Solution of exercise series No 2

Exercise 1

1) Show that the functiony = x + 1 — iex, is a solution to the first-order initial

value problem % =y—x; y(0) = 2 on R.

we have

So

Olso we have

3) give a differential equation whose solutions are of the form:

_c+x R
y_x2+1'c '
we have
c+x
y=x2+1=>(x2+1)y=c+x
d d
= —((*+1y) =—
dx((x + )y) dx(c+x)
dy
= x*+1)—+2xy =1,
(x )dx Xy
Exercise 2

Solve the following separable differential equations:
b) 2x +yy' = 0.

2x +yy' = 0= ydy = —2xdx

=>fydy=—2jxdx



2

= =—x*+c¢

y

N =

= y? = —2x%+k where k € R.

We have
yD)=1= 1=-2+k = k=3.

So

y2 =—-2x%+3
or

y = +/-2x% +3.
Axy'+(1+x)y=0; y(1) =1.

xy'+(1+x)y=0= d%:—lj_xdx
zjﬂdy:—f ad dx==—fl— ! dx
y 1+x 1+x

= In|ly|=—x+In|1+x|+c
=y=+e‘(1+x)e ™
= y=k(1+x)e ™ where k € R.

We have
1
y1)=1= 1=k2e ! = k=§e.

So

e) (4 —x?yy' =2(1+y?).

ydy 2

4 — x? "'=2(1+vy%) = =
(4 —x*)yy (1+y%) 112 1-x2




d 2
yyzdy=f dx
1+y 4 — x?

1f 1 N 1d
S 2)2—x 2+xx

1 1
= Eln(l +y?) = E(—lan —x|+Inl2+x]) +¢

2+ x
= In(1+y?) =In |+c
- X
142 C2+x
=e )
Y 2—x
2+ x

where k € R".

/2+x
=y=4 kz_x—l where k € R".

solve the following linear differential equations:

:>1+yz=k2

Or

Exercise 3

a)xy'+y=x; y(2) =0.

We have
4 Y ey
xy'+y=x =5 — (xy) =x
dy
=xy=dex
1
=xy==-x*+c
2
+c
=y =- -
y X x
We have



So

; y(0) = 2.

Ay =2y=—1%
The integrating factor is

v(x) = eladx — pf-2dx — p-2x

Multiplication of Equation (c ) by e ~2* gives
Ze—Zx
—2XA, _ 2 —2X,, —
€y ey 1+e 2

or

d 2072

— () =————

dx 1+e2x
Then

ze—Zx
e Xy = —f—l = dx=In(1+e ) +c

and so

y = e?*In(1 + e~ ?*) + ce?*.
Since y(0) = 2 we have
2=eIn(1+e% +ce® = c=2-1In2.
Therefore the solution to the initial-value problem is
y =e?*In(1 + e %) + (2 — In2)e?.

or
1 1
y = e**In (E + Ee‘zx) + 2e2,
Exercise 4

Solve the following Bernoulli's differential equation:

a) xy' + 3y = x%y2.



We have
3
xy' + 3y =x%y? = y7 2y’ +;y‘1 =x

Weputz =yl =y lthenz' = —y~2y'.

Inserting z = y~ and z’ = —y~2y" into the differential equation, we get
2 M
R
x

The integrating factor is

v(x) = efa(x)dx = ef_%dx = i

x3

Multiplication of Equation (1) by x3 gives

1, 3 1
pLi L
or
d(l )_ 1
dx x3Z T X
Then
SV
—z=— | —=dx=—+c
x3 x2 X
or
z=y 1 =x%+ cxd
and so
1
y_x2+cx3'

o)y + 2xy = —xy*.

We have

y' 4+ 2xy = —xy* = yty +2xy7 3 =—x

Weput z =y " = y~3thenz’ = =3y~ %y,



Inserting z = y~3 and z’ = —3y~*y" into the differential equation, we get
—=z' +2xz = —x
3

or
Z'—6XZ =3X e et e e e (2)
The integrating factor is
v(x) = eladx — o[ -6xdx — p—3x%

—3x2

Multiplication of Equation (2 ) by e gives

—2y2 _ 242 a2
e 37 —6xe 3%z = 3xe 3%
or
d 2 2
—(6‘3" Z) = 3xe 3%,
dx
Then
_ 2 _ 2
e ¥ z=——e3 4 ¢
or
1 2
z=y3 = —=+ce?*
2
or
s 1
yo = 2
— =+ ce3*
and so

2 1
y=<m) where k€ R .



