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Solutions to exercises series No 3 

Exercise 1 

Reminder 1 
1.1 Taylor's formula with Lagrange remainder 
For every two numbers 𝑥, 𝑥0of the interval [𝑎, 𝑏] where 𝑥 ≠  𝑥0 we have: 

𝑓(𝑥) = ∑
𝑓(j)(𝑥0)

𝑗!

𝑛

𝑗=0

(𝑥 − 𝑥0)
𝑗 +

𝑓(𝑛+1)( 𝑐)

(𝑛 + 1)!
(𝑥 − 𝑥0)

𝑛+1. 

Where c is a real number from ]𝑥0, 𝑥[ (or [𝑥, 𝑥0], 𝑖𝑓𝑥 < 𝑥0). 
 

 

a) 𝑥0 = 1 ;  𝑓(𝑥) =
1

𝑥
. 

𝑓0(𝑥) = 𝑓(𝑥) =
1

𝑥
  , 𝑓′(𝑥) = −

1

𝑥2
  , 𝑓′′(𝑥) = (−1)2

1 × 2

𝑥3
  , 𝑓(3)(𝑥) = (−1)3

1 × 2 × 3

𝑥4
. 

Using proof by induction we prove that  

∀𝑛 ∈ ℕ:  𝑓(𝑛)(𝑥) = (−1)𝑛
𝑛!

𝑥𝑛+1
     and   ∀𝑛 ∈ ℕ:  𝑓(𝑛)(1) = (−1)𝑛𝑛!. 

For all 𝑥 in ℝ+
∗  where 𝑥 ≠  1 then 

𝑓(𝑥) =∑
𝑓(j)(1)

𝑗!

𝑛

𝑗=0

(𝑥 −  1)𝑗 +
𝑓(𝑛+1)( 𝑐)

(𝑛 + 1)!
(𝑥 −  1)𝑛+1, 

           = ∑(−1)𝑗
𝑛

𝑗=0

(𝑥 −  1)𝑗 +
(−1)𝑛+1

𝑐𝑛+2
(𝑥 −  1)𝑛+1, 

where 𝑐 is a real number between 𝑥 and 1. 

b) 𝑥0 = 0 ;  𝑓(𝑥) = 𝑥𝑒
2𝑥. 

Using the Leibniz formula ∀𝑛 ∈ ℕ: (𝑢𝑣)(𝑛) = ∑ 𝐶𝑛
𝑝𝑛

𝑝=0 𝑢(𝑛−𝑝)𝑣(𝑝) we get 

∀𝑛 ∈ ℕ∗: 𝑓(𝑛)(𝑥) = ∑𝐶𝑛
𝑝

𝑛

𝑝=0

(𝑥)(𝑝)(𝑒2𝑥)(𝑛−𝑝)    and  𝑓(0)(𝑥) = 𝑥𝑒2𝑥   

So 

∀𝑛 ∈ ℕ∗: 𝑓(𝑛)(𝑥) = 𝐶𝑛
0(𝑥)(0)(𝑒2𝑥)(𝑛) + 𝐶𝑛

1(𝑥)(1)(𝑒2𝑥)(𝑛−1) +∑𝐶𝑛
𝑝

𝑛

𝑝=2

(𝑥)(𝑝)(𝑒2𝑥)(𝑛−𝑝)

⏟              
=0

 

= (𝑥 + 𝑛2𝑛−1)𝑒2𝑥 .                                                       
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So 

∀𝑛 ∈ ℕ∗: 𝑓(𝑛)(0) = 𝑛2𝑛−1     ;       𝑓(0) = 0 

For all 𝑥 in ℝ where 𝑥 ≠  0 then 

𝑓(𝑥) =∑
𝑓(j)(0)

𝑗!

𝑛

𝑗=0

𝑥𝑗 +
𝑓(𝑛+1)( 𝑐)

(𝑛 + 1)!
𝑥𝑛+1                   

            = ∑
2𝑗−1

(𝑗 − 1)!

𝑛

𝑗=1

𝑥𝑗 +
(𝑐 + (𝑛 + 1)2𝑛)𝑒2𝑐

(𝑛 + 1)!
𝑥𝑛+1, 

where 𝑐 is a real number between 𝑥 and 0. 

c) 𝑥0 = 2 ;  𝑓(𝑥) =
𝑥2−2𝑥−1

𝑥2−4𝑥+3
. We have 

𝑥2−2𝑥−1

𝑥2−4𝑥+3
= 

1

𝑥−1
+

1

𝑥−3
+ 1. 

Using the proof by induction we prove that  

∀𝑛 ∈ ℕ∗: ،   𝑓(𝑛)(𝑥) = (−1)𝑛𝑛! (
1

(𝑥 − 1)𝑛+1
+

1

(𝑥 − 3)𝑛+1
)    and   𝑓(0)(𝑥) =

1

𝑥 − 1
+

1

𝑥 − 3
+ 1. 

So 

∀𝑛 ∈ ℕ∗: 𝑓(𝑛)(2) = 𝑛! ((−1)𝑛 − 1)  and  𝑓(2) = 1. 

For all 𝑥 in ]1,3[ where 𝑥 ≠  2 then 

𝑓(𝑥) =∑
𝑓(j)(2)

𝑗!

𝑛

𝑗=0

𝑥𝑗 +
𝑓(𝑛+1)( 𝑐)

(𝑛 + 1)!
𝑥𝑛+1                                                                               

                           = 1 +∑((−1)𝑛 −1)

𝑛

𝑗=1

(𝑥 − 2)𝑗 + (−1)𝑛+1 (
1

(𝑐 − 1)𝑛+2
+

1

(𝑐 − 3)𝑛+2
)(𝑥 − 2)𝑛+1. 

Since ∑ ((−1)𝑛 − 1)𝑛
𝑗=1 = {

−2 ;  𝑛 = 2𝑝 + 1 
0 ;        𝑛 = 2𝑝

 we get 

𝑓(𝑥) = 1 − 2(𝑥 − 2) − 2(𝑥 − 2)3 − 2(𝑥 − 2)5 +⋯+ (
1

(𝑐 − 1)𝑛+2
+

1

(𝑐 − 3)𝑛+2
) (2 − 𝑥)𝑛+1, 

where 𝑐 is a real number between 𝑥 and 2. 

Exercise 2 

a) ∀𝑥 ∈ ℝ+: 𝑥 −
𝑥2

2
≤ ln(1 + 𝑥) ≤ 𝑥 −

𝑥2

2
+
𝑥3

3
. 

Using Taylor-Lagrange formula for 𝑓(𝑥) = ln(1 + 𝑥)  ,𝑥0 = 0 and 𝑛 = 2 ;  𝑛 = 3 we get 
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For 𝑛 = 2 ⟹ ln(1 + 𝑥) = 𝑥 −
𝑥2

2
+
1

3

1

(𝑐+1)3
𝑥3 where 𝑥 ∈ ℝ+ and 𝑐 is a real number between 𝑥 and 0. 

For 𝑛 = 3 ⟹ ln(1 + 𝑥) = 𝑥 −
𝑥2

2
+
𝑥3

3
−
1

4

1

(𝑘+1)3
𝑥4 where 𝑥 ∈ ℝ+ and 𝑘 is a real number between 𝑥 

and 0. 

Since ∀𝑥, 𝑐, 𝑘 ∈ ℝ+ : −
1

4

1

(𝑘+1)3
𝑥4 ≤ 0  and   

1

3

1

(𝑐+1)3
𝑥3 ≥ 0. we get 

∀𝑥 ∈ ℝ+: 𝑥 −
𝑥2

2
≤ ln(1 + 𝑥) ≤ 𝑥 −

𝑥2

2
+
𝑥3

3
. 

b) ∀𝑥 ∈ [0,
𝜋

2
] : 𝑥 −

𝑥3

6
≤ sin 𝑥 ≤ 𝑥 −

𝑥3

6
+

𝑥5

120
. 

Using Taylor-Lagrange formula for 𝑓(𝑥) = sin 𝑥  ,𝑥0 = 0 and 𝑛 = 3 ;  𝑛 = 5 we get 

For 𝑛 = 3 ⟹ sin 𝑥 = 𝑥 −
𝑥3

6
+
sin 𝑐

120
𝑥4 where 𝑥 ∈ [0,

𝜋

2
] and 𝑐 is a real number between 𝑥 and 0. 

For 𝑛 = 5 ⟹ sin 𝑥 = 𝑥 −
𝑥3

6
+

𝑥5

120
−
sin  𝑘

120
𝑥6  where 𝑥 ∈ [0,

𝜋

2
] and 𝑘 is a real number between 𝑥 and 

0. 

Since ∀𝑥, 𝑐, 𝑘 ∈ [0,
𝜋

2
] : −

sin  𝑘

120
𝑥6 ≤ 0  and   

sin 𝑐

120
𝑥4 ≥ 0. we get 

∀𝑥 ∈ [0,
𝜋

2
] : 𝑥 −

𝑥3

6
≤ sin 𝑥 ≤ 𝑥 −

𝑥3

6
+
𝑥5

120
. 

2) Determine the local Extrema of 𝑓 in each of the following cases. 

Reminder 2 
2.1 Apply Tyler's formulas to find local extrema 
If 𝑓  is a function of class 𝐶𝑛 in the neighborhood of the point 𝑥0 such that: 

𝑓′( 𝑥0) = 𝑓
′′( 𝑥0) = 𝑓

(3)( 𝑥0) = ⋯ = 𝑓(𝑛−1)(𝑥0) = 0 and   𝑓
(𝑛)(𝑥0) ≠ 0. Then 

𝑓 accepts a local maximum (local minimum, respectively) at 𝑥0 if and only if 𝑛 is 

even and 𝑓(𝑛)(𝑥0) < 0 ( 𝑓(𝑛)(𝑥0) > 0, respectively). 
 

 

a) 𝑓(𝑥) = 𝑥3 − 2𝑎𝑥2 + 𝑎2𝑥 (𝑎 > 0). 

Necessary condition: 

𝑓′(𝑥) = 0 ⇔  3𝑥² − 4𝑎𝑥 + 𝑎² = 0 ⇔ 𝑥 = 𝑎  ;   𝑥 =
𝑎

3
 

Sufficient condition: 

𝑓′′(𝑎  ) = 2𝑎 > 0 ⇒ 𝑓(𝑎) = 0 is local minimum value of  𝑓. 
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𝑓′′ (
𝑎

3
  ) = −2𝑎 < 0 ⇒ 𝑓(𝑎) =

4

27
𝑎3  is local maximum value of  𝑓 . 

Exercise 3 

Reminder 3 
3.1 Limited Development of order 𝒏 in a neighborhood of 𝟎 
We say that 𝑓 admits a limited Development of order 𝑛 in a neighborhood of 0 if and only 
if there exists a neighborhood 𝑣 of 0 and constant numbers 𝑎0, 𝑎1, 𝑎2, ……… . , 𝑎𝑛 where  

∀𝑥 ∈ 𝑣 ; 𝑥 ≠ 0: 𝑓(𝑥) =  𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 ………+ 𝑎𝑛𝑥

𝑛 + 𝑥𝑛𝜀(𝑥) with   lim
𝑥→0

𝜀(𝑥) = 0. 

3.2 Operation on Limited Development 
Let 𝑓, 𝑔 be two functions admitting limited developments to the same order 𝑛 in the 
neighborhood of 0. We denote their regulars parts as   𝑃𝑛(𝑥), 𝑄𝑛(𝑥), respectively. That is 

𝑓(𝑥) = 𝑃𝑛(𝑥) + 𝑥
𝑛𝜀1(𝑥)      ;      𝑔(𝑥) = 𝑄𝑛(𝑥) + 𝑥

𝑛𝜀2(𝑥). 

Then, the functions 𝑓 + 𝑔, 𝑓𝑔, 
𝑓

𝑔
 (if lim

𝑥→0
𝑔(𝑥) ≠ 0), 𝑓𝑜𝑔 (if lim

𝑥→0
𝑔(𝑥) = 0), admitting limited 

developments of order 𝑛 in the neighborhood of 0 and we have: 
1) 𝑓(𝑥) + 𝑔(𝑥) = 𝑃𝑛(𝑥) + 𝑄𝑛(𝑥) + 𝑥

𝑛𝜀3(𝑥) with lim
𝑥→0

𝜀3(𝑥) = 0. 

2) 𝑓(𝑥)𝑔(𝑥) = 𝐴𝑛(𝑥) + 𝑥
𝑛𝜀4(𝑥) with lim

𝑥→0
𝜀4(𝑥) = 0. 

Where 𝐴𝑛(𝑥) is the polynomial we obtain by retaining in the multiplication 𝑃𝑛(𝑥)𝑄𝑛(𝑥) 
only the terms with degrees less than or equal to 𝑛. 

3) 
𝑓(𝑥)

𝑔(𝑥)
= 𝐵𝑛(𝑥) + 𝑥

𝑛𝜀5(𝑥) with lim
𝑥→0

𝜀5(𝑥) = 0. 

Where 𝐵𝑛(𝑥) is the polynomial we obtain by Euclidean division of 𝑃𝑛(𝑥) by 𝑄𝑛(𝑥) 
according to increasing powers of 𝑥 keeping only terms with degrees less than or equal 
to 𝑛. 
4) 𝑓𝑜𝑔(𝑥) = 𝐶(𝑥) + 𝑥𝑛𝜀6(𝑥) with lim

𝑥→0
𝜀6(𝑥) = 0. 

Where 𝐶𝑛(𝑥) is the polynomial we obtain by retaining in the composite 𝑃𝑛𝑜 𝑄𝑛(𝑥)  only 
the terms with degrees less than or equal to 𝑛. 
 

 

Find a limited Development of order 𝑛 in a neighborhood of 0 for the functions 𝑓 in each of the 

following cases 

a) 𝑛 = 6  , 𝑓(𝑥) =
𝑥2+𝑥−1

𝑥2+2
. 

We have 𝑥2 + 𝑥 − 1 = 𝑥2 + 𝑥 − 1 + 𝑜(𝑥6)   and 𝑥2 + 2 = 𝑥2 + 2+ 𝑜(𝑥6) because 𝑥2 + 𝑥 − 1 and 

𝑥2 + 2 are polynomials. 

By Euclidean dividing of −1 + 𝑥 + 𝑥2 over 2 + 𝑥2, according to increasing powers of 𝑥, keeping only 

terms with degrees less than or equal to 6, we get 
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−1 + 𝑥 + 𝑥2      2 + 𝑥2 

−1 −
1

2
 𝑥2   −

1

2
+
1

2
𝑥 +

3

4
𝑥² −

1

4
𝑥³ −

3

8
𝑥⁴ +

1

8
𝑥⁵ +

3

16
𝑥⁶ 

𝑥 +
3

2
 𝑥2   

 

𝑥 +
1

2
 𝑥3   

 

3

2
 𝑥2 −

1

2
  𝑥3   

 

3

2
 𝑥2 +

3

4
 𝑥4   

 

−
1

2
  𝑥3 −

3

4
 𝑥4   

 

−
1

2
  𝑥3 −

1

4
 𝑥5   

 

−
3

4
 𝑥4 +

1

4
 𝑥5   

 

−
3

4
 𝑥4 −

3

8
 𝑥6   

 

1

4
 𝑥5  +

3

8
 𝑥6   

 

1

4
 𝑥5  + 0         

 

3

8
 𝑥6    

 

3

8
 𝑥6    

 

0       
So 

−1+ 𝑥 + 𝑥2

2 + 𝑥2
=  −

1

2
+
1

2
𝑥 +

3

4
𝑥² −

1

4
𝑥³ −

3

8
𝑥4 +

1

8
𝑥5 +

3

16
𝑥6 + 𝑜(𝑥6). 

b) 𝑛 = 3 , 𝑓(𝑥) = 𝑒𝑥√1 − 𝑥. 

We have 

𝑒𝑥 = 1+ 𝑥 +
1

2
𝑥2 +

1

6
𝑥3 + 𝑜(𝑥3)    and   √1 − 𝑥 = 1 −

1

2
𝑥 −

1

8
𝑥² −

1

16
𝑥³ + 𝑜(𝑥3). 

So 

𝑒𝑥√1 − 𝑥 = (1 + 𝑥 +
1

2
𝑥2 +

1

6
𝑥3) (1 −

1

2
𝑥 −

1

8
𝑥² −

1

16
𝑥³), 

= 1 +
1

2
𝑥 −

1

8
𝑥² −

13

48
𝑥³ + 𝑜(𝑥3).       

d) 𝑛 = 4  , 𝑓(𝑥) = ln(𝑥 + √cos𝑥). 

We have 
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√1 + ℎ = 1 +
1

2
ℎ −

1

8
ℎ² +

1

16
ℎ³ −

5

128
ℎ4 + 𝑜(ℎ4)    and   cos𝑥 = 1 −

1

2
𝑥2 +

1

24
𝑥4 + 𝑜(𝑥4). 

So 

𝑥 + √cos𝑥 = 𝑥 + √1 + (cos 𝑥 − 1)                                                                                                            

= 𝑥 + [1 +
1

2
(−
1

2
𝑥2 +

1

24
𝑥4) −

1

8
(−
1

2
𝑥2 +

1

24
𝑥4)

2

+ 0 + 0]              

= 𝑥 + [1 +
1

2
(−
1

2
𝑥2 +

1

24
𝑥4) −

1

8
(−
1

2
𝑥2)

2

+ 0+ 0]                             

= 1 + 𝑥 −
1

4
𝑥2 −

1

96
𝑥4 + 𝑜(𝑥4).                                                                     

We have also 

ln(1 + 𝑡) = 𝑡 −
1

2
𝑡2 +

1

3
𝑡3 −

1

4
𝑡4 + 𝑜(𝑡4). 

So 

ln(𝑥 + √cos𝑥) = ln (1 + (𝑥 + √cos 𝑥 − 1))                                                                                                        

                    = (𝑥 −
1

4
𝑥2 −

1

96
𝑥4) −

1

2
(𝑥 −

1

4
𝑥2 −

1

96
𝑥4)

2

+
1

3
(𝑥 −

1

4
𝑥2 −

1

96
𝑥4)

3

−
1

4
(𝑥 −

1

4
𝑥2 −

1

96
𝑥4)

4

 

 = (𝑥 −
1

4
𝑥2 −

1

96
𝑥4) −

1

2
(𝑥 −

1

4
𝑥2)

2

+
1

3
(𝑥 −

1

4
𝑥2)

3

−
1

4
(𝑥)4                                           

                  = (𝑥 −
1

4
𝑥2 −

1

96
𝑥4) −

1

2
(𝑥2 − 2𝑥 (−

1

4
𝑥2) + (−

1

4
𝑥2)

2

) +
1

3
(𝑥3 + 3𝑥2 (−

1

4
𝑥2)) −

1

4
(𝑥)4.  

So 

ln(𝑥 + √cos𝑥) = 𝑥 −
3

4
𝑥² +

7

12
𝑥³ −

13

24
𝑥4 + 𝑜(𝑥4).                                                                                            

e) 𝑛 = 3  , 𝑓(𝑥) = (cos 𝑥)
1

𝑥. we have (cos 𝑥)
1

𝑥 = 𝑒
lncos 𝑥

𝑥  so 

ln cos 𝑥

𝑥
=
1

𝑥
ln(1 + (cos 𝑥 − 1))                                                                                  

=
1

𝑥
[(−

1

2
𝑥2 +

1

24
𝑥4) −

1

2
(−
1

2
𝑥2 +

1

24
𝑥4)

2

+ 0]                   

=
1

𝑥
[(−

1

2
𝑥2 +

1

24
𝑥4) −

1

2
(−
1

2
𝑥2)

2

+ 0]                             
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= −
1

2
𝑥 −

1

12
𝑥3 + 𝑜(𝑥3).                                                   

So 

(cos 𝑥)
1
𝑥 = 𝑒

lncos 𝑥
𝑥 = 1+ (−

1

2
𝑥 −

1

12
𝑥3) +

1

2
(−
1

2
𝑥 −

1

12
𝑥3)

2

+
1

6
(−
1

2
𝑥 −

1

12
𝑥3)

3

             

= 1 + (−
1

2
𝑥 −

1

12
𝑥3) +

1

2
(−
1

2
𝑥)

2

+
1

6
(−
1

2
𝑥)

3

                                              

= 1 + (−
1

2
𝑥 −

1

12
𝑥3) +

1

2
(−
1

2
𝑥)

2

+
1

6
(−
1

2
𝑥)

3

                                             

So 

(cos 𝑥)
1
𝑥 = 1 −

1

2
𝑥 +

1

8
𝑥2 −

5

48
𝑥3 + 𝑜(𝑥3).                                                                                            

Exercise 4 

Reminder 4 
4.1  Limited Development of order 𝒏 in a neighborhood of 𝒙𝟎 
We say that 𝑓 admits a limited Development of order 𝑛 in a neighborhood of 𝑥0 if and only if 
the function  𝐹: ℎ ⟶ 𝐹(ℎ) = 𝑓(ℎ + 𝑥0) admits a limited Development of order 𝑛 in a 
neighborhood of 0.And if 

𝐹(ℎ) = ∑ℎ𝑘
𝑛

𝑘=0

 + ℎ𝑛𝜀1(ℎ)  with  lim
ℎ→0

𝜀1(ℎ) = 0. 

Then for all 𝑥 ∈ 𝑣 − {𝑥0} 

𝑓(𝑥) = ∑𝑎𝑛(𝑥 − 𝑥0)
𝑛

𝑛

𝑘=0

 + (𝑥 − 𝑥0)
𝑛𝜀(𝑥) with lim

𝑥→𝑥0
𝜀(𝑥) = 0. 

4.2  Limited Development of order 𝒏 in a neighborhood of ∞ 
We say that 𝑓 admits a limited Development of order 𝑛 in a neighborhood of +∞ (−∞, 

respectively ) if and only if the function  𝐹: ℎ ⟶ 𝐹(ℎ) = 𝑓(
1

ℎ
) admits a limited Development of 

order 𝑛 in a neighborhood of 0.And if 

𝐹(ℎ) = ∑ℎ𝑘
𝑛

𝑘=0

 + ℎ𝑛𝜀1(ℎ) with  lim
𝑥
>
→0

𝜀1(ℎ) = 0 (lim
𝑥
<
→0

𝜀1(ℎ) = 0 , respectively ). 

Then 

𝑓(𝑥) =  ∑
1

𝑥𝑘

𝑛

𝑘=0

+
1

𝑥𝑛
𝜀(𝑥) with lim

𝑥→+∞
𝜀(𝑥) = 0 ( lim

𝑥→−∞
𝜀(𝑥) = 0,  respectively)  where 𝜀(𝑥) = 𝜀1 (

1

𝑥
). 

4.3 Study of infinite branches of curves 
To study the infinite branches and determine the asymptotic lines  of the graph (𝐶𝑓) of function 

𝑓 in the neighborhood of +∞ ( −∞, respectively ), we develop the function 𝑓 in the 
neighborhood of +∞ ( −∞, respectively) to the smallest order 𝑛, where 𝑎𝑛 ≠ 0 and 𝑛 ∈ ℕ∗. 

1) Find a limited Development of order 𝑛 in a neighborhood of 𝑥0 for the functions 𝑓 in each of the 

following cases. 
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1°) 𝑛 = 4 , 𝑥0 = 1 , 𝑓(𝑥) =
ln𝑥

𝑥2
. 

𝐹(ℎ) = 𝑓(𝑥0 + ℎ) = 𝑓(1 + ℎ) =
ln(1 + ℎ)

(1 + ℎ)2
=
ℎ −

1
2
ℎ2 +

1
3
ℎ3 −

1
4
ℎ4

1 + 2ℎ + ℎ2
 

By Euclidean dividing of ℎ −
1

2
ℎ2 +

1

3
ℎ3 −

1

4
ℎ4 over 1 + 2ℎ + ℎ2, according to increasing powers of 𝑥, 

keeping only terms with degrees less than or equal to 4, we get 

ln(1 + ℎ)

(1 + ℎ)2
= ℎ −

5

2
ℎ2 +

13

3
ℎ3 −

77

12
ℎ4 + 𝑜(ℎ4). 

By putting ℎ = 𝑥 − 1 we get 

ln𝑥

𝑥2
= 𝑥 − 1 −

5

2
(𝑥 − 1)2 +

13

3
(𝑥 − 1)3 −

77

12
(𝑥 − 1)4 + 𝑜((𝑥 − 1)4). 

4°) 𝑛 = 1  , 𝑥0 = +∞ , 𝑓(𝑥) = √𝑥3 + 𝑥2
3

. 

𝐹(ℎ) = 𝑓 (
1

ℎ
) =

1

ℎ
√1 + ℎ
3

=
1

ℎ
(1 +

1

3
ℎ −

1

9
ℎ2) =

1

ℎ
+
1

3
−
1

9
ℎ + 𝑜(ℎ) 

Substitution ℎ =
1

𝑥
 we get 

𝑓(𝑥) = √𝑥3 + 𝑥2
3

=
1

3
+ 𝑥 −

1

9

1

𝑥
+ 𝑜 (

1

𝑥
) 

5°) 𝑛 = 1  , 𝑥0 = +∞ , 𝑓(𝑥) = 𝑥
2ln (

𝑥𝑒
1
𝑥+1

x
). 

𝐹(ℎ) = 𝑓 (
1

ℎ
) =

1

ℎ2
ln(ℎ + 𝑒ℎ). 

We have 

ℎ + 𝑒ℎ = 1 + 2ℎ +
1

2
ℎ2 +

1

6
ℎ3. 

So 

𝐹(ℎ) =
1

ℎ2
ln(ℎ + 𝑒ℎ) =

1

ℎ2
ln (1 + (ℎ + 𝑒ℎ − 1))                                                                

    =
1

ℎ2
(2ℎ +

1

2
ℎ2 +

1

6
ℎ3 −

1

2
(2ℎ +

1

2
ℎ2 +

1

6
ℎ3)

2

+
1

3
(2ℎ +

1

2
ℎ2 +

1

6
ℎ3)

3

) 

=
1

ℎ2
(2ℎ +

1

2
ℎ2 +

1

6
ℎ3 −

1

2
(2ℎ +

1

2
ℎ2)

2

+
1

3
(2ℎ)3)                                     

=
1

ℎ2
(2ℎ +

1

2
ℎ2 +

1

6
ℎ3 −

1

2
((2ℎ)2 + 4ℎ

1

2
ℎ2) +

1

3
(2ℎ)3)                          
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So 

𝐹(ℎ) =
2

ℎ
−
3

2
+
11

6
ℎ + 𝑜(ℎ).                                                                                                         

Substitution ℎ =
1

𝑥
 we get 

𝑓(𝑥) = 2𝑥 −
3

2
+
11

6𝑥
+ 𝑜(

1

𝑥
). 

2) In questions, 4°, 5°, show that the graph (𝐶𝑓) accepts a slanting asymptote that requires an 

equation, and then determine its relative position in the neighborhood of ∞. 

4°)  𝑓(𝑥) = √𝑥3 + 𝑥2
3

. We have 𝑓(𝑥) =
1

3
+ 𝑥 −

1

9𝑥
+ 𝑜 (

1

𝑥
). 

So 

lim
𝑥→+∞

[𝑓(𝑥) − (
1

3
+ 𝑥)] = lim

𝑥→+∞
[−

1

9𝑥
+
1

𝑥
𝜀(𝑥)] = 0. 

(𝐶𝑓) accepts an asymptotic line (∆) in a neighborhood of +∞, which has an equation of the form 

𝑦 = 𝑥 +
1

3
. 

𝑓(𝑥) − (
1

3
+ 𝑥) = −

1

9𝑥
+
1

𝑥
𝜀(𝑥). 

in a neighborhood of +∞ then 𝑓(𝑥) − (
1

3
+ 𝑥) = −

1

9𝑥
+
1

𝑥
𝜀(𝑥) < 0 so (𝐶𝑓) is located under the 

asymptotic line (∆). 

5°)  𝑓(𝑥) = 𝑥2ln (
𝑥𝑒

1
𝑥+1

𝑥
). We have 𝑓(𝑥) = 2𝑥 −

3

2
+
11

6𝑥
+ 𝑜 (

1

𝑥
). 

So 

lim
𝑥→+∞

[𝑓(𝑥) − (2𝑥 −
3

2
)] = lim

𝑥→+∞
[
11
6𝑥
+ 𝑜 (

1
𝑥
)] = 0. 

(𝐶𝑓) accepts an asymptotic line (∆) in a neighborhood of +∞, which has an equation of the form 

2𝑥 −
3

2
. 

𝑓(𝑥) − (2𝑥 −
3

2
) =

11
6𝑥

+ 𝑜 (
1
𝑥
). 

in a neighborhood of +∞ then 𝑓(𝑥) − (
1

3
+ 𝑥) = −

1

9𝑥
+
1

𝑥
𝜀(𝑥) > 0 so (𝐶𝑓) is located above the 

asymptotic line (∆). 

Exercise 5 
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Reminder 5 
5. 1 Calculation of limits 

When calculating the limit lim
𝑥→𝑥0

 𝑓(𝑥)

𝑔(𝑥)
 and if we obtain one of the indeterminate form 

0

0
 or 

∞

∞
،, 

to remove the indeterminacy we develop the functions 𝑓 and 𝑔 in the neighborhood of 𝑥0 
to the smallest orders 𝑚 and 𝑛, respectively, where 𝑏𝑛 ≠ 0 and 𝑎𝑛 ≠ 0. 

Using limited development, calculate the following limits. 

1°) lim
𝑥→0

𝑥2 cos 𝑥−(𝑒𝑥−1)2

sin3 𝑥
. We have 

𝑥2 cos 𝑥 − (𝑒𝑥 − 1)2 = 𝑥2(1) − (𝑥 +
1

2
𝑥2)

2

= −𝑥3 + 𝑥3𝜀1(𝑥)     and   sin
3 𝑥 = 𝑥3 + 𝑥3𝜀0(𝑥). 

So 

lim
𝑥→0

𝑥2 cos 𝑥 − (𝑒𝑥 − 1)2

sin3 𝑥
= lim
𝑥→0

−𝑥3 + 𝑥3𝜀1(𝑥)

𝑥3 + 𝑥3𝜀0(𝑥)
= lim
𝑥→0

−1+ 𝜀1(𝑥)

1 + 𝜀0(𝑥)
= −1. 

3°) lim
𝑥→1

√2𝑥−𝑥4− √𝑥
3

1− √𝑥3
4 . We put 𝑥 = ℎ + 1, so 𝐹(ℎ) = 𝑓(1 + ℎ) =

√1+ℎ
3

−√1−2ℎ−6ℎ2−4ℎ3−ℎ4

√1+3ℎ+3ℎ2+ℎ3
4

−1
. 

√1 + ℎ
3

−√1 − 2ℎ − 6ℎ2 − 4ℎ3 − ℎ4 = √1 + ℎ
3

− √1 − 2ℎ                                                              

                                          = (1 +
1

3
ℎ) − (1 − ℎ) =

4

3
ℎ + 𝑜(ℎ). 

We have also 

√1 + 3ℎ + 3ℎ2 + ℎ3
4

− 1 = 1 +
3

4
ℎ − 1 =

3

4
ℎ + 𝑜(ℎ). 

So 

lim
𝑥→1

√2𝑥 − 𝑥4 − √𝑥
3

1 − √𝑥3
4 = lim

ℎ→0

4
3 ℎ + ℎ𝜀1

(ℎ)

3
4 ℎ + ℎ𝜀0

(ℎ)
= lim

ℎ→0

4
3 + 𝜀1

(ℎ)

3
4 + 𝜀0

(ℎ)
=
16

9
. 

5°) lim
𝑥→+∞

𝑥
3

2(√𝑥 − 1 + √𝑥 + 1 − 2√𝑥). 

𝐹(ℎ) = 𝑓 (
1

ℎ
) =

1

ℎ2
(√1 − ℎ + √1 + ℎ − 2) =

1

ℎ2
(−
1

4
ℎ2 + ℎ2𝜀(ℎ)) = −

1

4
+ 𝜀(ℎ). 

Substitution ℎ =
1

𝑥
 we get 

𝑥
3
2(√𝑥 − 1 + √𝑥 + 1 − 2√𝑥) = −

1

4
+ 𝜀′(𝑥)   with  lim

𝑥→+∞
𝜀′(𝑥) = 0. 

So 
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lim
𝑥→+∞

𝑥
3
2(√𝑥 − 1 + √𝑥 + 1 − 2√𝑥) = −

1

4
. 

Exercise 6 

Reminder 6 
6.1 Study the relative position of the graph and the tangent line 
To determine the relative position of the graph of a function 𝑓 and its tangent line at the 
point 𝑥0, we develop the function 𝑓 in the neighborhood of 𝑥0 to the smallest order n such 
that 𝑎𝑛 ≠ 0 and 𝑛 ≥ 2. 

Deduce the equation of the tangent (𝑇) to the curve (𝐶𝑓) at the abscissa point 𝑥 = 0, and determine 

the relative positions of (𝐶𝑓) and (𝑇). 

1°) 𝑓(𝑥) = {
1

𝑥
−

1

𝑥2
arctan (𝑥 +

8

15
𝑥3) , 𝑥 ≠ 0

0                                             , 𝑥 = 0
. 

We have 

arctan 𝑥 = 𝑥 −
1

3
𝑥3 +

1

5
𝑥5 + 𝑜(𝑥5). 

So for 𝑥 ≠ 0 then  

arctan (𝑥 +
8

15
𝑥3) = (𝑥 +

8

15
𝑥3) −

1

3
(𝑥 +

8

15
𝑥3)

3

+
1

5
(𝑥)5           

= 𝑥 +
1

5
𝑥3 −

1

3
𝑥5 + 𝑜(𝑥5). 

So 

1

𝑥
−
1

𝑥2
arctan (𝑥 +

8

15
𝑥3) = −

1

5
𝑥 +

1

3
𝑥3 + 𝑜(𝑥3). 

Since 𝑓(0) = 0 = 𝑎0 so 𝑓 is differentiable at 𝑥0 = 0, and therefore (𝐶𝑓) accepts tangent line wich we denote 

by (𝑇). And the equation of (𝑇) is 𝑦 = −
1

5
𝑥. 

We have 𝑓(𝑥) − (−
1

5
𝑥) =

1

3
𝑥3 + 𝑜(𝑥3) = 𝑥3 (

1

3
+ 𝜀(𝑥)). 

If 𝑥 is sufficiently close to 0, the sign of the difference 𝑓(𝑥) − (−
1

5
𝑥) is the same sign of 

1

3
𝑥3, hence 

the following result: 

For 𝑥 < 0, (𝐶𝑓) is located under the tangent and for 𝑥 > 0, (𝐶𝑓) is located above the tangent. 

We conclude that (𝐶𝑓) accepts an inflection point A0(0,0). 

3°) 𝑓(𝑥) =
1

1+ln(𝑥+cos𝑥)
. 
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𝑓 defined, continuous, and differentiable at 0, so let us develop 𝑓 at 0 to order 2. 

We have  

𝑥 + cos 𝑥 = 1 + 𝑥 −
1

2
𝑥² + 𝑜(𝑥2)      and  ln(1 + ℎ) = ℎ −

1

2
ℎ² + 𝑜(ℎ2) 

So 

ln(1 + ℎ) = 1 + ln(1 + (𝑥 + cos 𝑥 − 1)) = 1 + (𝑥 −
1

2
𝑥²) −

1

2
(𝑥 −

1

2
𝑥²)

2

                                       

                           = 1 + (𝑥 −
1

2
𝑥²) −

1

2
(𝑥)2 

                          = 1 + (𝑥 −
1

2
𝑥²) −

1

2
(𝑥)2 

                       = 1 + 𝑥 − 𝑥².                      

By Euclidean dividing of 1 over 𝑥 − 𝑥2, according to increasing powers of 𝑥, keeping only terms 

with degrees less than or equal to 2, we get 

1     1 +  𝑥 − 𝑥2 
1 +  𝑥 − 𝑥2   1 − 𝑥 + 2𝑥² 
−𝑥 + 𝑥2    
−𝑥 − 𝑥2    

2 𝑥2    
2 𝑥2    
0      

So 

𝑓(𝑥) =
1

1 + ln(𝑥 + cos 𝑥)
= 1 − 𝑥 + 2𝑥² + 𝑜(𝑥2). 

And (𝐶𝑓) accepts tangent line wich we denote by (𝑇). And the equation of (𝑇) is 𝑦 = 1 − 𝑥. 

We have 𝑓(𝑥) − (1 − 𝑥) = 2𝑥²+ 𝑜(𝑥2) = 𝑥²(2+ 𝜀(𝑥)). 

If 𝑥 is sufficiently close to 0, the sign of the difference 𝑓(𝑥) − (1 − 𝑥) is the same sign of 2𝑥2, hence 

the following result: 

For 𝑥 < 0 or 𝑥 > 0, (𝐶𝑓) is located above the tangent. 

Exercise 6 

In each of the following cases, show that the curve (𝐶𝑓) of the function 𝑓 accepts asymptote (∆) in 

the vicinity of ∞, which requires an equation for it and examining the relative position of (𝐶𝑓) and 

(∆). 
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1°) 𝑓(𝑥) = 𝑥2√
𝑥−1

𝑥3+2𝑥
. 

𝐹(ℎ) = 𝑓 (
1

ℎ
) =

1

ℎ2
√
(−ℎ + 1)ℎ2

1 + 2ℎ2
=
1

ℎ
√1 +

1 − ℎ

1 + 2ℎ2
− 1 =

1

ℎ
√1 −

ℎ + 2ℎ2

1 + 2ℎ2
 

Let us develop 𝑓 at +∞ to order 1. 

𝐹(ℎ) = 𝑓 (
1

ℎ
) =

1

ℎ2
√
(−ℎ + 1)ℎ2

1 + 2ℎ2
                                                                

=
1

ℎ
√1 +

1 − ℎ

1 + 2ℎ2
− 1                                

=
1

ℎ
√1 −

ℎ + 2ℎ2

1 + 2ℎ2
                                           

By Euclidean dividing of 1 over 𝑥 − 𝑥2, according to increasing powers of 𝑥, keeping only terms 

with degrees less than or equal to 2, we get 

ℎ + 2ℎ2   1 + 2ℎ2 
 ℎ              ℎ + 2ℎ2 

2ℎ2    
2ℎ2    
0      

So 

ℎ + 2ℎ2

1 + 2ℎ2
= ℎ + 2ℎ2 + 𝑜(ℎ2).                                                     

We have √1 − ℎ = 1 −
1

2
ℎ −

1

8
ℎ2 + 𝑜(ℎ2), so  

1

ℎ
√1 −

ℎ + 2ℎ2

1 + 2ℎ2
=
1

ℎ
(1 −

1

2
(ℎ + 2ℎ2) −

1

8
(ℎ + 2ℎ2)2) 

                   =
1

ℎ
(1 −

1

2
(ℎ + 2ℎ2) −

1

8
(ℎ)2) 

               =
1

ℎ
(1 −

1

2
ℎ −

9

8
ℎ2 + 𝑜(ℎ2)) 

=
1

ℎ
−
1

2
−
9

8
ℎ + 𝑜(ℎ). 

 

Substitution ℎ =
1

𝑥
 we get 
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𝑓(𝑥) = 𝑥 −
1

2
−
9

8𝑥
+ 𝑜 (

1

𝑥
) = 𝑥 −

1

2
−
9

8𝑥
+
1

𝑥
𝜀(𝑥)      with   lim

𝑥→+∞
𝜀(𝑥) = 0. 

(𝐶𝑓) accepts an asymptotic line (∆) in a neighborhood of +∞, which has an equation of the form 

𝑦 = 𝑥 −
1

2
. 

𝑓(𝑥) − (𝑥 −
1

2
) = −

9

8𝑥
+
1

𝑥
𝜀(𝑥). 

in a neighborhood of +∞ then 𝑓(𝑥) − (𝑥 −
1

2
) = −

9

8𝑥
+
1

𝑥
𝜀(𝑥) < 0 so (𝐶𝑓) is located under the 

asymptotic line (∆). 

3°) 𝑓(𝑥) = 𝑥2 sin
𝑥−2

𝑥2+𝑥+1
 

let us develop 𝑓 at ∞ to order 1. 

𝐹(ℎ) = 𝑓 (
1

ℎ
) =

1

ℎ2
sin

ℎ(1 − 2ℎ)

1 + ℎ + ℎ2
.                                                                

We have 

sin(𝑡) = 𝑡 −
1

6
𝑡3 + 𝑜(𝑡3)   and  

ℎ(1 − 2ℎ)

1 + ℎ + ℎ2
= ℎ − 3ℎ2 + 2ℎ3 + 𝑜(ℎ3).  

So 

𝐹(ℎ) =
1

ℎ2
sin

ℎ(1 − 2ℎ)

1 + ℎ + ℎ2
                                                               

=
1

ℎ2
[(ℎ − 3ℎ2 + 2ℎ3) −

1

6
(ℎ − 3ℎ2 + 2ℎ3)3] 

=
1

ℎ2
[(ℎ − 3ℎ2 + 2ℎ3) −

1

6
(ℎ)3]                            

=
1

ℎ
− 3 +

11

6
ℎ + 𝑜(ℎ)                                                

Substitution ℎ =
1

𝑥
 we get 

𝑓(𝑥) = 𝑥 − 3 +
11

6𝑥
+ 𝑜 (

1

𝑥
) = 𝑥 − 3 +

11

6𝑥
+ +

1

𝑥
𝜀(𝑥)      with   lim

𝑥→∞
𝜀(𝑥) = 0. 

(𝐶𝑓) accepts an asymptotic line (∆) in a neighborhood of ∞, which has an equation of the form 𝑦 =

𝑥 − 3. 

𝑓(𝑥) − (𝑥 − 3) =
11

6𝑥
+
1

𝑥
𝜀(𝑥). 
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in a neighborhood of ∞ then 𝑓(𝑥) − (𝑥 − 3) =
11

6𝑥
+ +

1

𝑥
𝜀(𝑥) > 0 so 

in a neighborhood of +∞ (𝐶𝑓) is located above the asymptotic line (∆), 

in a neighborhood of −∞ (𝐶𝑓) is located under the asymptotic line (∆). 

Exercise 8 (Short answers ) 

1) 𝑢(𝑥) = 1 +
1

2
𝑥 −

3

8
𝑥2 + 𝑥2𝜀(𝑥)      and   𝑣(𝑥) = 1 +

1

2
𝑥 +

11

8
𝑥2 + 𝑥2𝜀(𝑥). 

2) lim
𝑥
>
→0

𝑓(𝑥)−1

𝑥
= lim
𝑥
>
→0

(
𝑢(𝑥)−1

𝑥
) =

1

2
   ,   lim

𝑥
<
→0

𝑓(𝑥)−1

𝑥
= lim
𝑥
<
→0

(
𝑣(𝑥)−1

𝑥
) =

1

2
. 

So f is differentiable at 0 and the graph (𝐶𝑓) accepts a tangent (T) at the point (0,1), and has an 

equation of the form 𝑦 =
1

2
𝑥 + 1. 

      𝑥 > 0 ⟹  𝑓(𝑥) − 𝑦 = −
3

8
𝑥2 + 𝑥2𝜀(𝑥) < 0  on a neighborhood of 0, 

      𝑥 < 0 ⟹  𝑓(𝑥) − 𝑦 = −
3

8
𝑥2 + 𝑥2𝜀(𝑥) > 0  on a neighborhood of 0. 

For 𝑥 > 0, (𝐶𝑓) is located under the tangent. 

For 𝑥 < 0, (𝐶𝑓) is located above the tangent. 

We conclude that (𝐶𝑓) accepts an inflection point A(0,1). 

3) 𝑢(𝑥) = 𝑥 +
1

2
−
3

8

1

𝑥
+
1

𝑥
𝜀(𝑥) where lim

𝑥→+∞
𝜀(𝑥) = 0. 

    𝑣(𝑥) = −
1

4
− 2𝑥 +

49

64

1

𝑥
+
1

𝑥
𝜀′(𝑥) where lim

𝑥→−∞
𝜀′(𝑥) = 0. 

4) (𝐶𝑓) accepts an asymptotic line (∆) in a neighborhood of +∞, which has an equation of the form 

𝑦 = 𝑥 +
1

2
, and an asymptotic line (∆′) in a neighborhood of −∞, which has an equation of the form 

𝑦 = −2𝑥 −
1

4
. 

in a neighborhood of +∞ then 𝑓(𝑥) − (𝑥 +
1

2
) = −

3

8

1

𝑥
+
1

𝑥
𝜀(𝑥) < 0 so (𝐶𝑓) is located under the 

asymptotic line (∆). 

in a neighborhood of −∞ then 𝑓(𝑥) − (−
1

4
− 2𝑥) =

49

64

1

𝑥
+
1

𝑥
𝜀′(𝑥) < 0 so (𝐶𝑓) is located under the 

asymptotic line (∆′). 

 


