Chapter 4

Partial Differential Equations

4.1 General Definitions

Let u be a function depending on n independent variables x1,xs, ..., Ty.

Definition 4.1 A partial differential equation (PDE) is any relation involving an

unknown function u of several independent variables and its partial derivatives.

ou Ou ou 0%*u O™

u =
"Oxy Oxy’ 7 Oy, Oxd T 8:6;”)

F(zy,29,. .., 2y, (E)

The most common examples of linear partial differential equations are:
I: Ou 0%u
coot

The heat equation (or diffusion equation) in one-dimensiona =c

922 -
. . . . . . . 02%u o 02u
The wave equatwn (propagatzon equatzon) m one—dzmenszonal. a2 — Co2-

. . . . 92 92
The Laplace equation in two-dimensional: % + ng = 0.

The solutions of the partial differential equation (E) are the functions that satisfy this
equation in 2 a domain of R".
To find particular solutions of a PDE from the general solution, restrictive conditions are

often tmposed on the set of solutions. The most common conditions are:

. Initial conditions: If u is a function of (x,t) that satisfies the PDE (E), we impose

u(z,tg) = fo(x). These are also referred to as Cauchy conditions.
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Chapter 4. Partial Differential Equations

2. Boundary conditions: If u is a function of x that satisfies the PDE (E) in the region 2,

two types of constraints can be applied:

e Dirichlet conditions, where u is specified on the boundary 9S) of Q):

ulog = g
e Neumann conditions: where the normal derivative of u, g_;j, = Vu - n, is specified
on the boundary 02 of Q2:
ou,
%L‘m =9

where n is the outward normal to €.
Definition 4.2 The order of a PDE is the order of the highest partial derivative it contains.

Definition 4.3 A PDE is said to be linear if it is linear in the unknown function u and
its partial derivatives.
A Partial Differential Equation is called quasi-linear if it is linear with respect to the

highest-order partial derivatives.
Example 4.1 :

1. The equation:
ou\> ou
— ) —u—=0
ox dy
s a first-order, non-linear partial differential equation.

2. The equation:

ou 0*u 2
o = g0 = Vi, (0) € Qx (0,7],

18 the heat equation, which is a second-order linear PDE where u represents temperature as

a function of time t and position x, and « is a diffusion constant.

e The initial condition at the initial time t = 0, the temperature distribution is specified
as:

u(z,0) = f(z), ze€q.
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Chapter 4. Partial Differential Equations

e The problem may also include boundary conditions, such as:

— Dirichlet conditions: u(0,t) =0 and u(L,t) = 0, representing a rod with ends

kept at zero temperature.

— Neumann conditions: 9(0,t) = 0 and 9*(L,t) = 0, representing insulated

ends.

3. The Laplace equation:
0%u N 0%u N Pu
0z Oy?2 022

15 a second-order, linear, homogeneous PDFE.

0

4.2 First-Order Partial Differential Equations

Definition 4.4 A first-order partial Differential Equations is of the form:

r ou Ou ou ( )
L1, Ty Ty Uy = —— oy —— | = g1, ..., 2p).
b2 0xy O ox,, g\0

A first-order quasi-linear PDE with two variables is of the form.:

ou ou
f(x7y7u)a_x + g(xjy’U)a_y - h(x,y,u(x,y))

Example 4.2 The transport equation:

ou ou B

a—f—a%—o

models the transport of a quantity along a flow and is a first-order PDE.

4.2.1 Resolution methods of first order partial differential equations

In the following, we will introduce two analytical methods for solving partial differential

equations (PDEs): The Method of Characteristics and the Separation of Variables.
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Chapter 4. Partial Differential Equations

I. Method of Characteristics

The method of characteristics is used to convert a partial differential equation (PDE) into a

system of ordinary differential equations.

e We look for the solution of a first-order PDE of the following form.:

ou ou

f(:v,y,u(x,y))% +9g (a:,y,u(x,y)) a_y = h(m,y,u(x,y)), (*)

where f, g, and h are given functions defined on a subset of R3.

o We set up the characteristic equations of () obtained by equating the ratios of the coefficients

of g—z and g_Z’ and the derivative of u. The characteristic equations are:

dx dy du

fle,y,u)  glroyu)  h(z,y,u)
This system is a system of ordinary differential equations (ODEs).
e Solve the Characteristic Equations

The solutions of the characteristic equation are defined by p(cy,co) =0 or ¢y = p(c2), ¢1 and

¢y are given by Solved the following ordinary differential equations (ODEs):

1. Solve f(mdz o = g(wdz o to find the characteristic curves ¢; = y(x) or their parametric
form.
dx _ du dy _ du . .
2. Solve Ty = haya and/or TGy = Faam L0 find the relationship between x,y,

and u, i.e. (ca =u(x) orca = u(y)).

Example 4.3 Solve the equation:
ou ou

To + yf)_y = u. (E)
We have:
f(@,y,u) =,
9(x,y,u) =y,
h(z,y,u) = u.
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Chapter 4. Partial Differential Equations

Thus, the characteristic system of (E) is:

de _dy _du
r oy  u
The first integrals are given by:
f‘i—x:f”;—y Inz=Iny+ ¢ ln(%)Zﬁ
= =
[ = [du Inz=Inu+ cy In (%) =c,

The general solution of (*) is:

x
Ori=p () =u=p(Y)
Example 4.4 Solve the equation:
Ju ou
y% — xa—y = 0.
We have:
f(@,y,u) =y,
9(x,y,u) = -z,
h(z,y,u) = 0.
The characteristic equations are:
S —
y —x
Solving,
/d—x:/ﬁj/—xdx:/ydy
Y —x
We find:

Thus, the general solution 1is:

(:0(617 C2> = g0($2 + y27u>7

where @ is an arbitrary function.

So the solution is:

u(z,y) = p(x* +y°),

]I

28

:Cl

:C2
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Chapter 4. Partial Differential Equations

Remark 4.1 ¢ is an arbitrary function. Arbitrary functions are determined by initial

conditions.

Example 4.5 Solve the following equation problem:

ou Ju
5 +T5 = U,

u(0,y) = sin(y).

The system has the following characteristics:

dr dy du
1y
This implies:
rdr =dy
=
do = 2
From these equations, we have:
=Y~ % ?
cy = ue ’*

Given that:
u(0,y) = sin(y),
we have:
= u(0,y) = " ¢(y).
Thus,

¢(y) = sin(y)
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Chapter 4. Partial Differential Equations

Finally, the particular solution of (E) is:

1
u(z,y) = e”sin (y — 53:2) :

4.3 Separation of Variables Method

Let the following partial differential equation be given:

ou ou
A%—FBa—y—O - (E)

where A and B are functions of a single variable.

Assume:
u(z,y) = X(2)Y(y)

Thus:

=X @Y, 5= X@Y).
Substituting into (E):
AX'(2)Y (y) + BX (2)Y'(y) = 0.

Therefore, we obtain the following system of ODFEs:

AX'(z) _ BY'(y)
X(z) Y(y)

=K,

where K is a constant.

Integrate both ODEs and substitute X (x) and Y (y) into u(z,y).

Example 4.6 Solve the following problem:
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. Substitute into (E):
yX'(2)Y (y) +2*X(2)Y'(y) = 0.

Therefore, we obtain the system of ODFEs:

yX'(x) _ 2?Y'(y)
X(x) Y(y)

=k (constant).

—1X'(z) _1Y'(y)
2 X(z)  yY(y)

=k (constant).

. Solve the first equation:

—1X' —k
ﬂ -k = 1n|X‘ = ?1;3 +c = X(x) = 01672

a? X(x)

Solve the second equation:

3

1Y'(y)
y Y(y)

. Substitute X (x) and Y (y) into u(z,y):

k,2

k
=k =hlY|= §y2 +co Y(y) = Coez?.

k,2_ k.3 k,2_k_3
3

u(z,y) = C1Cre2¥ 737 = (Cez¥ 73

Example 4.7 Solve the following problem:

ou ou __
% T Qxya—y =0,

2

u(z,0) =e .
. Assume u(z,y) = X(2)Y (y). Thus:
=X @Y, G- X@Y0)

. Substitute into (E):
X'(2)Y (y) + 209> X (2)Y"(y) = 0.

Therefore, we obtain the system of ODEs:

X/(x)— X an :E
X(o) 2 Yy T
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Chapter 4. Partial Differential Equations

. Solve the equations

X/
X((;:)) =2kr =WX|=k?*+c = X() = e,
Y'(y) —k k k
=— =h|lY|=-+c¢ = Y(y) = Csev
Y(y) o Vi=y+e W =C:

- Substitute X(x) and Y (y) into u(z, y):
g) = GO = e+

with the condition

u(z,0) = e,

so we have

u(z,0) = Cet* = e c=1k=—1.
So the particulaire solution is

u(r,y) = e @)
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Chapter 4. Partial Differential Equations

4.4 Second-Order Partial Differential Equations

Let u be a function of two variables x and y. A second-order partial differential equation is

defined as a relation of the form:

2 2 2
F(:z:,y,u Oou Ou O0*u 0*u 8u>:0

"0x’ By’ 022 Oxdy’ Oy?

4.4.1 Classification of second-order PDEs:

Consider a second-order PDE of the form:

0%u 0%u 0%u ou ou
a(x,y) 5 + blz, y)(?xay + c(z, y)a—y2 +d(z,y) 5 +elz, y)a—y + f(z,y)u = g(x,y).
We can write:
ou ou ou Ou
d(l’,y)% + 6<I’y)8_y + f(x7y>u - g(xuy> =F (xuyauu %7 8_?;) .

The equation becomes:

0*u 0*u 0%u ou Ou
G(l‘,y)@ + b(xay>8x—ay + C<x>y)a_y2 =F (:U,y,u, %7 8_3/) .

Let A = b? — 4ac, then we distinguish three cases:

. If A >0, the PDE is said to be of Hyperbolic type.

. If A =0, the PDE is said to be of Parabolic type.

. If A <0, the PDE is said to be of Elliptic type.

Example 4.8 |,

. % — 5% =0, A=25>0, This PDE is of hyperbolic type.
) % — 33—; =—e " A =0, This PDFE is of parabolic type.

. yz% + :L‘ZgQTZ +3u=0, A= —42*?, Thus, the PDE is:

e Elliptic if x #0 and y # 0,

e Parabolic if t =0 ory = 0.
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Chapter 4. Partial Differential Equations

key equations of physics

Laplace’s Equation

Laplace’s equation is a second-order partial differential equation of the form:

Pu 0%
— — =0.
0x? e oy?

For ¢ = +1, this equation is classified as elliptic.

Poisson’s Equation

Poisson’s equation extends Laplace’s equation and has the form:

Viu = 6(z,y),

where V*u is the Laplacian operator, and §(x,y) represents a source term, is classified

as an elliptic equation.

Heat (or Diffusion) Equation

The heat equation, also known as the diffusion equation, is given by:

Pu_10n
ox2  a ot

This is classified as a parabolic equation.

Wave Equation

It is given form as:
u 1 0%

dxr a2 0t

This is classified as a hyperbolic equation.
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4.4.2 Resolution Methods for Second-Order PDEs

Characteristic Method

Step 1: Solve the characteristic equations:

dy 2 dy
AlY) -BY 1c=0
< dx ) v ’

where A, B, and C' are the coefficients of the PDE.

Cases:

. dy _ B+VA
IfA>0: 58 =532,

IfA=0: % =2,

dx 2A

. dy __ BxivVA
If A <O: ﬁ—T'

Integrate the two differential equations, and let:

¢ = (z,y) and ¢y = ¢(x,y).

Step 2: Find the canonical form of the PDE.
Make the following change:

Rewrite the PDE in terms of the new variables s and t.
Remark 4.2 The resulting equation is called the canonical form of the PDE.
Step 3: Solve the new equation and rewrite the solution in terms of x and y.

Example 4.9 Solve the following PDE:

0*u Pu  Ou
@—f—llax@y-i-a—x—o - (Ey).
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Chapter 4. Partial Differential Equations

1. Solve the characteristic equations:

0%u\ 2 ou ou [ Ou
(a_) —47 =0 é%@“‘)‘o

2. The canonical form of (Ey): Let

s=1Y
t=y—4x.
Then,
@ B ouds n ouot B _4@
or  0sdr = Otdx ot

Pu_ 0 (0) 0 (ow)
0x2  Ox \Ox)  Ox\ot) o’
Pu 0 () _ 0 (o _ o o
oyox Oy \ox) Oy \ot)  0Osot o2’

2 2 2
16704 _ g0 g0 0u

Thus, we have:

o~ oot Cor Yo
0%u ou 0*u  Ou
. 4% gy gu _
= 1055 e =V 7 T Y

The canonical form of (E1).

3. Solution of canonical equation

2
g 0w :>2(GU+U):0

dsot ot ot \ @s
ou
= 4$ +u= /Odt—I—f(s) = f(s),
= 4% +u = f(s) (a first-order differential equation,).
s
Solution of first-order differential equation
A u= ) )
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Chapter 4. Partial Differential Equations

First: Solving the Homogeneous Equation

ou
4— =0
s +u

The solution is given by

Second: The particular solution of (x) by the method of separation of variables

We write

We get the particular solution:

General Solution:

Pu  Pu
ox2  Oy?
1. The characteristic equation:
dg\* . d
Al B v o =0
x dx
Py \* d
@(—‘Z) 1=0=Y -4
x dx
N j—wzl y=x+c
% 1 y=—-x+c
cQo=y—=x
=
Co=Yy—+z

2. The canonical form of (E):
t=y+x,s=y—=x

0u_8u83 8u8t_ ou Ou

9r  0sox T otor  os ot
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u 9 [Ou) 08u+£@
Ox ds Ox Ot’

912~ Ox \ O

00u 0s 00U Ot

——C%%Qﬂ+a&“£)
00U ds 0 U ot
ot =
Os Ot Oz Ot Ot Ox
U U U QU
=92 Ot0s  0sot T o
_PU o . U
0s? 0sot Ot
oU dUds aUd AU dU
By dsoy  otoy  0s ot
U 9 (U U
a7 oy (a— i W) |
_Q0U 9 aU
T oy s oy ot
Q09U Bs 90U ot
T 0505 Oy 905 oy
00U ds 00U ot
+ —_— . — + _—— =,
ds ot Oy 0Ot dt Oy
U +282U . 02U
0s? 0sot ot
Thus, the canonical form of (E) is:
PU QU PU_QPU U QU
0sr osot Lo o2 o2 or
U U

=0,

A TR T
3. The solution to the equation:
02U
= ' =2
EPET 0 s U=~
02U o (oU
%m—“$£<a>—a

= 88—3 = f(t), where Acosf —cosd,

U(s,t):/f(t)dt+g(s).
= Ul(s,t) = F(t) + g(s)

Here, F' and g are arbitrary functions. The general solution of (E) is:

U(r,y) = F(y + )+ g(y + ).
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