Chapter 01

simple Integrals and multiple Integrals

I.  Indefinite and definite integrals - Riemann integrals
1. Double integrals and Area
1. Triple integrals and Valume




I.  The integral and Riemann integral
1. Anti-derivative function and Indefinite Integrals

Definition 01: Let f: 1 —» R be a function defined on an interval I.

A function F is called an anti-derivative of f on I if F is differentiable and
F'(x)=f(x)Onl.

Proposition 01 : If F is an anti-derivative of the function f then: G = F'+ C\, (€ € R)
is an anti-derivative of the function f.

Anti-derivative of the usual functions:

Function f Anti-derivatives F + C
x" (neR—-{-1}) n_jrlxn+1_|_c

x7t ln|x| +C

1+1x2 Arctan(x) + C

e* e*+C

sin(ax + b) %cos(ax +b)+C

cos(ax +b) sin(ax + b) + C

# Arcsin(x) + C

sinh () cosh(x) + C

cosh(x) sinh(x) + C

tan(x) + C




Definition 02: The set of all anti-derivatives of a function f on I, is called the indefinite integral of f.

Written f f(x)dx = F(x) + C with F' = f,and C is an arbitrary constant.

2. Definite Integrals

Definition 03 : We say a definite integral of a function f on [a b] the real number denoted by
b
| reoax = Fote = F ) - F@
a

Theorem: Every continuous function fon an interval I is integrable.

Properties: let f, g tows continuous functions on [a b].and a, 8 € R.

b b b
D [ lerCo+pgear=a [ f@ax+p [ gt

2) fabf(x)dx=—fbaf(x)dx , Laf(x)dx=0

0 if fis an odd funetion

3) f_af(x)dx - Zfaf(x)dx if f is aneven function
0
b c b
4) f f(x)dx=f f(x)dx+f filx)dx, a<c<b

b
5) If f=0on[a b]Then: f f(x)dx =0

b b
6) If f<g on[a b]Then: f fx)dx < f g(x)dx

7)

Lbf(x)dx < Lblf(x)ldx

1 b
8) Theaverage value of f on [a b]is:u = mf fx)dx
a

3. Methogs of intégration :

Integration by parts: Let the functions u and v have continuous derivatives on[a b] .

b b
Then : fuv’z[uv]g—fu’v
a

a




Examples :

r _ u=1-2x =2
1) f(l —2x)sin(x)dx =?  Put: {v’ — sin(x) = {v : —cos(x)
jxsin(x) dx = [-(1 = 2x)cos(x)]F — 2 f cos(x)dx = (1 —2m) + 1 — 2[sin(x)]§ = 2(1 — m)
S 0
1 B ) . 1
2) ! arcsin(x)dx =7 Put : {u = ;rflln(x) = {u =v,=/1 - x?

1 1
i = j 1_ X _T — 2 { = T_
farcsm(x) dx = [xarcsin(x)]g jmdx =3 + [\/1 x ]0 =3 1.
0 0

Integration by substitution : Let a continuous function f on I =/{a ‘b]\

andu:J € R - I, u(t) = x having.a continuous derivative and the inverse

uTH(b)

b
Function. Then ff(x)dx = f flu@®)u' (t)dt

u~l(a)
Examples :

1 u'(t) = cos(t)
1)f 1—x2dx =2/ Put:x = u(t) =sin(t) = x:0—>t=0,x=1—>t=5
0

T
2

1 —sin2(t) cos(t)dt =f cos?(t) dt

0

o"._\
_
[
=
N
IS8
=
Il
o\ml:i

cos(2t) = cos?(t) —sin?(t) = 2cos?(t) —1 = cos?(t) = %(1 + cos(2t))

3 x
Z(t)dt—lf(1+ 2t)dt—1[t+1' Zt]i—n
cos =5 cos(2t))dt = > 2sm( ) i
0

S I3




1
2 f dx =?put: t =V2+4+x =2x=t%2—-2 = dx = 2tdt
) (x+3)V2+x P

1 2
j( T aVZT dx=ft2+1dt—2arctan(t)+C—2arctan( 2+x)+C.
X V2+x v
In(x)
l —
)j (4:?2 x(a + 2oy X =7 Pt t=ln2(X)=>{ dt =2——dx
X n4(x) x=1-5t=0,x=e—ot=1

e

nG) [ dt _ o )
! G+ ) & = Of 1 - 2+ 0l = 2(n(5) - In(4)

4. Intégrale de Riemann :

Let f a continuous function on the interval [a b}

a xI xz Xnl b

Definition 01 : A partition of [a b] with subintervals is determined by the set of endpoints

{x0, %) ciivenXn} ) %=0< X%, < ceeeveeeeee.<Xx,=b

Definition 02 : We say the lenght of the subinterval [x; x;,1], Ax= Jmax (X — Xp—1)
<ksn

Remark 01 : In this part we consider a unioforme (regular) partition.




b—a b —

a
A= () — Xp1) = and x, =a+ 0 k

Definition 03 :

- b—ax b—a
The sums Sn=2f(xk)Ak=TZf(a+ - k)
k=1

k=1
n—1 b_an—l b—a
and sn=];f(xk)Ak= - ];)f<a+ - k)

Avre called The upper and lower Sum of Riemann of f on [a b].

Definition 04 :  that f is said to be Riemann integrable on [a b] if

b
lim §,, = hm s, Exists and finite. denoted byj f(x)dx = lim S, = lim s,
n—->oo a n—->oo n

Theorem 01 : If f is a continuous function on the intervalle [a b], Then, the Riemann sums

(S,) and (s,) converge to ff(x)dx .

Examples :
4 n
b—a b—a
1) J=4&%—3x+ 1dx = lim S, = lim Zf<a+ k)
n—+oo n—-+oo n n
1 k=1
b—a 3 —a
= , a+ k=1+—-k

n-+ocon

3 3 \? 3 3¢ 3 9
J = lim — (1+—k> —3(1+—k>+1= lim — (—1——k+—2k2)
n-+oon - n n - n n

n—>+oo n2 2 n3 6

jzngrpm[ Z( 1) __Zk zkzl_ lim [ — in(n+1)+2_7n(n+1)(2n+1)>

=-3 +9—3
J= 2 2




2) Determine the following les sums:

k=4 k=+0o0
¢ — Z P 1 z k
1_k_1 n2+kz2 Z_nk_om
S 5 k = lim S, A S. —kzn k
1 Z A k2 nodeom OVEC "_Zn2+k2
k=1 =1
Nk = & 1S k/n b—ay b—a bea k
n2 + k2 Z k? n kz_( n ) f(a+ n k): n f(a+—)
k=1 k=1 2(1 +F> k=11+(ﬁ) k=1 k=1
b—a=1
k k/n [a b]=[0 1]
f(a+—>=—2 On prend X
n k f(x) = 3
1+ () 1+

f is continuous on the interval [0 1], then the sum\(S,,) converge, and

1 1
X 1 1 In(2)
— _ _ - 2 —
51—ff(x)dx—f1+x2dx—2(ln(1+x))0 o
0 0
n=+oo k=n-1
S . « im S, A S 1 k
- = lim vec —
I SRR T L "Tn L Bk
k=n-1 k=n k=n
1 k 1 k/n b—a k
"Tn L Barwe Z- 7 Zf(“E)
=0 VYo" T k=1 3+(E) k=1
n
b—-a=
( k k/n [a b]=1[0 1]
a+—)= X
f n 2 On prend Flx) = :
3+ (3) 3+x

f is continuous on the interval [0 1], then the sum (S,,) converge, and

Sz:ff(X)dx=f ad dxz(\/3+x2):)=2—\/§.

NeEe




Integrating rational functions :

A rational function 222 can be represented in the form of a sum of a polynomial and a proper rational

Q(x)
function which can be splitted into partial fractions.
ax+b

[(x — @)? + p2]"

1
——— (first type), et

(x — a)" (second type) a,b,a, € Retn € N*

Examples :

x3 4x a b

x%2 —4 x2—4_ +x—2+x+2

Applying the method of comparing coefficients, we obtaint a = b = 2

x3 2
PR + pr— + ) (The denominator has real simple roots).

5 (The denominator hagno,real roots).

1
m Integration of m n € N*

1 Inlx —al + ¢ n=1
Put : sz—dxz -1 1
" (o @)" n—1(x—a)"‘1+c

n>1

ax+b
[(x —a)? + p2]"

m Integpration.of

n € N*

ax+b
Put: VI, = f = a)2 + 2] dx Let's put the change of variable x = ft + «

B a(Bt Ha)+ b 1 aft+aa+b =~ a t aa + b dt
L, = (,821:2 + ,32)71 ﬁ dt = ﬁZn—lf (1 + tZ)n t= ﬁzn—zf d f (1 + tZ)n

t
(1 + tZ)n + ﬁZn—l

dt t
Put : ]n—fmand Ln—fmdt

m Integration of L,




L—f ‘ dt P —1+t2L—1f1d
il e osons u = n= 75| o du
1 1
( Eln|u|+c=§ln|1+t2|+c n=1
Ln={ 1 1 —1 1

- 1
T R R Tepn iy C ) e R

m Integration of J,

1 —2nt
dt uu=-—-——————— u’ e
= ]m By parts put: { A+t = { (1 + t2)n+?

v =1 v=t
= ‘ +2f t2 dt = ‘ +2j e+l dt ZJ dt
]n_(1+tz)n " axe)t T a s TN Ut )t ") A+ 2t
= ‘ +Zf 1 dt ZJ dt = ‘ + 2 2
]”_(1+t2)” ") a+en " a+ert Y T ren W 2 e
_2n—1 +1 t -1
we have arrived at the recurrence relation : Jn+1 = 2n Jn 2n (1 + t2)n -
J, = arctan(t) + ¢
Examples :
1j’x3—x+2d _7x3—x+2_+ 2 _+a+b_+1 1
) S By ROy |
fxB_HZd —f( . ! )d —x2+l| 1] — In|1 + |+C—x2+l |x_1|+C
-1 T Ty )T L R P
x +.1
2) 1= fz—dx =? The denominator has no real roots.
x¢ —3x+3
Wé have : x* — 3 +3—( 3>2+3—3 1+ 314 (B
é have: x x ={*—3 1= 3 =7 7
4
(V3
bues X3 ( \/_t+3> ! :7‘“ f\/_t+5
ut: =t, X = =>]=
V3 2 | \/_t+5 1+¢?

2




1—f t dt+5f dt —1l(1+t2)+5 tan(t) + C
~ ) 1+¢2 )1+ 2" J3orean

r=gn(1+ (E2) )+ Soarean(222) 0
=5in ——=arctan
2 V3 V3 V3

Integrating of the trigonometric functions :

m Integrals of the rational functions in sin, cos and tan

In this case we put the substitution : ¢t = tan (g)

x
t =tan (E) = x = 2arctan(t) and dx = 1T 2

( X\ si¥ 4
sin(x) = sin (2 ;) = 2 cos (g) sin (f) = 2 cos (2) 5% (2) 2t

3 1-—t?
cos(x)—l_l_t2
2t
\ tan(x)=1 =
Examples :
1 f ! d —fdt—l [t] +c =1 |t (x)|+
) Sin(o) X = t—n c=In an2 c
3 tan(x) 2t 1—¢2
3 tan(x x —
2)[0 mdx? Posons t=tan(§), dx=1_|_t2 dt,tan(x)=ﬁ,cos(x)—1_l_t2

T
3

tan(Xx) dy =
-fo 11+cos(x) x=

1

2t = 1 3
= |— — t2 3:— —_—] = —
1—t2_[ In|1 —t?[]} ln|1 3| ln(z)

"l

3f dx _f1+t2 2 dt—zf dt 2 . (t)+c
) 2+cos(x) J3+t214¢t2 3 t Z—ﬁarcan@
1+(ﬁ)

—arctan + C

2 + cos(x) - V3 V3

[t 2 (D

10




m Integrals of the form f sin? (x) cos?(x)dx

1) peven,andqodd: we putthe substitution t = sin(x), dt = cos(x) dx

Example :
t3 t°
j sin?(x) cos3(x)dx = j sin?(x) (1 — sin?(x)) cos(x) dx = f t2(1—t?) dt = 37T +/c
1 1
— cin3(y) — = <ins
= 3sin (x) z sin (x)+c
2) podd,andgeven: weput: t=cos(x), dt =—sin(x)dx
Example :

jsin3(x) cos?(x)dx = f sin(x) (1 — cos?(x)) cos?(x)dx = j(t2 —\1)t?dt = %ts — %t3 +c
1

= —cos’®(x) — 1cos?’(x) +c
5 3

3) petqodds: Put: t = cos(x)or t=sin(x)
4) petqevens :Inthiscase written sin(x) and eos(x) by applying the trigonometric identities

(sin(2x) and cos(2x)) .
Example
f sin?(x) cos?(x)dx ?
1
cos(2x) = co§?(x) ~/sin?(x) cos®(x) = E(l + cos(2x))
We have { 1 = cos?(x) +)5in?(x) =

sin?(x) = %(1 — cos(2x))

sin?(x) €os?(x)'=—(1 — cos?(2x)) == |1 — = (1 + cos(4x))| = = (1 — cos(4x))
; il ;

f sin?(x) cos?(x)dx =%f(1 — cos(4x))dx = %x - ;—251n(4x) + c.

Integration of exponential functions :

dt
Putting: t = e*, dt = e*dxet dx = -

Example :

1
—_— fed —_— — — —_ _ X
f1+ex f1+tdt f(l 1+t>dt t—In[l+t|+c=e*—In|l1+e*|+c

11




[I.  Double Integrals :
1) Double integrals over a rectangle

Definition 01 : Let f be a continuous function of two variables on the domain [a b] X [c d]
And {x,, x1 ..., x,},{Vo, ¥1 .., Y} aregular partition of [a bland [c d] resp.

b—a d—c
Wehave: A,=x; —x;_1 = g Ay=y;—yj1=——

n

b—a d—c

With : xi=a+

The function f is said to be integrable on [a b] X [c d] if the following limit exists and finite .

NN [-ad-0) X b-a/ d-c
lim ) (8,8, G, y) = lim | ————— > > f@+—ic+—))
i=1j=1 i=1 j=1
b 4 n o n
. [ (b=a)(d—c) b—a  d-c.
We writing : f f f(x,y)dx dy = lim > z Zf(a + i,c+ 7
J c n—-oo n == n n

1
1
Example: [ = ff xeY dx dy =7
0
0

12




1 1

I 1 e(1+ﬁ)—1n(n+1) n _e—1

T e 2 nz 1 -T2
en—1

Fubini’s Theorem : Let f a continuous function over adomain D = [a b] X [c d] .

We have : ﬂf(x,y)dxdy = fcd (fabf(x,y)dx> dy = f: <fcdf(x,y)dy> dx

1 1
Example : [ = j j (2x + y)dxdy =?
0 Jo

L1<L1(2x+y)dx>dy=L1(1+y)dy=§
sz()l(f()l(zx*y)dy)dh L1<2X+%)dx=%

2) Double integral over a non-rectangular domgin: Let f a continuous fonction over a
Domain D € R\

I

|
\

D represented by one of the following fermes :

D ={(x,y) ER?, aL<x<bet px)<y<y[) }

f@&y)dxdy = b W)f (x, y)dy | dx
D a

@(x)

D = {(x,y)\e R? , c<y<det p() <x<yY) }

ff £ (e, y)dxdy = f d( Mf(x,y)dx)dy

o)

13




Examples :

1) I=ﬂ ydxdy=? D={(xy)€eR?, x=20,y=>0etx+y<1}
D

4|( I'= fol (fol_xyd)’> dx:u%fol(xz — 2x + 1)dx =%
lk

1=L1Y<fo1_de>dy=fol(y—yz)dy=%

3) Propreties :

Let f, g be continuous functions over a domainD € R?, and a, 8 ateal numbers.

D) [ @)+ peceyndry =« || f@yiaxay + 5 [[ g yaxay
D D D

2) ﬂ f(x,y)dxdy = ff f (e, y)dxdy + ff f(x,y)dxdy withD = D, U D,
D Dy Dy

3) If f>=0ondD, then fff(x,y)dxdyz 0.
D

4) If f=g onD, then fff(x,y)dxdyzffg(x,y)dxdy
D D

Shflf(xgyﬂdxdy

D

[[ e naxay

D

5)

b d
o | ﬂmMMw{fmmefﬁwwymwuw=ﬁmmw

[a b]x[c d]

14




Example : 1—j1j12x+ydd—?
xample : =) ] Tve xdy =7

I—jljlzx-l_ydd —jljl( X _, )dd —zfl X az+f1 dx fld
L L 1 YT ) U T 12/ T 12 T\ T AT

1

I'= (In(1 + x?); + (arctan(x))} (%y2>0 — In(2) +g

4)  Change of variables in triple integrals : Let f be a continuouds function on D € R?,

Affine coordinates : Let ¢ : R? - R? , bijective. ¢(u,v) = (x,y) webhave:

ox ox
f f(xy)dxdy = f FloGv), 9w, v)ldudy); K= (D) ,and J=|3% %
D A u v
Jdu v

Example: [ = ff(x+y)dxdy where D={(x,y) ER? , 1<x—-y<2,-1<x+3y<1}
D

1

Ju=x-y x=Z(3u+v) :1
Put: v =x+3y = 1 , 4
y:Z(—u+v) A 1<u<?2,-1<v<1

e = [ it 3 =3 ) ()3 ) [ )

15




Polar coordinates

{x = rcos(0)

y = rsin(6) ’ J=1, A= (D) fff(x; y)dxdy = ff f(rcos(0),rsin(0))rdrdd
D A

Example: [= ﬂxydxdy where D ={(x,y) ER? ,x>0,y>0,x2+y2<1}
D

{x = rcos(0)

= : <r< < <
y=rsin(9)'] r, A 0<r<1, 0o <

NS

T

[ = fo f;(ﬂ sin(0) cos(9))drdo = <j0 r3dr> <%J:Sin(29) d9> = %

5) Area:

Let D be adomain in R?. Area of D is given by : A(D) = ff dxdy
D

Example: D ={(x,y) € R? 0<y<letQ<x<§g’}

1 re¥ 1
A(D)=ffdxdy=f f dxdyzf evdy =e—1
B o Jo 0

[1l. triple integrals):

Let f be a continuous function over a domain D € R3 .

1) Definition 01.:, We definite triple intégral of f on D by the real denoted :

I = fff f(x,y,z)dxdydz

Fubini’s theorem : LetD =[a b] x[c d] X[p q] € R3

[If st orasasae= ([ e ree) oy




_ fcd (qu (fabf(x,y,z)dx> dz> dy
_ f: (fb (j;df(x,y,z)dy> dx> dz

2) Change of variables in triple integrals :

x = rcos(0)
cylindrical Coordinates : @ :{y = rsin() , A=), —-m<O<m, J=r
z=2z

= H f(rsin(0),rsin(6), z)|J|drdodz
A

Example : .Uj zdxdydz D ={(x,y,z) ER3, 0<z<1leth?+y?<z?}
D

D={(xy,2) ER}30<z<1 etx?+y?<z?}

x =rcos(6)
Let’s change to cylindrical coordinates : [y =rsin(0) ,J = r,{
z=2z

0<r<z<i1
—-nt<0<m

L e[ )2 -

sphérical Caordinates :

x = rcos(08)cos(t)
@: <y =rsin(@)cos(t) |J| =r?cos(t), 0 <0 <2m, —
z = rsin(t)

SR

<t<

NS

ff f(x,v,2)dxdydz = ff f(rcos(@)cos(t), rsin(@)cos(t), rsin(t))|/|drdodt
D A

17




Exemple : fﬂ zdxdydz D ={(x,y,z) ER3, x?+y?+2z2<1}
D

T

I = zdxdydz = rsin(t)r? cos(t) drdfdt = 1r*”dr anH _E 1sin(2t) dt
[ st~ ] ([ er) ([ o) [z3500)

2

3) volume :

Let D be a domain in R3. Volume of D is given by : V(D) = ﬂ dxdydz
D
Example : The volume of a sphére of radius R = 1.
V(D) = ﬂ dxdydz D : x?+y?#z? = 1 Utilisons les coordonnées sphériques :
D

x = rcos(6)cos(t)
y = rsin(6)cos(t) 0<r<i, 0 <6< 2m, —
z = rsin(t)

VEA= J’f.f r? cos(t) drdfdt = <J:rzdr> <f02nd9> <ficos(t) dt) = 4?7[
A 2

T
IA
-
IA

TR
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