SOLUTIONS TO EXERCISES SERIES NO 1

Exercise 1
Reminder 1
1.1 Partition P of the interval [a, b] when the subintervals [x;_;, x;] are equal in length, then
) b—a b—a
vie{1,23........n—1,n}: Ax; = i =a+

n
1.2 Lower Darboux sum: s, = );i*.; m; Ax; and. Upper Darboux sum: S,, = Zi=1 M; Ax;with
M; = sup f(x)andm; = inf [f(x).
Xi_1SX<X; Xj_1SX<X;
1.3 A function f: [a, b] — R is Riemann integrable if and only if
YP_)HC}O(Sn - Sn) = 0.

a)[a,b] = [12]; f(O) = 3.
1 1
xi=1+£i ;Axi:“r_L

Since f is decreasing in the domain [1,2], then:

n
M= sup f(x)=f(xiq)=—"7—and m;= inf f(x)=f(x)=
Xj_q1SXSX; n+i—1 Xi_1SX<X; +i
So
n n
1
SnzzMiAxi=Zn+L—1 ’ zmAx‘_Zn+l
i=1 i=1 =
o)
n n
1 1 1 1 1
e R
n+i—1 Zan+i n 2n 2n
i=1 i=1
and so
lim (S, —s,) =0 = Itisintegrable.
n—oo
Exercise 2

Reminder 2

b
2.1 If the function f is Riemann integrable on [a, b] then the number fa f(x)dxis the
common limit of the two sequences:

b—an_1 - b—a . b—a
u, = Zf(a+—k)svn— . Zf(a+ k)
- k=0 k=1
a) un ;Cl—o (Tl+k)2




n n

Z (n+ )2 52(1j5)2=b;a;f<a+bnik).

Wherea=1; b=2; f(x)=x—12then

Zld _[ 1]2_1
x2 = x1_2'

71i_r)r(}oun = flzf(x)dx = f

1

Exercise 3

Reminder 3
3.1 Change of variable
Let @ : [a,b] = R bea continuously differentiable function, let f be continuous over

¢([a, b]), Then f: fx)dx = ff f(@(©)9'(t)dt, where b = () ; a = ¢(a) and x =
() ;dx = @'(t)dt.

3.2 Change the variable in indefinite integrals

Let h: I — J C*-diffeomorphism. We put x = h(t) and dx = h'(t)dt then

ff(x) dx = jf(h(t)) h'(t)dt andt = h~(x).

3.3 Integration of the type J,, = [ ﬁ dt

vn>1: 2n),. = 2n—1)J, +

3.4 Integration of the type [ R(sinx, cosx) dx
using the change in the variable t = tan E, where:

t
m ; J1 = Arctanx + C.

1-¢? _ 2t D = 2 it
COSX =15 ; ,Snmx_l,, : x:1+t2 )
3.5 Integration of the type [ R <x, (Z:Z)" (Z:Z)q R , (‘;::2)s>

. . ax+b
use a change in the variable t = (cx+d

1
)k, where k is the Least Common Multiple (LCM)

of the numbersn,q, ... ...... ,S.

1
a)l = [———dx.
) f33x+1—x+1

1
Weputt = (x+ 1)3thenx + 1 =t3 = dx = 3t?dtso

3t° 1 ,
—t>+3t+2 3t—t°+2
We have
—t3+3t+2=02-t)(t+ 1)

We put




3t2 B 3t2 _a N b N c
3t—t34+2 Q-0 +1D?%2 2—-t t+1 (t+1)2

And we get

So

[ 4f1d 5f1d+j 1 4
-3 =23 1™ (t+1)2x

I = 41 |t — 2| 5l|t+1| 1 +C
- 3" 3" t+1

1
Substituting t = (x + 1)3 we get:

1=-§zn|m_z|_§zn|vm+ 1|—3

1
+C.
x+1+1

1
b)J = [, Vx? + 2x + 5dx.

Wehave x2 + 2x +5=(x + 1)? + 2%, weput x + 1 = 2sinht sodx = 2 cosh t dt.

And
1
x=§<:)(—1+251nht=—1)<:)t=0
x=-1 (-1+2sinht =-1) &t =In2.
So

1 n2 n2
]:f2 \/x2+2x+5dx=f ‘/4sinh2t+4(2coshtdt)=4j v cosh?t cosh t dt.
-1 0 0

Since Vt € [0,In2]: cosht > 0 then

In2 2 cosh 2t + 1
J= 4[ cosh?t dt = 4f —————dt = [sinh 2t + 2t]*? = sinh(2In2) + 2In2
0 0

2
J =2In2 + 15
= 2In —.
8
sinx
c) k= f1+sinxdx'
_+2
Weputt = tan=, where cos x = 1t ; sinx = 2t ;odx = 2_dt.
2 1+t2 1+t2 1+t2



Then

2t

k‘f sin x g _j‘ 1+c2 2 dt—f 4t dt
) 1+sinx ™7 1+ 1+1¢2 INEGEIE
1+t

And we put

4t _at+b+ c 4 d
2+ 1DE+1)? 2+1 t+1 (t+1)?

we get

So

1 1 2
k=2| 5——dx—2| ——=dx = 2Arctant + —— + C.
ft2+1 g j(t+1)2 ¥ = sAretant iy T

Substituting t = tan% we get:

2
k=x+———+C
tan-+1
2
Exercise 4
Reminder 4
4.1 Integration by parts

Suppose thatu, v : [a,b] — R are continuous on [a, b] and differentiable in (a, b), and
u',v' are integrable on [a, b]. Then

b b
f uv’ dx = [uv]? —f u'vdx.
a a

4.2 Integration by parts in indefinite integrals
Let I be a interval for R and v, u are functions of class C! on the interval [ then

fuv’ dx =uv—fu’vdx.

a)l = flen%ldx.

Suppose that:




So

I=uv—fu’vdx

1 3) x—1 f 1 1 34
“3 Ty x(x—1)3x X
1 x—1 1 1
—— .3 _ 2,3
3% In x fx(x—l)Sx dx
_1g 1 1f x? .
3Ty T3 x—1%
By Euclidean division we get:
2 . 1
o1 friteTT

So

p= et 1}( 14t )d
3T T3\ x—1)
1. x—1 1 1

1
— 2 4 —
3x n o 6x 3x 3lnlx 1| + C.

)] = fol xArctan x dx.

Assume that:

1 2
, V==X
{v =x N 2
u = Arctanx U = 1
T x24+1
So
! ’ 1 2 ' 1 ' 1 2
]:j;uv dxz[zx Arctanx]o—zf0 251" dx
T 1t 1 T 1 1
:§_§fo 1—x2+1dx:§—§[x—Arctanx]0
m 1
4 2
Exercise 5

f x%+3x*+3x X
(x*+1)(x+2)? )



By Euclidean division we get:

x5+ 3x* + 3x B 1+—x3+x2+3x+4
@+ +2)?2 P+ Dx+2)7

By putting
—x*+x*+3x+4 ax+b c d
CrDx+2)? 2+l x12  xr2)7
we get
a=0, b=1, c=-1, d=2
So

1 -1 2
I = —1+ + + d
f(x x*+1 x+2 (x+2)2> x

1 2
=—x*—x+Arctanx — In|x + 2| - ——+ C.
2 x4+ 2

b)J = f13 Valn® dx.

X

Assume that

We get

[2 y x+1]3 2[3 ~1 )
J 3Ty 1 3, 2

2 3 x+17° 2% -1
= [—x21n ] ——f x2 dx
3 x I 3J)) x*+x

4 2 2 (° Vx
= 2\/§ln§—§ln2 +§j; x+1dx.
A

Calculation of integral A.
Weputt =+vVx = x =t?anddx = 2tdt.So

x=3 (t2=3) =t =+3; t = —V/3 (rejected)



dt

NEI— V3
A= 2tdt =2 1-
fl t2+1 tdt fl t2+1

= 2[x—Arctanx]‘1/§=2(@—%)—2(1—%)=2\/§—2—%

SO

4 2 4 4 1
—21/ —_— = 2+_1/ —_—_——
J 31n3 31n 3 3 3 9

sin 2x
) k= fO 1+cos x+sin x

T

% sin 2x 2 coSs xsin x
k = ——dx =2 -
o 1+cosx+sinx o 1+cosx+sinx

By putting t = tan% then

= t t - 1
= 1 = =
X > dan

x=0=t=tan0 = 0.

So

1-t 2t
k = Zfl (1+t2) (1+t2) ( 2 dt) _ 1_4t(t B 1) dt
0 14172 2t \1+¢2 o (P4 1)?
1+tZ 1462

Assume that

—4t(t—1)_at+b+ ct+d
(t2+1)?  t2+1 (2+1)?

We get

So

k—fl _4+4t+4dt—f1_ L S,
1 B+ 12T ) B+ (P 1) (B2 +1)?

1
1
4Arctant + 53— —T+1+4 | —5—=dt
[ retan f(t2+1)2 & J;,(t2+1)2

B

Calculation of integral B.



To calculate the integral B, we use integration by parts, or we can use the relationship

vn=>1: 2nj,., = @n—-1)J, + 1 = Arctanx + C where

t .
1+t2)n’ J

1
h= | e

Substituting n = 1 into the previous relationship we get:

t t
2, =] +—(1 T o)t = Arctanx +—1 pe
and from there
—f 1 dt = 1A tant + ‘
2= | @yt T Attt oy
So
k = +1+4FA vt 4t ] =3
- R T ] M
Exercise 6

1) We have f is continuous on |—o0, 0[ and on ]0, +o[. And

lignf(x) = lim (\/x2 — 2x) =0 = f(0).
x—0

x-0

So f is continuous on R.

2) f_llf(x) dx = f_olf(x) dx + folf(x) dx.

I J

Calculation of integral I.

zzf_omdx:f_(’mdx.

We put x — 1 = —cosht = dx = —sinh t dt and
x=0t=0
x=-1ot=In(V3+2)s t=In(-V3 +2).

So



0 In(v3+2)

I = f s/ cosh?t — 1 (—sinhtdt) = f v/ cosh? t — 1 sinhdt.
In(+v/3+2) 0
Since sinht > 0 in the interval ]0, +oo[. Then

In(v3+2)
I = f sinh? t dt
0

In(v3+2) cosh2 t — 1
[ Peze o1,
0 2
_ [Sinth + Zt]l“(‘/g“)
= 2 i
1
= \/§ - Eln(\/g+ 2).
Calculation of integral J ( Using integration by parts ).
Assume that
2 3
{v’ =x _ ezt
u=In(x+1) , 1
u =
x+1
So
2 3 21 s
] = [§x21n(x + 1)]0 _5_]; - dx
2 2 (Y x/x
= —1In2 ——f VX dx.
3 3Jp x+1
A
2 3 21 s
] = [§x21n(x + 1)]0 _§J; v dx

Calculation of integral A.
Weputt =vVx = x =t? = dx = 2tdt.

So

1 t3
Azf 5 2t dt
o 1



1t4
=2 [
o t2+1

1o
=Zf —— +t* —1dt
o 21

1

1
= 2[Arctant+—t3 —t
3 0

=—1T— =

So
1

— % 1n2 .8
J=gn2=3gm+3

And

1 1 2 1 8
f f(x)dx=\/§——ln(\/§+2)+—ln2——n+—.
_ 2 3 3" 79

10



