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Chapter 02 : generalized integrals

\_

1. Definitions and Properties
2. Tests of Convergence
3. Absolute convergence and semi-convergente



1) Definitions and Propreties

Definition 01:
Consider the function f : TSR - R

We say that the function f is locally integrable if it is integrable over any closed and bounded

sub-interval of I .
Examples: 1) Any continuous functionon I € R is locally integrable.
2) The step functions are locally integrable.

3) All monotonic functions are locally integrable.

Definition 02 :

X
Let f : I=[a b[ - R be localementintegrable. Put; /F(x) = Jf(t)dt
a

b
If lirrg F(x) = L (finite), We say the integral J- f(t)dt is convergent.
X—
a

The limit [ is called a generalized (an impropér) integral of f on [a b[. And is

b
denoted by : ff(t)dt =l
a

b
Otherwise : (lirrg F(x) = %o ),The integralff(t)dt is said to diverge .
x—
a

Examples :

1
+ =

-1 ]x_ -1
. 1+x 2

1 !(t+1)2dt? F(x)=1f(t+1)2dt= 1+t

+ 00 +oo

_ 1 1 1 1

lim/ F(x) == .Then f mdt converges and f mdt =5
1 1

X400 2

+oo X

-t _ — -t [ u=t u' =1
2) fte =7? F(x)—fte dt Byparts-{v,:e_tﬁ{
0 0
Fix)=[-tet—et[f=1—xe*—e*
+0o0 +o

lim F(x) =1 Alors f t e~t converges, and f tet=1.

X—+00

0 0

2



dt [ dt
3) th=7 F(x)=fm=—ln|1—x|
0

1
. a .
lim F(x) = +o Then f is divergent .
x—1 1 —t
0

Remark: Inthecase I =]a b] weput: F(x) = ff(t)dt

b
If lim F(x) =1 (finite), then f f(t)dt is convergent.
x—a

a

If lim F(x) = +oo or the limit don't exists , then we say j f(t)dt diverges/
x—a

Examples :
1

1) jln(t) dt =? F(x) = fln(t) dt Byparts: F(x)&E—-1-=-xIn(x)+x

X

lirré F(x) = —1 Then fln(t) dtis convergent, and fln(t) dt = —1.
X—

0 0

2 f 4o F( )—f ¢ —f a dt = (arctan(t + 1))’
) 22tz 0 T RN et 2 T Gz 4 O T \areten x
X

—o x

F(x) = arctan(1) ~ arctan(x + 1) = E — arctan(x + 1)
0

L EL3 f T df dt =

2" 4 ] @org 2 OEES A t2+2t+2 4

—00

T
xl_l)moo F(x) = Z

Definition,03 | (Consider the function f : ]Ja b[ —» R locally integrable.

b

we say that intgral ff(t)dt is convergent if , for any number ¢ € la b|

the improper integrals : f f(t)dt and f f(t)dt are both convergent.



b c X
And ff(t)dt= l, +1, With: limff(t)dtz I, et ling ff(t)dt= I,

Examples :
+0o c + 00
1 j dt _] dt +f dt Wetake ¢ = 0
) [ 1reT Jivet) 1yp Wetkec=0)
o e 2
c 0
] dt _ i f dt i . ()_n
T2 | T2 Am —arctan(x) =~
o b
+ o0 x
f dt _ i f dt . . ()_n
14112 b 112 copparcanix)=-
c 0
+co +00
f at .]‘ dt
1_|_t2—7T 1122 converges
0 ¢ 0
) f dt _j’ dt +j‘ dt We take ¢ — _2
—o00 —00 c
-2 -2 2 2
f dt ~ i j’ dt L/ j‘dt_l_j‘ dt ~ i (l @) +1 |x—1|)_l(2)
(1) xoob ) fE—1) ] 2o n —| = Jim_(In nf—])=1n
o b J J

0

f dt A\ f dt _ 1 fxdt+f dt _ 1 <1<3)+l | X
tt— 1T x50 ) tt—1)  x20 t t—1]|  xoo\ "2/ Ty

)--

-2 ) -2 -2
0 0
f dt, . di . Th ) J‘ dt
LY is divergent, en so is =1
=2 — 00

Remarks : 1) The nature of the integral of f on]a b[ does not depend on choice of the real c .

+00

2) Attention: f f()dt ixl_i)llloo f f()dt

— 00
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X + oo

1 X
Example : ftdt = [E tz] =0 but f tdt is divergent.
—-X

—x —00

Properties: Let f,g: [a b[ » R eta €R. Then:

b b
(j f(t)dt converges (f (f(t) + g(t))dt converges
1 If Y Then {®
jg(t)dt converges faf(t)dt converges
\; \ a
;D
b f(f(t) + g(t))dt diverges
a

b
J. af (t)dt diverges

a

b
2) If ff(t)dt diverges (orfg(t)dt diyerges) Then <
a

a

\

b
f f(t)dt diverges
a

3) If o We can’t conclude .

b
f g(t)dt diverges
LCl

Example :
+00 + o0
dt dt
Let :f — Jand f are both divergent.
t t+1
1 1
+o0 +o00 + 00 +oo
dt dt dt dt
f — +f —— = lim Inx(x + 1) = 4o Then: — + | —— diverges.
t t+1 x-+0 t t+1
1 1 1 1
+00 +00 +00 +00
fdt f Y lim In@) + In—2— = In(2) Th fdt f a
. 1 Lm In n-—ri=In en: . T converges.
1 1 1 1



+o00 1 + 00

. , dt dt dt
Riemann's integrals : f — f— , and f —
ta

ta te
1 0 0
+o0 1 + o0
. dt dt dt
We have : t—a = t—a+ t_a
0 0 1
1 1
([ rdt  (d
j— - hmf— = lim[Inlx|] = +oo
t x—0 t
0 X
Fora =1 :4
+ o0 X
dt ] dt
f — = lim | — = lim [In|x|] = +x
xX—+00 t
NI 1
1
F <1-f jd li t*dt = lim — [L—x1%] = !
or a : m 1£r1 = lim —— X =1"4
X
+00 X X
f dt li dt li t~%dt = li ! [x17® —1] =+
_— = —_— = } = — = (o]
ta x_l)rfloo te x—lgloo x—lHloo 11—« x
1 1 1
1 1 1
F > 1 fdt li dt li t~%dt = l [1 a]
: _— = = = — = (o]
ora te xlir(l) t% xli% ay 01—« x +
0 x X
+0o0 X X
fdt—l' ac_ 1 t~%dt = li ! [x17% —1] = !
a_xlrpoo t_a B x—l>r-|¥100 x—l>r-l!loo 1—a X B _a(—]_
1 1 1
Conclusion :
+00 1
f dat {converges if a>1 fﬁ converges if a<1
te (diverges if a<l ’ ta dlverges if a=>1
1

0

+ 00
dt .
7o Is divergent.

0




Integral of Bertrand : f ﬁ
tln (t)

X

dt _
F(x)= jm By change of variable : u = In(t)

a

ForB =1 F(x)=In(In(x)) — In(In(a)), xl_i)llqm(ln(ln(x)) — ln(ln(a))) = 400,

Forf#1 F(x)= —B [an@)**]” = = = (An(x)*# = (In(a))*"#)

oo p<1 T dt C tif g1
. _ 1-p _ . (Convergent i
xl_lglooF(x) (lnﬁ(L)l B>1 Then: j t InB(t) 1S {Divergent ifp<1
- a

2) Convergence of integrals of positive functions ;
Letf,g: [a bl » R, (f, g =0) Locally integrals

Theorem (01) : (Test of comparison)

( b

jg(t)dt converges = J.f(t)dt converges
If f(t)<g®)onla b[Then {°,

ff(t)dt diverges = fg(t)dt diverges

Examples : 1) f e’

+ o0

Wehaveon [1 +oof :e™ <e et f “tdt= lim (e71—e™*) =e!
X—+00

1

+oo +oo
f e~tdt Converges Then f e~t’dt is convergent.
1 1



. t Onapour t € [1 + oo <

+00

sin?(t) sin?(t) 1

2) f 2 ¢ t2 t2
1

+00 +oo

dt _ sin?(t
2 Integral of Riemann converges (a > 1) Then 2 dt converges.
1

1

Theorem (02) : (Test of equivalence)

f@®)

If lim —= =1 We say that fonctions f and g are equivalent.
x=b g(t)

b b
The integralsff(t)dt and jg(t)dt have the same nature.
a a

+o0
. les 1f t+1 ) = t+1
xamples: 1) t(t2+1) f G
1
We h li f(t)—l' U t?=1Th d (1:)—1 ivalent i
€ have x—1>r-|¥loo 1 —x_l)l’_il_’loo t(t2+1) = enfan g _tz are equivaient in

t?

the neighborhood of (+%).

+ oo 400

1
We know that f = dt” of Riemann converges (a > 1) Thenf
1

——————dt is convergent.
(2 + 1) &

T T
2 2

V3
2
2 f 2 dt We h li L 1 Th f
) sin(t) enave sin(t) en
(0] 0

1
dt and f ?dt are the same nature.
0

1
sin(t)

T
2

| =

dt is divergent.

1
sin(t)

T
2
0

Remark : To find the equivalence of functions use limited developments .
8

dt Of Riemann diverges (@ = 1) Then f
0



1

2
In(1—t?)
Examples: 1) ft—z dt
0

We have in the neighborhood of zero: In(1 — t?) = —t? — %t‘* — §t6 + o(t°)

In(1—t?) 1, 1, .
— =15ttt o(th

N[

In(1—-1t2) _
Then — dt is convergent, as sum of convergent integrals .

0

1

dt
2) Ofet — cos(t)

In the neighborhood of zero: et =1+t +0(t) and cos(t) =1+ o(t)

et —cos(t) =t + o(t) (Means e —cos(t) <t )

1 1
dt

1
f?dt Diverges, so is j-m /
0

Theorem (04) : (Test of Abel)

Consider_f, g two functions locally integrables on [a b[ .
f is monotonic and linl;L ft)=0
xX—

(
IfQI
\

b
There exists M > 0 such that Vx € [a b[ : fg(t) dtl <M
a

b
Then : ff(t)g(t)dt is convergent.
a



sin(t)
t

dt

+00
Examples: 1) f
1
Put: f(t) =% Decreasing on [1 + o[ and liT f®)=0
xX—+00

X

We have jsin(t) dt| = |cos(1) — cos(x)| < |cos(1)| + |cos(x)| < 2
1
+00 +o
. _ sin(t) .
j sin(t) dt| < 2,Then the integral j dt is convergent.
1 1

Theorem (03) : (Test of Cauchy)

Let f be a function locally integrable on [a / b[ .

b
ff(t)dt converges if and only if &
a

X!

Ve>0,3c€[a b[,Vx,x'€la, b[: [x>c and x' >¢c = ff(t)dt <eg
X

3) Absolute convergence and” semi convergence :
Let f,bé a function locally integrable on [a b[ .

Definition (01) :
b b
We’say thatf f(t)dt is absolutely convergent iff flf(t) |dt is convergent.
a a
Definition (02) :

b b b
We say thatff(t)dt is semi convergent if ff(t)dt converges and flf(t)ldt is not convergent.
a a a
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b b
Theorem : f |f(t)|dt converges = f f(t)dt converges
a a

+ 0o

Example: 1) f
1

1
t?

cos(t)
t2

cos(t)
tZ

dt We have : |

cos(t)

+00 +oo

dt E
f o) is convergent (Riemann) and f | 2 dt is absolutely Convergent. /&/O

1 1 /6(

+ oo

cos(t) .
Then >— dt is convergent.
t

1
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