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Instructions: Any method not mentioned in the questions will not
be considered. For example, if we say "deduce", then any method
of computation not related to the previous question will be re-
jected.

1. Exercise.(a: 2, b: 2) In a Euclidean space, prove the following propo-
sitions:

(a) The eigenvectors associated with distinct eigenvalues are pairwise
orthogonal.

(b) Orthogonal vectors are free.
2 Exercise. (a: 6, b: 3, ¢: 3)

(a) In an orthonormal basis of eigenvectors diagonalize the following
quadratic form:

Go(X) = 322 — 2wy + 423 4+ 4ax? | X = (11,79, 73)

(b) Based on the values of the real number a, deduce the signature
and the rank of ¢,. Is the form positive, negative, or indefinite?

(c) Based on the values of the real number a, determine the isotropic
vectors and the kernel of q,.

3 Exercise.(a: 2, b: 2) Let

o (frg) = / f (z)dz / g(e)dr forall (f,g) € E® = (R, [2])’

(a) Prove that ¢ is a symmetric bilinear form on F

(b) Determine the associated matrix in the canonical basis of F.



Solution
Exercise 1.(a: 2, b: 2)

a) The eigenvectors associated with distinct eigenvalues are pairwise orthog-
onal. Let (-,-) denotes the scalar product over the Euclidean space E.

Let v; and v, be two eigenvectors of a symmetric matrix A associated with
distinct eigenvalues A\; and Ay, and let us suppose that v; and v, are
not orthogonal, that means that (vy,v5) # 0. Then from the identity
(Avy,v9) = (vq, Avg), we get

()\11)1, U2> = (1117 /\2U2>

Therefore, we get
AL (v1,v2) = Az (v1, v2)

Since (vq,v2) # 0, that gives A\; = Ay which is absurd.

b) Let v; and vy be two nonzero orthogonal vectors, such that there exists
a scalar a with vo = awvy, then

0 = (v1,v2) = (v1,av1) = a (v1,v1)
Since (vy,v1) # 0, then o = 0, which means that v; and vy are free.
Exercise 2. (a: 6, b: 3, c¢: 3)
Go(X) = 307 — 2wy20 + 425 + davi | X = (v, T, T3)

a) Then the associated matrix is

3 =1 0
M,=1-1 4 0
0 0 4a

By calculation of characteristic polynomial, you find the eigenvectors as-
sociated with their eigenvalues (1,541,5):

Vita) 7 ECAN 0
v = 1 — ——=vD vy = 1 — ——i——\/g, vg=| 0 | < 4a
0 2 2 0 2 2 1



Since all the eigenvalues are distinct, then according to exercise 1), a),
the eigenvectors are pairwise orthogonal. Then, we just need to normalize

them by the following:
1 /541 5+3v5
2
foul ) :
11 5-3V5
1 5—v5 [ 2 V5 2
€y = Vg = 2 1 — 5,2\/5
“U?” 0 0
(o
€3 — T—U3 =
3] X
(1,5)
In the orthonormal basis {e1, €3, €3}, we get
=5
2
P'M, P=PM,P=D= 7+v/5 (0,5)
4a
which gives
7-5 T+V5
qa(X) = ( 5 ) vt ( 5 ) ys +4ay; (0,5)
where
X =yie1 + Y262 +yzes (0,5)

b) Based on the values of the real number a, the signatures of ¢, are:
a > 0 = q, is positive definite
(2)

(3,0) for
$(qs) = (P,N)=1¢ (2,0) for a=0= g, is positive skew definite
(2,1) for a < 0= ¢, is indefinite

From the previous study of the signature, the ranks of ¢,
3 for a>0o0ra<0
7 (ga) = { 2 for a=0 1)



c) Based on the values of the real number a, the set I of isotropic vectors of
da

I ={0} for a>0
I ={aes/a € R} for a=0 (1,5)

I= {y161 + Yoo + y3€3/ ( ) v+ (”2*/5) ys = —4ay§} for a<0

The kernel of ¢,. (1,5)

kerq, = {0} for a>0o0ra<0
1for a=0

dim ker g,

Exercise 3.(a: 2, b: 2) We have [; = fo z)dz, ly = fo x) dx are two
linear forms on a vector space E over a field K then the product is a form
(0,5)

o(fog) = / f () dz / g(e)dr forall (f,g) € E® = (R, [2])’

a) We prove that ¢ is a symmetric bilinear form on E. First let us prove
that the form is symmetric. (0,5)

1. (a) Since fo r) dz and fo r) dz are scalars, then for all (f,g) €
E? = (Ry [x ]) we have

so(f,g)=/Olf(x)dm/olg(fv)daf:sf)(f,g)=/ de/ f(x v(9,f) -

Since we prove that the form is symmetric, then we need to prove
linearity for only one side: (1)

- (/1f(x)dx+ 1h(x)jix)></olg(x)d9«"
_ /f d:cx/ (x)dx+/0 h(m)dxx/olg(ﬂf)dx
¢ (fg

) +¢(h,g)

o(f+h,g) = /O(f(x)—l—h(x))da:x/g(:c)dx for all f,g,h € E =R, []

4



o (af,g) = /O(Oéf(l'))dl‘X/O g(x)dz forall (f,g) € E*=(Ry[z])*,a eR
- [er@arx [ s@ar=a [ raies [ g@ar=apirg

(b) The associated matrix in the canonical basis of E. Let A =
(@ij)gyy- Then,

1 1
aj;; = gp(l,l):/ 1dx></ lder =1
0 0
1 1 1
Ao = a12:/ 1dm></ zdr = =
0 0 2
1 1 1
agy = /a:dxx/xdx:—
0 0 4

()

Then

M= =
NI I



