2.4. Solution of exercises CHAPITRFE 2. LINEAR APPLICATIONS

2.4 Solution of exercises

p
gSOIution 2.3.1

1. f is linear if and only if

Vo, B € RY(z,y), (¢, y) € R falz,y) + Ba',y)) = af (z,y) + B (', y).

fla(z,y) +B(",y) = flax + B2, ay + BY')
= (ax + B2’ + ay + By, ax + Bz’ — ay — BY)
= (ax + ay, ax — ay) + (B2 + By, Ba" — By’)
=a(r+y,z—y) + 80" +y, 2" —y)
= af(z,y) + (@, y).

Hence, f is linear.

2. Let’s determine kerf and Imf and give their dimensions. Is f bijective ?
kerf = {(z,y) € R*| f(z,y) = (0,0)} = {(0,0)}, so dimker f = 0.
Imf = {(z+y,2—y) | (@) € R} = {o(1,1) +y(1,~1) | (z,y) € R}.
Thus, Imf is generated by two linearly independent vectors, so dim Im f = 2.

Since the dimension of the domain equals the dimension of the codomain, f is bijective as it is
both injective and surjective. Specifically, f is injective because kerf = {(0,0)}, and it is surjective
because dimR? = dim Im f = 2.

3. For any (x,y) € R?, we have
fof(xy)=f(fx,y) =fla+y,z—y) = (22,2y) =2(z,y) = 2 Idg=.

P
EgSolution 2.3.2

1. f is linear if and only if

Va, 8 € R, Y(z,y), (,y) € R f(alz,y) + B, y)) = af(e,y) + B (', y).

fle(z,y) + B(2',y)) = flax + B2, ay + BY')
= (2az + 282" — day — 48y, ax + B2’ — 2ay — 28Y')
= (2az — day, azx — 2ay) + (262" — 4By, Bz’ — 2BY)
= af(z,y) +Bf (@ y).

Thus, f is linear.

2. Let’s determine kerf and Imf and give their dimensions. Is f bijective ?
kerf ={(z,y) €R?| f(z,9) = (0,0)} = {(2y.9) | y € R} = {y(2,1) | y € R}.
So, dim ker f = 1. Therefore, f is not injective.
Imf ={(2x —4y,v —2y) | (z,y) € R?} = {x(2,1) + y(—4,-2) | (z,y) € R?}.
Imf is generated by two dependent vectors since (—4,—2) = —2(2,1). Hence, dimIm f = 1.
Alternatively, we can use the fact that dimker f + dimIm f = dimR? = dimImf=2—-1=1.

3. f is not bijective as it is neither injective nor surjective.

;gSolution 2.3.3
1. Let u = (z,y,2) and v’ = (2',9,2') be two vectors in R3, and let A and " be real numbers.
A+ Nu' = A+ N,y + Ny, Az + N2
FOu+Nu)= Qe+ N+ dy+ Ny + Az + N2/, Az + Vo) + 20y + Ny') + 2(Az + N'2'))
=NMzt+y+z2)+XN@ +y +2), M~z + 2y +22) + N(—2' + 2y +22"))
=Nr+y+z,—x+2y+22)+ N +y +2, -2 +2y +22)
= Af(u) + N f(u')

Therefore, f is linear.
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2. ker f = {(x,y,2) € R®| f(z,y,2) = (0,0)}
={(z,y,2) ER®|(x +y+2z,—x + 2y +22) = (0,0)}
r+y+2=0 r=0
:>{ 3y—|y—3z=0 :>{ Yy=—z
ker f ={(0,—z2,2) |z € R}
={z(0,-1,1)|z e R}
Let f =(0,—1,1); f is a basis for ker(f).
Imf ={f(e1), f(e2), fle3)}
fler) =1, -1)=fi— fo
Fles) = (1.2) = f1 +2f;
fles) = (1,2) = fi+2f>
Imf ={f1— fo, f1 +2f2}
f1— fo and fi + 2f5 are not proportional, so they form a linearly independent set in I'mf. As they

L generate Imf, they form a basis for Imf, and thus dim(Imf) = 2. Note that Imf = R2. )

p
gSOIution 2.3.4
fle1) =(1,2,0)=1-e1+2-e2+0-e3

1. f(eg):(0,1,—1):0'61—|—1-€2+(—1)-€3

f(eg) ( ]. 32) ( 1)'61+(73)'62+2‘63
2. — Coordinates of f(e1) in the basis (e1, e, e3) are (1,2,0).
— Coordinates of f(ez2) in the basis (e1, ez, e3) are (0,1, —1).
— Coordinates of f(ez) in the basis (e, ez, e3) are (—1,—3,2).

z—2z2=0 r—2z=0 =0
3. (z,y,z) €ker f& < 20+y—32=0 & y—z=0 << y=0
—y+32=0 —y+3z2=0 z2=0

Therefore, ker f = {Ogs}.
First method :
Imf = {f(e1), f(e2), flea)}
Check if the family {f(e1), f(e2), f(es)} is linearly independent :
af(er) +Bf(e2) +7f(es) = Ops & - (1,2,0) + - (0,1, -1) + - (=1,-3,2) = (0,0,0)
a—v=0
=< 20+8-3y=0
—B+2y=0
This is the same system as before, so a = § = = 0. The family is linearly independent and spans
Imf, so it forms a basis for Imf, and dim(Imf) = 3, concluding that Imf = R3.
Second method (more complicated) :
Imf ={f(e1), f(e2), f(e3)} = {e1 + 2e2,e5 — e3,—€1 — 3es + 2e3}
={e; +2e3,e9 —e3,—ea + 2e3 + €1 + 2ex}
={e; +2e3,e9 — €3 — 3 + 2e3, —es + 2e3}
= {61 + 2eq,e3, —€2 + 263}
= {61 + 2es5, €3, —€2 + 2e3 — 263}
= {e1 4+ 2ez,e3, —€2}
= {e1 +2ez,e3,2}
= {e1,e3,€2}
= {617 €2, 83}
Thus, a basis for Imf is (e1, ez, e3), and of course, Imf = R3.
Third method :
Using the rank-nullity theorem, dim(ker f) + dim(Imf) = dim(R3) = 3. Since dim(ker f) = 0,

L dim(Imf) = 3, and therefore Imf = R3. A basis for Imf is (f(e1), f(e2), f(e3)). )
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p
gSolution 2.3.5
1. The matrix of f o f in the basis 3 is Mg(f) x Mg(f), where

-7 8 6
Mﬂ(f):(—ﬁ 7 6 )
0 0 -1
-7 8 6 -7 8 6
Therefore, Mg(f) x Mpg(f)=| —6 7 6 x| -6 7 6 =
0 0 -1 0 0 -1

L . There exists ¢ such that go f = Id, so f is bijective, and f~! =g = f.

Algebra 2 Y. SOULA 23



