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1-Introduction: We will consider the movement of an inviscid fluid; we will neglect the forces due to

friction constraints . We apply Newton's second law to a fluid particle. Thus, the flow of an inviscid

fluid is a function of the forces of pressure and gravity.

Forces generated by the @ Volume forces (gravity) on — Mass of the particle ®
pressure on the fluid particle the fluid particle acceleration of the particle

The movement of the fluid particle is described by the velocity vector. V which represents a vector
guantity with an intensity (velocity V = |V|) and a direction. In its movement, the particle follows a path

whose shape is defined by the speed. The particle's position along the route is a function of its initial
position, time, and velocity.

If the flow parameters V, P,... do not vary as a function of time, the fluid particles follow the same path;

in this case, the path does not vary in space. For each position, the particles follow fixed paths over time.

n=n;

n n=0
v
—
———/> Streamlines

—

@ * b)

Steady flow is a time-independent flow where fluid particles slide along trajectories. These paths or
trajectories are called streamlines. The flow can be described as a function of the distance “s” along the
streamline from an origin and a local radius of curvature R=R(s). The speed is given by v = % and the

R
acceleration a = e
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If we consider two dimensions of space, one along the current line “s” and the other perpendicular “n

the acceleration will have two components a; and a,,. We will therefore, have:

a, =L =L _ B e p =L
ST dt dsdt ds Tat’
L’accélération ag est le résultat de la variation de la vitesse le long de la ligne de courant ; par contre a,,

2
est I’accélération centrifuge, elle est donnée par a, = % ou R est le rayon de courbure local. Les

différentes configurations montrant la vitesse et I’accélération sont montrées par la figure ci-dessous.

The acceleration ag is the result of the variation of the speed along the streamline; on the other hand, a,,
2
is the centrifugal acceleration, it is given by a,, = % or R is the local radius of curvature. The figure

below shows the different configurations showing speed and acceleration.

a,=a,=0 a;>0 i a,>0 a,>0,a,=0
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1
p +§pv2 + pgz = cte
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2- Application of Newton's second law on a fluid particle along a streamline (Bernoulli equation):

Consider a fluid particle of volume 8V = §séndy shown in the figure.

R 8
F(n+dn)=-P(n+dn)dsdy

Epaisseur de la particule dy

(s+ds)=
0 -P(s+ds)dndy

dn
F(s)=P(s)dndy \T dsdy =0
dn
dz

ds F(n)=P(n)dsdy
dz

LelongdelalC

NormalalaLC
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For a permanent flow, the application of Newton’s law in the “s” direction is written

Y. 0F;, = dmag = 6mvg—: = p6va—: with 8§V = §sdnédy
With dy the direction perpendicular to s-n. The weight of the particle (the effect of the force of gravity)
is written: W = pgéV

The component of the force of gravity (weight) in the “s” direction is:
Wy, = —-6Wsin8 = —pgéVsin 6

The pressure also depends on the position of the fluid particle p=p(n,s). If the pressure at the center of
the particle is denoted by p, its average value on the faces in the direction tangential to the streamline is
p(s) and p(s+ &). Since the particle is small, we will use the Taylor series expansion for the pressure

field in the calculation of:

p(s + 8s) = p(s) + 6ps = p(s) +%‘;_Z + e
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SSa_p

We neglect the second-order terms and those higher ones; this gives:  &ps ~ ——

Then, if dFps is the net force of pressure on the particle in the direction of the streamline, we will have:

0
0F,s = p(s — 85)0ndy — p(s + ds)6ndy = —20ps6ndy = —6—567153165 = —£5V

The viscous forces are zero tdsdy=0 for the inviscid fluid. The total force is therefore:
. d
X 6F; = 0W; + 6F, = (—pgsm 0 — %) 4
. . . v , dp
By replacing 2dFs by its value, we will have p5Vv£ = (—pgsm 6 — E) %

The variation in the velocity of the fluid particle is due to the combination of the pressure gradient and

the particle's weight along the streamline.

. d . ] . . . d
The equation pva—: = —pgsin 6 — % can be arranged and integrated if we note that sin 6 = d—z, also,
. dv  1dv?
we can write v— = -—.
ds 2 ds

Knowing that along the streamline (figure) n is constant then dn = 0, hence the differential

Streamline

(% N 40 = (2P — op _ dp =
dp = (65) ds + (an) dn = (65) ds also p(n,s) = p(s) et s = s n = constan
1 dv? dz dp p=pls)
The equation can be written as: P =PI o

Which simplifies to : dp + %pdvz + pgdz = 0 along a streamline

You need to know p=p(P) to integrate the equation. For liquids, the density is constant, we obtain the

Bernoulli equation:
1 2
p +Epv + pgz = cte

For a steady inviscid flow, the effect of the sum of a certain pressure, velocity and elevation is constant

along a streamline.
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3 Application of the Bernoulli equation

Before applying this equation, we will give some definitions.
3-1 Static, stagnation, dynamic and total pressure:

Each term in the Bernoulli equation has the dimension of pressure (force per unit area). The first term,
“P”, is called the thermodynamic pressure of the fluid when it flows, also called “static pressure”. To
measure this pressure, we use a piezometric tube mounted perpendicular to the surface which contains
the fluid (point 3 in the figure). The pressure at point 1 is p; = yh;_; + p3 like the case of a static fluid.

If we know p; = yh,_5 from the pressure gauge, then h;_; + hy_3 = h et p; = yh.
The second term of the equation “pVv?/2  is called “dynamic pressure ” due to the flow’s speed.
It is measured by a tube facing the flow in such a way - Open

the speed at point (2) is zero v,=0, stagnation point).

If we apply Bernoulli between (1) and (2), (v, = 0 and z; = z,), @ H
h .frf_a
V
We will have: p, = p; + %pvl2 =yH. & | >
3-1
L . 1 . _r
The stagnation pressure is larger than the static one vl‘i’v o

by %pvlz which is the dynamic pressure. So, the stagnation or stopping pressure equals the static and

dynamic pressure. The third term pgz is called “hydrostatic pressure” (already seen).
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La pression de stagnation ou d’arrét est la plus grande pression le long d’une LC. Elle représente la

conversion de toute I’énergie cinétique en pression.

La somme de la pression statique, hydrostatique et dynamigue est dite pression totale p;. La relation de
Bernoulli énonce que la pression totale est constante le long d’une LC.

p+5pv?+pgz=pr
Stagnation pressure is the most significant pressure along streamline. It represents the conversion of all

kinetic energy into pressure. The sum of static, hydrostatic and dynamic pressure is called total pressure.

pr. The Bernoulli relation states that the total pressure is constant along streamline.

1 2
p+5pv*+pgz=pr

3.2 Pitot tube: 2

This tube measures flow velocity by e
converting pressure to speed. Knowledge of static
and stagnation pressure implies that velocity can be

Vv —
calculated. This is the principle of the “Pitot static” P —
. . (a)

tube. It is formed by two concentric tubes attached to
two pressure gauges in such a way as to be able to Tube de Pitot

calculate the difference between the stopping and @ ()
static pressure. If the z elevations are negligible z, = '

Z3,

1
ps =p+pv?
Also, we have the static pressure. p, = p; =p, which )

gives p; —p, =5 pv? and finally

v = /%(Ps — Da)

which is the speed of the fluid

Tube de Pitot dans un avion
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3.3 free jets :

Consider a jet of liquid of diameter d, which
flows through an orifice with a speed v to be

calculated. Applying the Bernoulli equation between

two points (1) and (2) of the current line gives

(figure):

1 2 1 2
pt 5 PVi +pgz; =p2 + 5PV +pgz;
Wehave z; —z, = h, p; =Py = Parm €t v = 0.
The equation simplifies to :

Yh = %pv2 which gives

v=,/2gh

Which is known as the Torricelli formula.
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3.4 Calculation of flow rates using the Bernoulli formula

Confined flows are fluid flows physically limited by solid walls, such as tubes. The figure shows a
pipe with a variable section in which a fluid flows. Vv,
We define the following quantities:

Volume flow: It is the volume of the fluid which passes

through a closed surface per unit of time, it is given by:
) — pa = |™
Q=vA= [ s ]

Mass flow: It is the mass of the fluid which passes through a closed surface per unit of time; it is

@ www.youphysics.education

givenby: m = pQ = pvA = [k?g]
Equation of conservation of mass or continuity:
It defines the principle of conservation of mass (mass cannot be created or destroyed); we then write:
m=cte = my =My < p1v1A; = pavr4;
If the density p is constant, in the case of incompressible fluids, we also write:

1A = V4, © Q1 = Qz

Flow rate measurement: Several instruments using the

Bernoulli equation have been developed to measure flow i i
velocities and flow rates. The pitot static tube presents an 0o .-

- Orifice
example. Other examples for measuring flow rates are ] BRI

shown in the figure. The idea is to place a restriction in ‘ ‘

the tube and measure the difference in pressures between
Nozzle

the flow at high pressure and low speed (1) and low

pressure and high speed and low pressure (2). All three

instruments are based on the principle “an increase in

speed causes a decrease in pressure”.

If the flow is horizontal z;=z,, stationary, inviscid and

incompressible between (1) and (2), the Bernoulli ]
Exemples de venturi

equation is written: p, + %pvl2 =p, + %pvzz
If the speeds are uniform at sections (1) and (2), we can
erte Q = Ql = QZ A d lel = UZAZ

with A, < A; Which gives:

Ap=p1-Ps

Débit en fonction de Ap

12
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4- Other forms of writing the Bernoulli equation:

The Bernoulli equation is written by dividing the terms by the density as follows:

p, v
—+-—+z=cst=H=[m]
Y 29

Each term has a unit of length [m] and represents a type of height.

1. The term z relates to the particle's potential energy and says “height or elevation”.

2. The pressure term P/y is called “pressure height” and represents the height of a fluid column
necessary to produce the pressure P.

3. The speed term v%/(2g) is the “velocity height,” which represents the vertical distance necessary for

the fluid to free fall without friction and to reach, from stagnation or stopping, the speed v.

The Bernoulli equation states that the sum of heights along a streamline is constant: the “total height

13



