10
I’I’if = 5[0 xdx + 3_[0 dx

The work between A and B is:
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10 »10
H’f = 5j xdx+3| dx
- 0 <0
T 5 10
wE=5=| +3[];
-~ Jo
107 0
wrk=5 - +3[10-0]

WP =250+ 30 =280 Joules

In case the forceF varies during the movement which can be arbitrary, it is
no longer possible to use the previous expression. We break down the journeyﬁ in

a succession of elementary movementsdl = MM’ infinitely small and therefore
rectilinear.

A

F (M) M’ B

elementary work

OnMM’ , strengthF can be considered constant; then we define the elementary
work given by: dWr = F.di

To obtain the total work on the total displacement, simply add the elementary
works:

Wy = [ F dl

or the following figure, with h=Zm-Z w
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ZM ............
+k
- e y
i J
M’ Work of the force of gravity
wWg = P.dl
M
P = —PK
dl=dxi+dyj+dzk _ 3 = —_paz
M M
donc wg = f P.dl = —P.dZ = —P(Zy — Zn)
M M

= wg = P(Zy — Znm) = Ph = mgh

—

F=—KAIT=—K(—1)i = —kxT
dwg = F.dl = —Kxidxi = Kxdx = —d(5 kx?)

WhenF moves from one position X :at X ., we have:

wg = [Fdl = [ kedx = —2k(x,? — x,2)

| K

. 11

Work of an elastic force

2/ Energy:
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We define the kinetic energy of a material point M, of mass m and animated
with a speed v, by the quantity E ¢, such that:
Ec.=(1/2) mv?
Consider a material point M , of mass m , moving between points A and B under the
action of an external force F. According to the fundamental principle of dynamics,
we have:

The elementary work of F is given by:

o dv _
car V(t) = % = dl = V(t).dt

il vient dWg = F.dl = d(5mV?)
The work done between points A and B will be:

We = [PF.dl = ffd(%mvz) = f dEc = Ec(B) — Ec(A)

In a Galilean frame of reference, the variation in kinetic energy of a material
point subjected to a set of external forces between a position A and another
position B is equal to the sum of the work of these forces between these two
points.

Ec(B) — Ec(A) = X W, g (F.)
3/ Conservative and non-conservative forces:

Forces are said to be conservative when their work does not depend on the
path followed but only from the starting point and the arrival point.

Examples : force of gravity, force of weight, spring return force.

The work of these forces can therefore be expressed from a state function called
potential energy Ep(function depending only on the state of the system).

*The variation in potential energy between two points A and B is equal to the opposite of
the work of the conservative force between these two points.
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B
W= fﬁil’ = Ep(A) — Ep(B) = —AE;
A

In this case we say that the force derives from a potential energy Epis:

-

F = —gradE,

. /dEp. OEp. OFp-
F__(6x1+6y]+6z k)

All the forces we have seen, weight, gravitational force and elastic are forces that derive
from a potential.

These are all the other forces whose work depends on the path followed. They do not
derive from potential energy.

Friction forces can be cited as an example. The work of these forces is always resistant

(negative work). Let us take the case of a solid type friction force . FThis force
continually opposes the movement and its norm Fis constant.

The work of the solid friction force gives:
B B
W= fﬁii: —Ffdl = —F.L,p
A A

The length Lygis the distance actually traveled between A and B. This distance obviously
depends on the path followed.

The mechanical energy of a system is equal to the sum of the kinetic and potential
energies:

Enh =Ec+Ep

Mechanical enerqgy theorem

- If a system is not subjected to any non-conservative force (no friction force), the
mechanical energy is conserved:

AE, =0 ¢ forces conservatives
- If the system is subjected to non-conservative forces (friction forces) the
mechanical energy is dissipated, that is to say the variation in mechanical energy of
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a system between two points A and B is equal to the sum of the work of the non-

conservative forces applied to the system between these two points

AE, =E,(B) —E,(A) = z W(forces non conservatives)

Application exercises:

Exercise 1:

A mass mis linked to a spring of stiffness k, the other end of the spring is linked
to point c. the mass m can slide on the horizontal surface. First of all, the mass is
at rest at the equilibrium point O.

1. We assume that there is no friction, we move the mass mfrom the point Oto
point A , such that 0OA = a, determine the work of the return force of the
spring, as m it moves from Oto A. Then determine the speed of mat the point 0.

2. Same questions as 1, but now we assume that there is friction, we give the
dynamic coefficient ..
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Exercise 2:

On March 31, 2008, Australian Robbie Maddison broke his own motorcycle long
jump record.
Consider a springboard inclined at an angle a = 27%o0 the horizontal. We consider
Maddison traveled the AB springboard with a speed of constant value equal to 160
km/h/. At point B, he took off for a one-reach jumpBC = 107 m.
Between B and C, any force other than weight is assumed to be negligible.
We choose the altitude of point A as a reference for the potential energies of
gravity.
1. Express the mechanical energy of the system {biker + motorcycle} as a function
of the value of the speed V and the altitude y.
2. Calculate the kinetic energy of the system at point A.
3.a. Express the altitude yzof point B in ferms of AB and a.
b. Deduce the expression for the variation in gravitational potential energy of the
system, when the system passes from point A to point B. Calculate this energy
variation.
vs. How does the mechanical energy of the system change when it goes from A to
B? Justify the answer.
4. How does the mechanical energy of the system change when it goes from B to C?

Justify the answer.
6
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5. Deduce its speed at point C.
Data: * intensity of gravity: g = 9.81 N.kg !, mass of the system: m = 180kg, AB =

7.86m.

Ty
ol oS e ¢
A/% 2
oilEe> X
Solution exercise 1:
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CORRIGE : F
- . — — 2 = §—'
D Wy =[Fd¥ = [Jkxi).[dx T ) =5 c ol Al x
ﬂEC = Hf?_' + H’FE + Wﬁ ¥
1 1 ka? [k
We=W==0=-—mvi——mti=—=—vp=ay/ —
c™ P 27 0T AT =N m

2) W =Wy + W
We=[CdT = [J(CT+C ). (dx T )=-aCy
C a )

Jle
=>W= "Taj—a Cx avec Cy=pcCy=pcmg MM

Soit W = ‘7‘72 —aucmgetAE. =}y W Nc
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Solution exercise 2:

- r - 1 b d 2
1. L’énergie mécanique vaut: Em =Ec+Epp = ;111\’ +mg.y

i

1 5 180(160x1000
2. Ec=—mV =
2 2 3600

a) Vg =AB.sma
) AEpp = Epp finale — Epp mitiale =m.gy—-0=180x9,81x7,86sm 27 =6301 J

) Sila vitesse reste constante ’énergie cinétique reste inchangée.
L’énergie potentielle passe de 0 a 6301 J quand le motard va de A a B.

]: V77777 3

_(_;.J

Donc I'énergie mécanique augmente : En B elle vaut :
Emg =Ec+Epp =177777 +6301=184078 J
4. Ona yg =Y, etde ce fait 'énergie potentielle est la méme.

Sil'on néglige les forces de frottement de I'air, la vitesse en C sera identique a la vitesse en B.
L’énergie cinétique en C sera la méme qu’en B. Donc 'énergie mécanique en C sera la meme

quen B. Em. =Em; =184078 J
5. V. =V;=160km/h



