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Chapter 1

Single and multiple integrals

1.1 Riemann Integral

The Riemann integral of a function is a method of assigning a number to the area under the

curve of a function over a certain interval.

1.1.1 Subdivisions

Definition 1.1 A subdivision (or partition) P of the interval |a,b] is a finite sequence of
points:

P=A{xg,z1,...,2,} where a=x9<z1<--<x,=b mneN.

Definition 1.2 A subdivision P’, is said to be finer than another subdivision P if P means

that every point of P’ is also a point of P.

Definition 1.3 A uniform subdivision of [a,b] is a subdivision where each subinterval Ax;

has the same length:

b—a

n

Ax =

foralli=1,2,....,n
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1.1.2 Darboux Sums

Definition 1.4 A function f : [a,b] — R is said to be bounded if there exists a constant

M > 0 such that for all x € [a,b], we have:

sup [ f(2)| < 400

Given a bounded function f on [a,b] and a partition P = {zg,z1,...,2,}, we define the

Darboux sums (upper and lower) as follows:

Definition 1.5 The lower Darboux sum L(f, P) is given by:

Emzzle

where m; = inf{f(x) : x € [x;_1, 7]} is the infimum of f on the subinterval [x;_1, ;).

Definition 1.6 The upper Darboux sum U(f, P) is defined as:

ZM i Ti— 1

where M; = sup{ f(z) : © € [x;_q1, x|} is the supremum of f in the subinterval [z;_1,x;].

1.1.3 Riemann Sums

we consider the Riemann sum, defined as:

- Z — T— 1 xz—l)

and
n

Sp = Z (w5 — xi-1) f(2)

i=1

More generally, if ¢ = (e1,¢€9,...,¢,) satisfies ¢; € [r;_1,x;]. The associated Riemann

sum is given by:
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Definition 1.7 We say that [ is Riemann integrable on [a,b] if and only if:

lim S,, = lim s,
n—oo n—oo

exists and is finite. In that case, we write:

n—oo n—oo

b
/ f(z)dx = lim S, = lim s,

Theorem 1.1 If f is a continuous function on the interval [a,b], then the Riemann sums

(Sn) and (s,) converge to the Riemann integral f; f(z)dz.

Remark 1.1 If P is a uniform subdivision, we have:

and

First, rewrite the terms to resemble a Riemann sum form:

n

ok = k 1 k/n
Sp=y ——=) — -y

Next, express this sum as a Riemann sum:

b—a) — b—a b— a — k
Sn:( - >;f(a+ - k): - kZIf(a—irﬁ)

Now, let’s choose a =0, b=1, and f(x) = 5. Therefore:
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Since the function f(x) = 57 is continuous on the interval [0, 1], the Riemann sum S,

converges as n — 0o, and we have the following limit:

1 T
lim S,, = / dx
n—o00 0 1 —+ :L‘2

Now, compute the integral:

1+ 22

Thus, the sum converges to:

L. 1 9
/o dx:§(1n(1+:p )

1.2 Antiderivative of a Continuous Function

Let D C R and f: D — R be a continuous function.

Definition 1.8 A function F : D — R is called an antiderivative of f in D if and only if:
o [ s differentiable on D,
o ["=fonD.

Theorem 1.2 Any continuous function f : [a,b] — R possesses an antiderivative. We

write:

F(z) = / T

and

Ezample 1.2 Find the antiderivative of f(x) = 3z

F(r) = /(3352 +e ¥ —cos2z)dr = 22— e +2sin2z + C.
Thus, F'(x) = 322 + e~ — cos 2z, and the function F(z) = 2% — e™® + 2sin 2z is an

antiderivative of f(x).
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1.3 Double Integrals

Definition 1.9 The double integral of the function f(x,y) over the domain D is defined as

the limit of the sequence (vy,) as the largest subregion As, — 0 and n — co. We denote

nt€R’

this limit as:

lim ;;ﬂmM%z/lf@wdwy

max Asp—0
n—00

1.3.1 Properties of Double Integrals

Double integrals have several important properties, which are similar to those of single
integrals:

Let f(z,y) be a continuous function, and D = Dy U Dy C R? such that Dy N\ Dy = )

1. Linearity: If f(x,y) and g(x,y) are integrable over the region D, and o, f € R, then:

//D[Oéf(xa?ﬁ+59(177?J)]d14=Oé//Df(x,y)dAJrﬁ//Dg(x,y)dA

2. Additivity: If Dy and Do are two non-overlapping regions within D, then:

//Df(x,y)dA:/ le(x,y)dA—i—/ D2f(x’y)dA

3. Positiwvity: If f(z,y) >0 for all (x,y) € D, then:

/Aj@wwAzo

4. Comparison Property: If f(z,y) < g(z,y) for all (x,y) € D, then:

//Df(x,y)dAg//Df(x,y)dA

1.3.2 Double Integral Calculations

Let us consider a domain D in the xy-plane, which is bounded by two curves y = p(x) and

y = (x), where p(x) > (x), as well as the vertical lines v = a and x = b.

6
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Definition 1.10 The domain D is said to be regular with respect to the x axis (or the y
azis) if any line parallel to the x-axis (or the y-axis) passing through a point in D intersects

its boundary at exactly two points, My and My (or Ny and N3).

Remark 1.2 If the domain D 1s regular with respect to both the x-axis and the y-axis, it is

simply called a reqular domain.

Theorem 1.8 Let D C R? be a reqular domain and f : D — R a continuous function on

D. Then: ,
F(o,y) dudy = " by ) do
/] [/

e [a,b] is the orthogonal projection of D onto the x-axis.

where:

o [(x),p(x)] is the intersection of D with the line where x is constant.

Example 1.3 Calculate the following integral

[://xdydx
D

where D is the region defined by 0 < x <1 and 0 <y < 2x.
The region D s bounded by 0 < x <1 and 0 <y < 2x. The area is shown in the figure

below.




Chapter 1. Single and multiple integrals

We calculate the double integral as follows:

1 2x
I:/ / xdydx
o Jo

Step 1: Integrating with respect to y:

2x
/ zdy = 222
0

Step 2: Integrating with respect to x:

1
[:/ 2:62d:c:2
0 3

Thus, the value of the integral is:

=2
3

Theorem 1.4 Let f be a continuous function over a rectangle D = [a,b] x [c,d|. Then we

/Df<x,y>dxdy=/ab (/cdf(x,y)dy) dxz/cd (/abﬂx,y)dx) dy

Ezxample 1.4 Consider the domain D = [1,2] x [0,2] C R? and the function f : D — R

have:

defined as f(x,y) = ye™. We want to compute:

f—//Dﬂx,y)dxdy

Using Fubini’s theorem, we proceed as follows:

2 2
1:/ (/ ye’”ydx>dy
0 1

First, compute the inner integral:

/2 eVdr = 1 (629 - ey)
1 Yy

Now, substitute this into the outer integral:
2 2
I = / - (62y —ey)ydy: / (€2y —ey) dy
oY 0
Next, compute the final integral:
1 2 1 1 1
I= |:§62y—6y:|0:564—62—|—1_(§€0—60):564—624-5

Corollary 1.1 Let fi(x) and fy(y) be two functions, then:

e () 0o
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Double Integration with a Change of Variables

Consider a continuous function on a domain D C R%  Using a change of variables, the
double integral can be transformed accordingly. The method depends on the transformation

used, such as polar, cylindrical, or spherical coordinates.

General Case: Change of Variables
Suppose we perform the following change of variables:

r = p(u,v)
Y= Q/J(U,U)

When (z,y) varies over the domain D, (u,v) varies over the domain D;. The double

integral can be rewritten as:

//D f(x,y)dxdy = /D1 Fo(u,v), ¥(u,v)) | det(J)| du dv

where | det(J)| is the absolute value of the Jacobian determinant:

2o ¢

det(J) = j: §¢ 40
u v

Example 1.5 Consider the integral:

I://D(x—i—y)dxdy

where D = {(z,y) e R?: 1 <2y <2, -1 <z +3y <1}
We make a change of variables to the domain Dy = {(u,v) e R?: 1 <u < 2,—-1 < v < 1},

Applying the transformation, we get:

1
I= 1—6//131(2u+21})dudv

1 [log?
I:—/ /(u—}—v)dudv
8 J-1/h

First, compute the inner integral:

Now, compute the integral:

2 1 ! 3
/(u+v)du:[§u2+vu] 25(22—12)—1-21(2—1):5—1-@
1

1
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Substituting into the outer integral:

Now, compute the final integral:

113 1.,]" 173 1
IT=-|Zv4+=0?| =-|Z(1—-(=1)+=(12=(-1)
8[2“2@}_1 50 - o 0= vy
Thus, the value of the integral is:
3
==
8

Change to Polar Coordinates
In this case, let u =0 and v =1r. The change of variables is given by:

x=rcost = o(r,0)
y=rsinf = (r,0)

where (u,v) varies in the domain Dy, the double integral over D can be expressed as:

//D flw,y)dedy = /D1 fle(u,v),¥(u, ) |J] dudv,

where J is the Jacobian determinant of the transformation.

Example 1.6 Calculate the integral
1 // ! dz d
= —————dzdy,
pl+a?+y? Y

D={(z,y) eR* | 2* +y* < 1}.

where

To solve this, we use polar coordinates (r,0) where:
xr=rcosf, y=rsinf.
The domain D in polar coordinates is:

Dy ={(r,0)|0<r<1,0<0<27}.

10
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The Jacobian determinant of the transformation from Cartesian to polar coordinates is:

cos —rsinf
|J| = =7
sinf rcos6

Thus, the integral becomes:

// 1 dd// rdr df
D1+$2+y2xy_ D11+7ﬂ2'
rdrdf 2 Yordr CU| !
— do = —In(1+7r%)| do
J] = () )= [ [ W

1 1412 2 1
- 1 0= -Im2do=-Imn2-[0
/0 2“(1+02) /0 5 2 G

=7 ln2.

Compute the integral:

In2- 27

l\:JI»—O

1.3.3 Applications of Double Integrals

1. Area calculation

The area of the domain D is given by the formula:
= // dx dy.
D
Example 1.7 Calculate the area of D where:
D={(z,y) eR*|0<y<land0<az<e'}.

Calculate the area as follows:

:// dx dy
D
1 ey
:// dx dy
0o Jo
1
—/ e¥ dy
0

—el 0

=e—1.

11
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2. Mass calculation

Let p(z,y) be the density of the material within the domain D. The total quantity of the

material in the domain is given by:

m—//Dp(x,y)dxdy.

3. Surface area calculation

The area of the surface z = f(x,y) is given by the formula:
92\ 2 02\ >

A= 1 — — | dxdy.

//D\/ " <3l‘) i <8y> v

4. Center of Gravity

The coordinates of the center of gravity of a planar figure are given by the formulas:

_ S pzpla,y) dxdy

[fpp(z,y)dedy”’
Sy yp(z,y) dz dy
[l el y)dedy

Example 1.8 Calculate the mass m and the coordinates of the center of gravity (x.,y.) of

Lo

Yc

the plate bounded by the lines y = —xv+3, y = 5, and x = 0, with the given density function:

p(z,y) = 3(x +y).

Consider the domain

The mass m is calculated as follows:

m = //D px,y)dz dy,

12
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)
y=3
D |
: x
x=0 y=—x+3
where p(x,y) = 3(z +vy). Thus,
—z+3
m = // (3z + 3y) dy dx
—x+3 y2 —x+3
:/ 3z |y +3| = dx
U x/2 2 z/2
2[ —x+3)2 = (2)°
:/ 3m<(—x+3)—f)+3<( t 43 =G| 4y
. 2 2
—/2 _3 (— +3—§>+§ (— +3)2—9€—2 d
= _3: x 5 5 x 1 x
21 2
3x 3( 5 x
2r 2
9z 3 (3x
—/0 _—7+9$+§(T—65E+9):| dx
9 r
922 922 27
—/0 _—7+9$+?—9$—|— Q]da:
2 2722 27}
= dx
L5 +3
[ A 27$2
L8 3 27,
_ 208 2,
8 3 2
27
=——+27
3—|—
= 18.

13
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The center of gravity coordinates are given by:

xc://D:vp(ﬂf,y)drcdy//Dp(I,y)dl‘dy-

fo f/z+3 (3x + 3y) dy dx

18
B —z+3 5 —x+3
f02 x(?xx (y )—1—3(% >)] dz
L x/2 /2
18

oo (3o (cars—p) + 3 (o2 -2))] ds

18
* / / zp(z,y)drdy
>
—// z(3z + 3y)dxdy

—z+3 27
/ / 31‘2 + 3:vy) dxdy = 5 = 13.5

To find x¢:

Lo =

13,5
= —0.75
Te= 18

) JJoyp(z, y)dudy
ve = [Jp [z, y)dzdy

*//pr(:v,y)dxdy =
= //Oy(?)x + 3y)dxdy

0 —z+3
= / / 3z + 3y + 3ydady = 27.
0 T2

So: y. = f—g =1.5.

(ze,y.) = (0,75,1.5)

14
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1.4 Triple Integrals

Definition 1.11 Let f : D — R be a function defined on a domain D C R3. The integral

of f over D 1is called a triple integral and is denoted by:

///Df:///Df(x,y,z)dxdydz.

Remark 1.3 Triple integrals share many of the algebraic properties of double integrals. In

particular, the computation of triple integrals involves using the Fubini’s theorem.

1.4.1 Triple Integral Calculations

Theorem 1.5 (Fubini’s Theorem) states that if f is a continuous function on the rectangular

domain D = [a,b] x [c,d] X [e, f] C R3, then the triple integral of f over D can be computed

[ sy dvdyas - /6f [ /Cd ( /a” f.y.2) d;p) dy} gz,

Example 1.9 Calculate the integral:

I= ///52(x+3yz) drdydz,

Consider the integral over the domain D:

as:

D={(z,y,2) eR*|0<2<1,1<y<2,1<2<3)

I—/// (x 4+ 3yz)dedydz

Calculate the integral:

15
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Remark 1.4 For a domain D defined as:

D={(z,y,2) €ER*| (z,9) € A u(z,y) < 2z <v(x,y)},

where v and v are continuous functions and A is a bounded subset of R?, the triple integral

v(z,y)
// f(z,y, 2) dxdydz-// f(z,y,2)dzdydx.
(z,y)

Example 1.10 Calculate the integral:

=[] awaya:

15 given by:

where D 1is given by:
D={(z,y,2) eR*| (z,y) € A*=[0,1>,0 < z < z}.

To compute this integral:

1= [[] zavya:
- ][ Ddvdya: <1p2

Remark 1.5 In the case where:

D={(z,y,2) eR® |21 <a < 13, y1(x) <y < wa(a), 21(x,y) < 2 < 20(x,y) }

the triple integral of the function f(x,y,z) over D is given by:

// flx,y,z dxdydz-/ / / flx,y, 2)dzdydz.

Example 1.11 Calculate the integral:

I:/// zdxdydz
D

where D 1is given by:

1
D:{@%@ERHOSxS@xSySMﬁ§z§vT:¥??}

16
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Change of Variables

A. General Case

Consider the change of variables given by

z = z(u,v,w)
\

where x(u, v, w), y(u,v,w), and z(u, v, w) and their partial derivatives are continuous functions,

and the Jacobian determinant J is non-zero:

0z dr ox
ou Ov Ow

Y

J ou Ov Ow 7&0
ou Ov Ow

Then, the triple integral of f(x,y,z) over D can be expressed as:

///D flz.y,2)dedydz = ///A fa(u, v,w), y(u, v,w), 2(u,v,w)) |J| dudv duw.

B. Cylindrical Coordinates

In cylindrical coordinates, the transformations are given by:

(

z =rcosf
y =rsinf
z=2z

In this coordinate system, the Jacobian determinant J for the transformation is r, which
accounts for the change in volume element when integrating. Hence, the integral in cylindrical

coordinates becomes:

///Df(xvyaz)dl’dydzz///Af(rcosQ,rsine,z)rdrdez.

17
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The triple integral of a function f(x,y,z) can be calculated using the following formula:

///Df(xv%z)dmdydzz///Af(rcosﬁ,rsine,z)|J|drd9dz

where J is the Jacobian determinant of the coordinate transformation.

Example 1.12 Calculate the integral:

I:/// 2/ 2?2 +y?dedydz
D

where the domain D is bounded by the cylinder x® +y* = 2z, the plane y = 0, and the planes
z=0 and z = a.

Using cylindrical coordinates, we have:

T =r7rcosf
y =rsinf
z=2z

Thus, the integrand Z\/m simplifies to:
,Z\/Wy2 = 2Vr? =3r
The volume element in cylindrical coordinates is:
dedydz =rdrdfdz

n cylindrical coordinates:

2?4y =2z
r? =2z
so r =2z

Thus, 0 <1r < 2cosf

™
0<0<—
- T2

0<z<a

18
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We obtain:

/// 2/ 22 +y?dedydz
D

:/// zrrdrdfdz
D
a 2 V2z
:// / 2r?drdf dz
0o Jo 0
% cos 0 a
:/ / 7“2/ zdzdr do
o Jo 0
z 2cos 0
= 1a2/2/ r? dr df
2 o Jo
w/2

a’ / cos? 6 db
0

/2
a2/ (1 — sin? 9) cos @ db
0

1 /2
= —a® lsin@ — —sin® 8]
3 0

|
S
o

O[]0 Wk Wk W&

C. Spherical Coordinates
The spherical coordinates are given by:

x = rcosfcosp
y =rsinfcosp
z=rsinp
where
0<r<oo
0<0<2n
5 Se<3

The Jacobian of the transformation is J = 12 cos .

Example 1.13 Calculate:

1:///1) dz dy dz

D={(z,y,2) eR*: a® +y* + 2* < 1}.

19
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The region A in spherical coordinates is defined as:

}

A:{ (r,0,p) eR® 0<r<1,0<0<2m, -3 <<

1_/// 2| cos | dr dip df 7,
g )( d@) (/;owd@)

><2—
3

(B

The integral is:

1.4.2 Applications of Integration

1. Volume Calculation

To calculate the volume of a domain D, we use:

V:///dxdydz

2. Calculation of Mass and Centroid

Let p(z,y, z) be the density of the material in a certain domain D. The mass M is calculated

M= [[[ oty z)asaya:

The coordinates of the centroid are determined using the formulas:

1
:M///Da:p(x,y,z)dxdydz
1
M/// yp(x,y, z) dz dy dz
:M/// p(x,y, z)dxdydz

Example 1.14 Calculate the coordinates of the centroid of a prismatic solid bounded by the

using the formula:

S

<
|

planes x =0, z=0,y=1,y=3, and z + 2z = 3.

The volume V is calculated as follows:

V:///D dz dy d=

20
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The domain D s bounded by the planes x =0, z=0,y=1, y =3, and v + 2z = 3. To set

up the integral, solve for the bounds:

3 3 p352
V:/ / / dz dy dx
o J1 Jo

Here, p(x,y,z) =1 as the density is uniform.

21



Chapter 2

Improper integrals

2.1 Integrals of functions defined over an unbounded
interval

Our goal in this chapter is to compute integrals over unbounded intervals (ranging up to —oo,
0, or +00), or integrals on a bounded interval of functions having an infinite limit at some
point of the integration interval, a type of integral called an tmproper integral. Fxample:
fjl %dx =7

Why is the answer unclear?

Definition 2.1 The integral defined by fab f(x)dx is called an improper or generalized integral
if:
1. f(x) tends toward infinity at one or more points in [a,b] (point of infinite discontinuity).

2. At least one of the integration bounds is infinite (£00).
Example 2.1 (a) fﬁoo t;% is improper at +oo.

(b) fol \/% is improper at 1.
(c) f02 Ldx is improper at 0.

(d) [° —=dx has an infinite bound.

r—5

22



Chapter 2. Improper integrals

Definition 2.2 (Singular Point) A point xq is called a singular point for a function f
if it is not bounded at that point, i.e., lim, ., f(z) = £oo.

Definition 2.3 Two integrals are said to be of the same nature if they are either both

convergent or both divergent.

2.1.1 Improper Integrals of Functions Defined on an Unbounded

Interval

Let f : [a,b] — R be a Riemann-integrable function on [a,b], where at least one of the bounds

of the interval [a,b] is infinite.

Definition 2.4 Let f be a Riemann-integrable function on [a,+o00]. We say that the

improper integral f0+oo f(t)dt converges if the limit lim,_, fo t)dt is finite. In this case,
we define:
+00
= i

In the contrary case, if:

lim /:C f(t)dt = +oo

r—r-+00 0

we say that the integral diverges.
Remark 2.1 For fi}o f(t)dt, the definition can be adapted in an obvious way.

Example 2.2 1. Let f(t) = 7. It is defined and continuous on [1,+oc[. Indeed:

T

1
lim —dt = lim (Inz —In1) = 400

T—r00 1 T—r00

Thus, the generalized or improper integral ffoo %dt diverges.

2. Let f(t) = ﬁ It is defined and continuous on [2,400].

v 1 1
li dt =1 1 1
tin [t = i (2 1) -

Thus, the generalized integral f2 ——dt converges.

(t— 1

23
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3. The integral fOJrOO %Hdt diverges:

L |

n—oo

Let f(t) = ﬁ It is defined and continuous on | — 00, 0].

1i Tt dt = 1i -1 0—1' 1+ L =1
11—>I£10 > (t—1)2 _11—>I£10 t—1 I_atl—{go t—1 o

Thus, the integral converges.

2.2 Improper integrals of functions defined on a bounded
interval:

Let f be a function defined on [a,b].
Definition: Let f : [a,b]— R be integrable on [a,b]. We say that the improper integral
converges if

lim / oL

r—b

1s finite. In this case, we write:

/abf(t) dt = lim / F(t) dt.

In the contrary case, we say that the improper integral fabf(t) dt diverges.
Remark 2.2 For a function f defined and integrable on]a,b], the definition adapts accordingly.

Example 2.3 1. Let f(t) = %, defined and continuous on |0, 1]. Indeed,
1

lim [ —dt =lim(—Inz) = +o0.
=0 [, t z—0

Thus, fol %dt diverges.

2. Let f(t) = \/%7, a function defined on [—1,0[ and integrable in the sense of Riemann

on [—1,0][. Indeed,

. " .

Thus, the improper integral converges on [—1,0].

24



Chapter 2. Improper integrals

Proposition 2.1 Let f be a function defined and integrable on |a, b]
Let ¢ €]a,b] be a singular point, i.e., the function f is defined on [a,b]\{c}. We say that:

/a o)t

converges if both improper integrals,

T b
lim f(t)dt and lim / f@t)dt,
z—=c™ S, z—ct J,
are finite. In this case, we define:
b

/b F(ydt = tim [ f(tydt+ lim [ f(t)dr.

r—cC a Tr—C x

Otherwise, we say the integral diverges.

[Chasles’ Relation/
Let —o0o < a < b (resp. a <b<+00) and let [ : [a,b]— R be continuous on [a,b] (resp.

la,b]). Suppose the improper integral fab f(t)dt converges. Let ¢ €|a,b]. Then:

1. [T f(t)dt converges.

2. Moreover, we have:

/abf(t)dt:/acf(t)dtJr/cbf(t)dt.

2.2.1 Positivity of the Improper Integral:

Proposition 2.2 Let f,g : [0,+0c[— R be continuous functions. If both functions have
convergent improper integrals and f < g, then:
+00

(x)dx < /:OO g(x)dx.

a

In particular, for a non-negative function f, if f >0, then:
“+oo

(x)dx > 0.
0

Corollary 2.1 (Symmetry of the Improper Integral) Let a € RU {400}, and let f :

[—a,a] — R be continuous on | — a, al.

25



Chapter 2. Improper integrals

If f is even, then:

/_Zf(x)dsz/oaf(:c)dx.

/if(x)dx:().

If f is odd, then:

2.2.2 Convergence Criteria

1. Improper Bounded Integral

Theorem 2.1 Leta € R and b € R with a <b. Let f : [a,b]— R be a piecewise continuous

function with f > 0. The improper integral f;f(t)dt 15 convergent if and only if:
M eR,, Veelab, Flz)= /xf(t)dt <M.
Example 2.4 Let’s study the behavior of the integral I with:
I = /2 cos? (1> dt.
0 t

Thus, the integral f02 cos? (%) dt converges.

2. Riemann Integrals

A Riemann integral 1s:

+o0o 1
[~
1 t

In this case, the antiderivative is explicit:

/+o<> 1 limy oo [magt ]}, ifa# 1,
1

limy, oo [In €7, if o = 1.

We can immediately deduce the nature of Riemann integrals: if o > 1, then f;roo t%dt

converges; if a < 1, then f1+oo tiadt diverges.
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Chapter 2. Improper integrals

Theorem 2.2 (Comparison Criterion) Let a < b < +oo (or —oo < a <b). Let f and

g : [a,b[— R be two continuous functions on [a,b[ (or]a,b]). Suppose:
Vo et 0<f(x) < g(a)
Then:

If fabg(x)dx converges, then fabf(a:)da: converges.

If fabf(x)dx diverges, then f; g(z)dx also diverges.

Furthermore, in the case where both converge, we have:
b b
0< [t [ gla)ds
Remark 2.3 The comparison criterion is not applicable to functions that change sign.
Example 2.5 We aim to determine the convergence of:
+00 in2
t
1= / sl gy
o 1+

The function f(t) = Sﬂ% s continuous, hence integrable in the Riemann sense over

[0, +o0].
We have a potential issue with convergence att — +oo. However, since the function is
positive, we can apply the comparison criterion.

We know that:
. 9
0 < S0 (1)
T 142 T 1442

Vt € [0, +ool.

Since the integral f0+°° 1J+t2dt converges, due to the fact that its antiderivative is arctan(t)

™

and arctan(t) — % as t — 400, we conclude that:

2
+00 (12
/ sin“(t) gt
R 2

also converges by the comparison test.

27



Chapter 2. Improper integrals

3. Absolutely Convergent Integral

Let f : [a,b]— R be a function that is integrable on |a,b]. We say that the improper integral
fabf(t)dt converges absolutely if and only if:

b
/\f(t)]dt converges.

Proposition 2.3 If f; |f(t)|dt converges, then f:f(t)dt also converges and we have the

/ bf(t)dt’ < [

Example 2.6 Consider the integral:

+00 o3
I / sin(t) it
1

t2

inequality:

We define the function f(t) = Sirtlg(t). This function is continuous on [1,+00[, and for all

t € [1,+o0[, we have:
sin(t)
12

1

7)) = =

E

Since the integral f;roo t%dt converges (this is a standard Riemann integral), we conclude

+oo 3
/ sin(t) 0
t2
1

that:

also converges.
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