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Introduction :

We will consider fluids at rest or in motion without relative motion between adjacent particles. In
both cases, there are no frictional forces in the fluid; all the forces that develop on the surfaces are due
to pressure. The goal is, therefore, to know the pressure and its variation through the fluid and its effect
on the submerged surfaces. The absence of friction simplifies the analysis and makes it possible to obtain

relatively simple solutions to some problems of practical interest.
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1) Pressure in a point :

The term pressure is used to indicate the normal (perpendicular) force per unit area at a point
which acts on a plane in the mass of the fluid in question. We will see how the pressure varies at a point
depending on the orientation of the planes passing through this point. To do this, let us take any portion

of a fluid shown in Figure 1.

The only forces that act on the volume are those of pressure and the weight of the fluid. To

simplify the analysis, we will not represent the x direction. Newton's second equation (3 F= mad) is

written in the y and z directions:
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X E, =P,6x6z — P.6x8s sinf = p @ay 2.1

Y F, =P,6x8y — P,6x6s cosf — y 6x62y6Z =p axiy& a, 2.2
From geometry we have: §y = §s cos@ 8z = s sinf
The replacement gives

N
Py—Ps—p7ay 2.3
8
Pz_Psz(y-}'paz)?Z 2.4

Since we are interested in what happens in a point, 0x, 8y and dz will tend towards zero and we obtain:

P, = K et B, = P;or i; = P, = P, whatever the angle 0. This proves that the pressure in a point of a

stagnant fluid is independent of the direction, this is Blaise Pascal's law.
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2) Fundamental law of statics (Pressure field equation)

We have already seen how the pressure varies in a point depending on the direction; now, we will
see how the pressure varies in a fluid at rest in which there are no friction forces. Let us consider an
element of fluid volume at rest of parallelepiped shape, of volume 6V=dxdyoz in the frame (O,X,y,2),

figure 2. Pz} 5.5¢
g [P+EJ: 5 Jé.\é_\

Eo

Two types of forces apply to the volume element:
e Volume forces: Weight (generated by a field in this case of gravity), SW.

e Surface forces: The forces generated by pressure SF.
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The volume forces represented by the weight of the volume of fluid are written:
SW = 6mg = psV g = —pgéVk 2.5
The negative sign is inserted since the force of the weight is directed in the negative direction of z.

The surface forces can be decomposed in three directions: x,y and z as follows :

-

SF = SE I+ §F,] + SFk 2.6

These are forces normal to the surfaces, the sum of the forces in the y direction for example and which

acts on the surface dxoz gives @ 6F, = (p - Z—i%y) 6x0z — (p + g—zi—y) 6xdz = —2—56x6y6z,

similarly : 6F, = — 2 5x6y6z et §F, = — L 5x8ysz.

From where we obtain the force in the three directions:

F—_(%y, 00, %0 —_(%y, 00> Oy
0F = (axl+ay1+azk)5x5y62_ (axl+ay]+azk)5v 2.7
We introduce the grad notation 7 (i) = agﬁ)?+ ag;)j+ aéz) k,so 6F = —VpsV 2.8

Newton's send law for this control volume is written ), SF =6md so:

SW + 6F = 6md & —pgdVk — VpdV = psVa which gives —yk — 7p = pd 2.9

since y = pg. This equation is valid for a fluid where the friction forces are negligible. In our case the
fluid is also at rest, this means that the acceleration is zero @ = 0. We will have yk + 7p =0 in

o _ 9 _ o _ _
component form Pl 0, 3y 0 et 5, = Y 2.10

These equations show that the pressure does not vary in the horizontal planes P=P(x) et p(y).
So the equation is : Z—Z =—y 2.11

This is the equation to solve to know the pressure at any point of the fluid r

at rest. For liquids or gases at rest, the pressure gradient in the

vertical direction at any point of the fluid is negative (figure 3), it

depends only on the specific weight of the fluid at this point.
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3) Application to incompressible fluids:

In this case p=cste everywhere, we can also consider g as constant and therefore y = pg = cste,

this implies that Z—Z = —y = cte . Let's take a fluid in the figure and apply the equation found.

Free surface (p=po)

To calculate P, we proceed by integration:

D2 — ., (%2
Lrdp=-y [, dz
hence p, —p; = —v(z; — 71)

orelse p; —p, =v(z, — 79) 2.12

Where p, and p, are the pressures at elevations z; and z,, we can also write the equation in a compact

form p; —p, = yh orp; = p, + yh with h the distance z, — z;.

This equation shows that the pressure distribution increases with depth h, it is called hydrostatic

distribution. We also note that the pressure difference can be specified by h = pl;—pz and we denote it

by “elevation”. It is interpreted as the height of fluid necessary to obtain the pressure difference p; —
p2. When we work with liquids where there is always a free surface (figure 4) we note the pressure at

this surface by po.

This implies that the pressure at any depth h of this
surface is p = py + yh. This equation also shows
that pressure does not depend on volume or shape
of the tank or container, it only depends on h,

which implies that the pressure is constant on

the horizontal line AB (figure 5).

Jabicaisl ALY S gud) o gadail 4

3l g ) all da o Jaraal) (DAL Caliad dpanall Ll (Y 15k JabeaiDl ALE @l Jlal ¢ 5S5 dale (S

p=—  Lydaililes e el il Ala
P :



Chapter II: Fluid Statics

@Q\W\MZ—Z:—:—? a3l Alilae e Aaaall ALY n gas %:—y il Gas 5 s a0 Auals (pe

1 P dalSiy il R 59 of ol
lsothermal ']'pz dp In P2 g JZZ dz
“?E 0.8 n P P1 R Z r ‘

= ;L'u"ﬂojs..gusztm_)\!\&_\m_ o Y B ) jadlds ya o Lica i) 1))

i (22—2z1)

Incompressible = p.ex [_ 9_]

0.6 P b2 = p1€xp RT,
0 5000 10,000
iz _:l.ft

4) Application to compressible fluids:

Generally, it is the gases which are compressible since their densities vary with the pressure and the

temperature, we take the case of an ideal gasor p = £

RT
dp dp Pg . . .
on the other hand =Ty or —=-——, let's separate the variables by assuming that g and R are
1
constant and integrate [*222 = 1n22 = —Z [ % |f e assume that the
P1 p P1 RYZ1 T |sothermal

temperature does not vary as a function of height z (isothermal), we will have

Incompressible

_ _ 9(z2-71) 0 5000 10,000
P2 = p1€Xp [ T RT, -2t
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Ouvert sur l'air
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5) Pressure measurement:

As we have already seen, pressure is a very important scalar in fluid mechanics, the pressure at a
point in a fluid is the force at that point divided by the surface area (stress). It is always normal to the
surface in question. Pressure is calculated by unit surface, we can write:

- Pressure at a depth h depends only on the fluid properties

P==-= [%] = Pa pascal.

s and this depth. To demonstrate this, let’s consider two

tanks filled by a height h of the same fluid and have

S=nR? S’'=a’ . . , : :
different sections S and S’. The force acting at a depth h is

the weight of the fluid which is given by:
F=mg=pVg=pShg and F =m’g=pV g=pShg
h The pressure is : P=F/S= phg et P=F/S=phg

Notice that we get the same pressure.

Generally, three types of pressure are used, absolute, gage or relative and atmospheric pressure. The

absolute one is the sum of the other two:
Paps = Pagm + Pgauge 2.13

The pressure is said:

e Absolute pressure, if measured relative to absolute vacuum (zero pressure), it is always positive.

e Gauge (gage) pressure, if measured relative to local atmospheric pressure, it can be positive or

negative (above or below atmospheric).
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e  Atmospheric pressure is usually measured by a mercury barometer.

1

— &
Gage pressure @ 1
Local atmospheric

pressure reference

Pressure

é _ v Gage pressure @ 2
Absolute pressure (suction or vacuum)

@1
Absolute pressure
@2

Absolute zero reference

7.1 Atmospheric pressure measurement :

Atmospheric pressure is given by a barometer, nowadays there are
several types. The simplest is the mercury barometer, where the
atmospheric pressure is equal to the pressure of the height of the column

of mercury:

PB=pgh+PA_)Patm=pgh+Pvaporngh 2.14

7.2 Measurement of gauge and absolute pressure:

The absolute pressure is the sum of the atmospheric and gauge pressures. Since the atmospheric pressure
is given directly by a barometer, it remains to measure the gauge pressure. For this, we use manometers
formed by piezometric tubes.

Definition of manometry: It is a standard technique for measuring pressures, it uses columns of liquids

in vertical or inclined piezometric tubes.

Definition of piezometric tube: It is an open vertical tube; it is connected to a container where we want

to measure the pressure.

Ouvert sur l'air

(a) (b) "

Manometers formed by piezometer tubes (a) simple and (b) U-shaped.

13
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For the case of a manometer formed by a vertical piezometric tube (Fig. (a)) open P=Patm at the top,

We have:  Pgps1 = Parm + pgh  and the effective pressure is : Pyayge = Papst — Parm = pgh we

denote it by P, it is also called piezometric pressure: Fyg, g = P = pgh 2.15

U-shaped manometer: It is a U-shaped tube which uses a so-called “manometric or piezometric” fluid.

The equation is written: Ouvert
1 .

We have Pypgqa = Py + Pgp Which gives: ([ 4 ) h,

\—-\ T (U
__ hy _L
Py + p1ghy — p2gh, =0 2 ot @
Generally, equation for a U-shaped manometer writes: 2

Papsa + p1ghs — p2gh; = Patm

AN

fluide piezometrigque

o

Py + Ypottom pigh; — Ztop pigh; = Py 2.15

Inclined pressure gauge: To amplify the reading range in the case of low pressures, the pressure gauges

are tilted. The equation for this example is written:
PA +y1h1 - )/zlzsing + )/3]'13 = PB
Py — Pg = yylysin6 + y3h; —y1hy

s
e 7

S
o

i

o

: Shsa peins (N DSl s pl) s 811 .6

LAY aranal 8 age 558l o2 ol i) Jaria Gy rhand) e (o8l L (il A o jee 2y Ledie
oo Balaia (55l 0S5 60 sSh Ala (B Jilgll 65 Lanie il alas (gAY A g sl JSLgdl 5 250l 5 il
el b Tl AL ye Jil sall 8 Genl) g Ulad Jaiacall Calig (gl ) jiia (5 st SNSIaY) (5 8 ()Y )
e pp =0 obial axa g Jladll Laall IS 13 p = py + yh Dxazall o5Ss (1) 5 i) ol Al e il
s 88 Andlall 38 5e (A 55 A5 PR O1AN a8 (8 AUl s 8l Clead p = yh e dhand ¢ all mhadll
g a0 058 b Al laa Gl aliiie j haniall w553 ¢ (@) SIS Al (8 Fp = pS = yhS yedll zhau (8 P

Sl el

14



Chapter II: Fluid Statics

Surface libre Surface libre

Specific weight =y

=
e
-]
[

£

p=vh
L 4 Yy r r1r'l"Ir i L F ¥ /
A p=o A A p=o0

(1) Pression en bas du réservoir (") Pression sur le cété du réservoi

A

1gad ga g ASilicy 5 gl B B las

Patmes sVl il allall o3a & ¢p dsens ALS 53 Qi Tasal (m pas § sl s e S pedas 2205 dlall Al 3
X- abeall 3380 xp 5 xp Ll Akais cililan) ) ALYl Fp Al 5 il dad s s Caagll olSa UK Jasay

Fp 3l e Bagae 9 S mhudl G350 Y ) gaall 068 Cuny Y
IFRB}ES‘M‘.—’LAA \

@M\E)&S\

Ll I (O e e 55 X pmall dpilly L § hanll S Sl y sy go [ yds = 3, S
Fr = pgsinfy,.S 2.16
h. = sinfy, SIS

Fr = pgh.S 2.17

@ﬂ\c&d\@h\gwcﬁaﬂdﬂ\ﬁy@@gﬁ\&d\ éjM@‘Ld\SJﬁEM

15



Chapter II: Fluid Statics

:Fg 358l pa e ol
;(—a)':.“ g_aba;é:ulau; Fr C;A}A(;r_ d)ﬁd&j‘(ﬁ-“Y o\A‘SYLﬁ\A.u

Fryg = f;::gde = fs pgy?singdS ¥ dF = pgysinfdS 2.18

pgsin@y.Syr = [ pgy?singdS hw\as Fp = pgsinfy,S \ads Fp o

D le Jeand
ye =528 219
o 13 ¢ [ 4] a5 €OX sl Fanally (el 3 S el o 530 o3l [ Y208 Sl pany
L le
I,
YR = V.S

o wl Lo 4] e s S badl 8 3550 e a8l small Al [ o 1 el S o) e
b s L = Le + Y28 A il [ I yp e sl
IXC
YR=Yet5s 2.20
B> 0 Y aliad S S S 5a e my Y Alumnal) 8l e (558 Y el el

:5 dl) pIe el Ayl ey c_at'u ¢ Xp I | KON U VN

Frxp = fs xdF = fs pgxysinddS oY dF = pgysinfdS

16



Chapter II: Fluid Statics

Sle Janid Fp = pgsinfy,S el Fy ga

pgsinBy.Sxp = fs pgxysindS

;‘;LHQ\SAJ

. f;"sxde B Ix_y
B yS .S

Qs [y = Ly o+ X YeS A8Mal) Gy 5 snall sy x staall Bl lllaall o3 shaasa [, = [ xydS e

(sle
Ixyc
YcS

Xp =X+

XY alrall dn ) e ity 5 S edansdl J8 35S ja sie ey dalaiie alaal dpilly sl o 50 sha 8 [
Y x Jsb e Fr 058 o e ¢ Y 5l X ge Gl sias JEI 38 50 e e sanal dpnailly Tilatka eland) 1S 13)

(a) Rectangle

Ji S

ra=

() Semicircle

17

Lye =0
Jbalinall prhanll) Gzl duwdigl) (aibadl)

A=ba
a
2
R g
I.= 12!)(:
a
2 _ 1 43
I, = lzab
'!.1_11' =0
(b) Circle
_ IR . _ab _ bd®
A= 5 | d—=] A= ] Le= 25
I, = 0.1098R* liye = 20— 2d)

4R

I, =0.3927R"
3r l

(d) Triangle
_ xR?
A= 4
4R I = I, = 0.05488R*
3

Iy =-0.01647R*

(e) Quarter circle



Chapter II: Fluid Statics

Calculation of hydrostatic forces on flat surfaces

Lorsqu’une surface est submergée dans un fluide, des forces se développent sur la surface due
a la pression du fluide. Le calcul de ces forces est important dans la conception des réservoirs, bateaux,
barrages et d’autres structures hydrauliques. On sait que lorsque les fluides sont au repos, les forces sont
perpendiculaires aux surfaces car les forces de frottement sont nulles. Aussi, la pression varie
linéairement en fonction de la profondeur dans les fluides incompressibles. Au fond du réservoir (figure
5 (a)) la pression est p = p, + yh si la pression effective ou manométrique p, = 0 a la surface libre,
ona p = yh. Pour calculer la force résultatnte au fond du réservoir Fg, qui agit au centre de gravité, il
suffit de multiplier p par la surface du fond F = pS = yhS. Dans le cas de la figure (b), la distribution
d e la pression n’est pas uniforme, la calcul e la force fera I’objet de la partie suivante.

When a surface is submerged in a fluid, forces develop on the surface due to the pressure of the
fluid. Calculating these forces is important in the design of reservoirs, boats, dams and other hydraulic
structures. We know that when fluids are at rest, the forces are perpendicular to the surfaces because the
friction forces are zero. Also, pressure varies linearly with depth in incompressible fluids. At the bottom
of the tank (figure 5 (a)) the pressure is p = p, + yh if the effective or gauge pressure p, = 0 at the
free surface, ona p = yh. To calculate the resulting force at the bottom of the tank Fg, which acts at the
center of gravity, simply multiply p by the surface area of the bottom F, = pS = yhS. In the case of
figure (b), the pressure distribution is not uniform, the calculation of the force will be the subject of the

following part.

Surface libre

P=0 N,

Surface libre

F11'1‘rl” I‘|1‘1I
A = 2

(1) Pression en bas du réservoir () Pression sur le cété du réservoi
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Chapter II: Fluid Statics

7. Determination of the hydrostatic force and its position:

Consider a surface S inclined with an angle © subjected to the pressure of a liquid of density p,
the ambient pressure being Pam everywhere. The goal is to calculate the value of the resulting force Fp
as well as the x and yy coordinates of its point of application. Let us take an X-Y coordinate system

such that the Y axis is parallel to the surface S and perpendicular to the force Fy.

Surface libre

a) Calculation of the force value Fp:

The resulting forceis ~ Fr = fs dF = fs pghdS with h = ysinf
Therefore Fr = fs pgysinfdS = pgsinf fs ydS
The integral fs ydS represents the first order moment of the surface S (barycenter) calculated with

respect to the x axis. We write fs yds = y.S with y. coordinate of the barycenter of the surface S with

respect to the x axis and which passes through O, we therefore have:

Fr = pgsinfy.S 2.16
Since h, = sinfy, Fr = pgh.S 2.17
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The intensity of the fluid force is equal to the pressure acting at the barycenter of the surface
multiplied by the total surface area.

b) Calculation of the position of the force Fp:

Starting with the Y direction, the position of Fy is obtained by calculating the moment:

Fryr = [ ydF = fS pgy?sinfdS because dF = pgysinfdS 2.18

Replacing Fg by its value Fp = pgsinfy,.S which gives pgsin8y . Syr = fs pgy?sindds

We obtain yp = — 2.19

The integral fs y2dS is called the quadratic moment of the surface S (moment of inertia) with

respect to the axis OX, it is denoted I,., we therefore have yp = %

It is more convenient to write the quadratic moment I, with respect to an axis which passes
through the barycenter of the surface S denoted by I,... The position yy is calculated as a function of I,

USing the relation I, =1L,+ VCZS , this giVES:
€ ys '

Sauf pour les surfaces horizontales, on voit que la force résultante ne passe pas par le barycentre mais

1
au-dessous car "—CS > 0.

Yc

Except for horizontal surfaces, we see that the resulting force does not pass through the barycenter but

1
below because X—CS > 0.

Yc

To determine the xg coordinate, we proceed in the same way, calculating the moment of the force:
Frxg = J. 5 xdF = |, 5 pgxysinfdS because dF = pgysinfdS
Substituting Fy by its value Fp = pgsinfy.S we obtain

pgsinBy.Sxp = fs pgxysinfdS

Which gives xp==—- =2

With I, = fS xydS is the product of inertia with respect to the x and y axes. Let's change axis by
applying the relation Iy, = Iy + x.Y.S.

Ixyc
YcS

Xp =X+
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Ly is the product of inertia with respect to an orthogonal system passing through the barycenter of the
surface S and formed by a translation of the X-Y system.

If the surface is symmetrical about an axis passing through the barycenter and parallel to X or Y, Fp
must lie along x. because I, = 0.

c) _Geometric properties of some common surfaces.

a A =ba A—nR?
< : = L[;(ﬁ R*
®—x w = 1D ,f“ = f“ = T
a
2 _ 1 43
¥ !‘( = l2ﬂ'b ',-r‘( =0
| b | b |
: 2 : 2 ' Iy, =0
(a) Rectangle (b} Circle
_ R’ L _ab _ba®
A=Z fe—d—| A= L= %
I, = 0.1098R* _ b,
x e =35 (b—2d)
I, = 0.3927R
4R ’ Ii
) r 3
| | I[,,=0
I R f R |

(¢) Semicircle

I =-0.01647R*

(e) Quarter circle
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