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Solutions to exercises series No 1 

Exercise 1 

Reminder 1 

1.1 Partition 𝑃 of the interval [𝑎, 𝑏] when the subintervals [𝑥𝑖−1, 𝑥𝑖] are equal in length, then  

∀𝑖 ∈ {1,2,3…………𝑛 − 1, 𝑛}: Δ𝑥𝑖 =
𝑏 − 𝑎

𝑛
 ;  𝑥𝑖 = 𝑎 +

𝑏 − 𝑎

𝑛
𝑖. 

1.2 Lower Darboux sum: 𝑠𝑛 = ∑ 𝑚𝑖
𝑛
𝑖=1 Δ𝑥𝑖  and. Upper Darboux sum: 𝑆𝑛 = ∑ 𝑀𝑖

𝑛
𝑖=1 Δ𝑥𝑖with  

𝑀𝑖 = 𝑠𝑢𝑝
𝑥𝑖−1≤𝑥≤𝑥𝑖

𝑓(𝑥) and 𝑚𝑖 = 𝑖𝑛𝑓
𝑥𝑖−1≤𝑥≤𝑥𝑖

𝑓(𝑥). 

1.3 A function 𝑓: [𝑎, 𝑏] → ℝ is Riemann integrable if and only if 
lim
𝑛→∞

(𝑆𝑛 − 𝑠𝑛) = 0. 

 

a) [𝑎, 𝑏] = [1,2] ;  𝑓(𝑥) =
1

𝑥
. 

𝑥𝑖 = 1 +
1

𝑛
𝑖    ;   Δ𝑥𝑖 =

1

𝑛
 

Since 𝑓 is decreasing in the domain [1,2], then: 

𝑀𝑖 = 𝑠𝑢𝑝
𝑥𝑖−1≤𝑥≤𝑥𝑖

𝑓(𝑥) = 𝑓(𝑥𝑖−1) =
𝑛

𝑛 + 𝑖 − 1
  and      𝑚𝑖 = 𝑖𝑛𝑓

𝑥𝑖−1≤𝑥≤𝑥𝑖

𝑓(𝑥) = 𝑓(𝑥𝑖) =
𝑛

𝑛 + 𝑖
. 

So 

𝑆𝑛 =∑𝑀𝑖Δ𝑥𝑖

𝑛

𝑖=1

=∑
1

𝑛 + 𝑖 − 1

𝑛

𝑖=1

   ;    𝑠𝑛 =∑𝑚𝑖Δ𝑥𝑖

𝑛

𝑖=1

=∑
1

𝑛 + 𝑖

𝑛

𝑖=1

 

so 

𝑆𝑛 − 𝑠𝑛 =∑
1

𝑛 + 𝑖 − 1

𝑛

𝑖=1

−∑
1

𝑛 + 𝑖

𝑛

𝑖=1

=
1

𝑛
−
1

2𝑛
=
1

2𝑛
 

and so 

lim
𝑛→∞

(𝑆𝑛 − 𝑠𝑛) = 0  ⟹    It is integrable.  

Exercise 2 

Reminder 2 

2.1 If the function 𝑓 is Riemann integrable on [𝑎, 𝑏] then the number ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 is the 

common limit of the two sequences: 

𝑢𝑛 =
𝑏 − 𝑎

𝑛
∑𝑓(𝑎 +

𝑏 − 𝑎

𝑛
𝑘 )

𝑛−1

𝑘=0

،𝑣𝑛 =
𝑏 − 𝑎

𝑛
∑𝑓 (𝑎 +

𝑏 − 𝑎

𝑛
𝑘 ) .

𝑛

𝑘=1

 

a) 𝑢𝑛 = ∑
𝑛

(𝑛+𝑘)2
𝑛
𝑘=0  
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𝑢𝑛 =∑
𝑛

(𝑛 + 𝑘)2

𝑛

𝑘=0

=
1

𝑛
∑

1

(1 +
𝑘

𝑛
)
2

𝑛

𝑘=0

=
𝑏 − 𝑎

𝑛
∑𝑓(𝑎 +

𝑏 − 𝑎

𝑛
𝑘 )

𝑛

𝑘=0

. 

Where 𝑎 = 1  ;   𝑏 = 2  ;   𝑓(𝑥) =
1

𝑥2
 then 

lim
𝑛→∞

𝑢𝑛 = ∫ 𝑓(𝑥)𝑑𝑥
2

1

= ∫
1

𝑥2
𝑑𝑥

2

1

= [−
1

𝑥
]
1

2

=
1

2
. 

Exercise 3 

Reminder 3 
3.1 Change of variable 
Let φ ∶  [𝑎, 𝑏]  →  ℝ be a continuously differentiable function, let f be continuous over 

φ([𝑎, 𝑏]), Then ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
= ∫ 𝑓(φ(𝑡))φ′(𝑡)𝑑𝑡

𝛽

𝛼
, where 𝑏 = φ(𝛽) ;  𝑎 = φ(𝛼) and 𝑥 =

φ(𝑡) ; 𝑑𝑥 = φ′(𝑡)𝑑𝑡. 
3.2 Change the variable in indefinite integrals 

Let ℎ: 𝐼 ⟶ 𝐽 𝐶1-diffeomorphism. We put 𝑥 = ℎ(𝑡) and 𝑑𝑥 = ℎ′(𝑡)𝑑𝑡 then  

∫𝑓(𝑥)𝑑𝑥 = ∫𝑓(ℎ(𝑡)) ℎ′(𝑡)𝑑𝑡   and 𝑡 = ℎ−1(𝑥). 

3.3 Integration of the type 𝑱𝒏 = ∫
𝟏

(𝟏+𝒕𝟐)
𝒏𝒅𝒕 

∀ 𝑛 ≥ 1:  2𝑛𝐽𝑛+1 = (2𝑛 − 1)𝐽𝑛 +
𝑡

(1 + 𝑡2)𝑛
  ;   𝐽1 = Arctan𝑥 + 𝐶. 

3.4 Integration of the type ∫𝑹(𝒔𝒊𝒏𝒙, 𝒄𝒐𝒔𝒙)𝒅𝒙 

using the change in the variable 𝑡 = tan
𝑥

2
, where: 

cos 𝑥 =
1 − 𝑡2

1 + 𝑡2
  ;    sin 𝑥 =

2𝑡

1 + 𝑡2
  ;   𝑑𝑥 =

2

1 + 𝑡2
𝑑𝑡. 

3.5 Integration of the type ∫𝑹(𝒙, (
𝒂𝒙+𝒃

𝒄𝒙+𝒅
)

𝒎

𝒏
, (
𝒂𝒙+𝒃

𝒄𝒙+𝒅
)

𝒑

𝒒
, …… , (

𝒂𝒙+𝒃

𝒄𝒙+𝒅
)

𝒓

𝒔
) 

use a change in the variable 𝑡 = (
𝒂𝒙+𝒃

𝒄𝒙+𝒅
)

𝟏

𝒌
, where k is the Least Common Multiple (LCM) 

of the numbers 𝑛 , 𝑞 , ……… , 𝑠. 
 

a) 𝐼 = ∫
1

3 √𝑥+13 −𝑥+1
𝑑𝑥. 

We put 𝑡 = (𝑥 + 1)
1

3 then 𝑥 + 1 = 𝑡3 ⟹ 𝑑𝑥 = 3𝑡2𝑑𝑡 so 

𝐼 = ∫
3𝑡2

−𝑡3 + 3𝑡+ 2
𝑑𝑡 = ∫

1
3𝑡 − 𝑡3 +2

3𝑡2𝑑𝑡. 

We have 

−𝑡3 + 3𝑡 + 2 = (2 − 𝑡)(𝑡 + 1)2. 

We put  
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3𝑡2

3𝑡 − 𝑡3 + 2
=

3𝑡2

(2 − 𝑡)(𝑡 + 1)2
=

𝑎

2 − 𝑡
+

𝑏

𝑡 + 1
+

𝑐

(𝑡 + 1)2
 

And we get 

𝑎 =
4

3
   ,    𝑏 = −

5

3
   ,    𝑐 = 1. 

So 

𝐼 = −
4

3
∫

1

𝑡 − 2
𝑑𝑥 −

5

3
∫

1

𝑡 + 1
𝑑𝑥 +∫

1

(𝑡 + 1)2
𝑑𝑥 

𝐼 = −
4

3
𝑙𝑛|𝑡 − 2| −

5

3
𝑙𝑛|𝑡 + 1| −

1

𝑡 + 1
+ 𝐶. 

Substituting 𝑡 = (𝑥+ 1)
1

3 we get: 

𝐼 = −
4

3
𝑙𝑛 |√𝑥 + 1

3
− 2| −

5

3
𝑙𝑛 |√𝑥 + 1

3
+ 1| −

1

√𝑥 + 1
3

+ 1
+ 𝐶. 

b) 𝐽 = ∫ √𝑥2 + 2𝑥 + 5
1

2
−1

𝑑𝑥. 

We have 𝑥2 + 2𝑥 + 5 = (𝑥 + 1)2 + 22, we put 𝑥 + 1 = 2 sinh 𝑡 so 𝑑𝑥 = 2 𝑐𝑜𝑠ℎ 𝑡 𝑑𝑡. 

And 

𝑥 =
1

2
⟺ (−1 + 2 sinh 𝑡 = −1) ⟺ 𝑡 = 0 

𝑥 = −1⟺ (−1 + 2 sinh 𝑡 = −1) ⟺ 𝑡 = ln2. 

So 

𝐽 = ∫ √𝑥2 +2𝑥 + 5

1

2

−1
𝑑𝑥 = ∫ √4sinh2𝑡 + 4

𝑙𝑛2

0

(2cosh 𝑡𝑑𝑡) = 4∫ √cosh2𝑡
𝑙𝑛2

0
cosh 𝑡 𝑑𝑡. 

Since ∀𝑡 ∈  [0, ln2]: cosh 𝑡 > 0 then 

𝐽 = 4∫ cosh2𝑡
ln2

0

dt = 4∫
cosh 2𝑡 + 1

2

ln2

0

𝑑𝑡 = [sinh 2𝑡 + 2𝑡]0
ln2 = sinh(2ln2) + 2ln2 

𝐽 = 2ln2 +
15

8
. 

c) 𝑘 = ∫
𝑠𝑖𝑛𝑥
1+𝑠𝑖𝑛𝑥

𝑑𝑥. 

We put 𝑡 = tan
𝑥

2
, where cos 𝑥 =

1−𝑡2

1+𝑡2
  ;    sin 𝑥 =

2𝑡

1+𝑡2
  ;   𝑑𝑥 =

2

1+𝑡2
𝑑𝑡. 
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Then 

𝑘 = ∫
sin 𝑥

1 + sin 𝑥
𝑑𝑥 = ∫

2𝑡

1+𝑡2

1 +
2𝑡

1+𝑡2

2

1 + 𝑡2
𝑑𝑡 = ∫

4𝑡

(𝑡2 + 1)(𝑡 + 1)²
𝑑𝑡. 

And we put 

4𝑡

(𝑡2 + 1)(𝑡 + 1)²
=
𝑎𝑡 + 𝑏

𝑡² + 1
+

𝑐

𝑡 + 1
+

𝑑

(𝑡 + 1)²
 

we get 

𝑎 = 0    ,    𝑏 = 2    ,    𝑐 = 0    ,   𝑑 = −2. 

So 

𝑘 = 2∫
1

𝑡² + 1
𝑑𝑥 − 2∫

1

(𝑡 + 1)2
𝑑𝑥 = 2Arc tan 𝑡 +

2

𝑡 + 1
+ 𝐶. 

Substituting 𝑡 = tan
𝑥

2
 we get: 

𝑘 = 𝑥 +
2

𝑡𝑎𝑛
𝑥

2
+ 1

+ 𝐶. 

Exercise 4 

Reminder 4 
4.1 Integration by parts 
Suppose that 𝑢, 𝑣 ∶ [𝑎, 𝑏]  →  ℝ  are continuous on [𝑎, 𝑏] and differentiable in (𝑎, 𝑏), and 
𝑢′, 𝑣′  are integrable on [𝑎, 𝑏]. Then 

∫ 𝑢𝑣′
𝑏

𝑎

𝑑𝑥 = [𝑢𝑣]𝑎
𝑏 −∫ 𝑢′𝑣

𝑏

𝑎

𝑑𝑥. 

4.2 Integration by parts in indefinite integrals 

Let I be a interval for ℝ and v, u are functions of class C1 on the interval I then 

∫𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫𝑢′𝑣 𝑑𝑥. 

 
 

a) 𝐼 = ∫𝑥2ln 𝑥−1𝑥 𝑑𝑥. 

Suppose that: 

{
𝑣′ = 𝑥2        

𝑢 = 𝑙𝑛
𝑥 − 1

𝑥

⟹

{
 

 𝑣 =
1

3
𝑥3          

𝑢′ =
1

𝑥(𝑥 − 1)

. 
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So 

𝐼 = 𝑢𝑣 −∫𝑢′𝑣 𝑑𝑥                                                                          

=
1

3
𝑥3ln

𝑥 − 1

𝑥
−∫

1

𝑥(𝑥 − 1)

1

3
𝑥3 𝑑𝑥                                 

=
1

3
𝑥3ln

𝑥 − 1

𝑥
−∫

1

𝑥(𝑥 − 1)

1

3
𝑥3 𝑑𝑥                                 

=
1

3
𝑥3ln

𝑥 − 1

𝑥
−
1

3
∫

𝑥2

𝑥 − 1
𝑑𝑥                                         

By Euclidean division we get: 

𝑥2

𝑥 − 1
= 𝑥 + 1 +

1

𝑥 − 1
. 

So 

𝐼 =
1

3
𝑥3ln

𝑥 − 1

𝑥
−
1

3
∫(𝑥 + 1 +

1

𝑥 − 1
)𝑑𝑥              

=
1

3
𝑥3ln

𝑥 − 1

𝑥
−
1

6
𝑥2 −

1

3
𝑥 −

1

3
ln|𝑥 − 1| + 𝐶. 

c) 𝐽 = ∫ 𝑥Arc tan 𝑥
1

0
𝑑𝑥. 

Assume that: 

{𝑣
′ = 𝑥             
 𝑢 = Arc tan 𝑥

⟹ {
𝑣 =

1

2
𝑥2      

𝑢′ =
1

𝑥2 + 1

. 

So 

𝐽 = ∫ 𝑢𝑣′
1

0

𝑑𝑥 = [
1

2
𝑥2Arc tan 𝑥]

0

1

−
1

2
∫

1

𝑥2 + 1
𝑥2

1

0

𝑑𝑥 

=
𝜋

8
−
1

2
∫ 1 −

1

𝑥2 + 1

1

0

𝑑𝑥 =
𝜋

8
−
1

2
[𝑥 − Arc tan 𝑥]0

1 

=
𝜋

4
−
1

2
.                                                                                   

Exercise 5 

a) ∫
𝑥⁵+3𝑥⁴+3𝑥

(𝑥²+1)(𝑥+2)²
𝑑𝑥. 
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By Euclidean division we get: 

𝑥⁵ + 3𝑥⁴ + 3𝑥

(𝑥² + 1)(𝑥 + 2)²
= 𝑥 − 1 +

−𝑥³ + 𝑥² + 3𝑥 + 4

(𝑥² + 1)(𝑥 + 2)²
. 

By putting 

−𝑥³ + 𝑥² + 3𝑥 + 4

(𝑥² + 1)(𝑥 + 2)²
=
𝑎𝑥 + 𝑏

𝑥² + 1
+

𝑐

𝑥 + 2
+

𝑑

(𝑥 + 2)²
 

we get 

𝑎 = 0   ,   𝑏 = 1  ,   𝑐 = −1  , 𝑑 = 2. 

So 

𝐼 = ∫(𝑥 − 1 +
1

𝑥² + 1
+

−1

𝑥 + 2
+

2

(𝑥 + 2)²
) 𝑑𝑥             

=
1

2
 𝑥² − 𝑥 + Arc tan 𝑥 −  ln|𝑥 + 2| −

2

𝑥 + 2
+ 𝐶. 

b) 𝐽 = ∫ √𝑥ln
𝑥+1

𝑥

3
1 𝑑𝑥. 

Assume that 

{
𝑣′ = √𝑥       

𝑢 = ln
𝑥 + 1

𝑥

⟹ {
𝑣 =

2

3
𝑥
3

2     

𝑢′ =
−1

𝑥2 + 𝑥

 

We get 

𝐽 = [
2

3
𝑥
3

2ln
𝑥 + 1

𝑥
]
1

3

−
2

3
∫

−1

𝑥2 + 𝑥
𝑥
3

2

3

1

𝑑𝑥 

= [
2

3
𝑥
3

2ln
𝑥 + 1

𝑥
]
1

3

−
2

3
∫

−1

𝑥2 + 𝑥
𝑥
3

2

3

1

𝑑𝑥 

= 2√3ln
4

3
−
2

3
𝑙𝑛2 +

2

3
∫

√𝑥
𝑥 + 1

3

1

𝑑𝑥
⏟      

𝐴

.       

Calculation of integral 𝐴. 

We put 𝑡 = √𝑥   ⟹   𝑥 = 𝑡2 and 𝑑𝑥 = 2𝑡𝑑𝑡.So 

𝑥 = 3⟺ (𝑡2 = 3) ⟺ 𝑡 = √3 ;  𝑡 = −√3  (rejected) 
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𝐴 = ∫
𝑡

𝑡2 + 1

√3

1

2𝑡𝑑𝑡 = 2∫ 1 −
1

𝑡2 + 1

√3

1

𝑑𝑡                                         

         =  2[𝑥 − 𝐴𝑟𝑐 𝑡𝑎𝑛 𝑥]1
√3 = 2(√3 −

𝜋

3
) − 2 (1 −

𝜋

4
) = 2√3 − 2 −

𝜋

6
 

so 

𝐽 = 2√3𝑙𝑛
4

3
−
2

3
𝑙𝑛2 +

4

3
√3 −

4

3
−
𝜋

9
. 

c) 𝑘 = ∫
𝑠𝑖𝑛 2𝑥

1+𝑐𝑜𝑠 𝑥+𝑠𝑖𝑛 𝑥

𝜋
2
0 𝑑𝑥. 

𝑘 = ∫
𝑠𝑖𝑛 2𝑥

1 + 𝑐𝑜𝑠 𝑥 + 𝑠𝑖𝑛 𝑥

𝜋

2

0

𝑑𝑥 = 2∫
𝑐𝑜𝑠 𝑥𝑠𝑖𝑛 𝑥

1 + 𝑐𝑜𝑠 𝑥 + 𝑠𝑖𝑛 𝑥

𝜋

2

0

𝑑𝑥. 

By putting 𝑡 = tan
𝑥

2
 then 

𝑥 =
1

2
⟹ 𝑡 = tan

𝜋

4
= 1 

𝑥 = 0 ⟹ 𝑡 = tan0 = 0. 

So 

𝑘 = 2∫
(
1−𝑡2

1+𝑡2
) (

2𝑡

1+𝑡2
)

1 +
1−𝑡2

1+𝑡2
+

2𝑡

1+𝑡2

1

0

(
2

1 + 𝑡2
𝑑𝑡) = ∫

−4𝑡(𝑡 − 1)

(𝑡² + 1)²

1

0

𝑑𝑡 

Assume that 

−4𝑡(𝑡 − 1)

(𝑡2 + 1)²
=
𝑎𝑡 + 𝑏

𝑡² + 1
+

𝑐𝑡 + 𝑑

(𝑡² + 1)²
. 

We get 

𝑎 = 0   ,   𝑏 = −4   ,   𝑐 = 4   ,   𝑑 = 4. 

So 

𝑘 = ∫
−4

𝑡² + 1
+

4𝑡 + 4

(𝑡² + 1)²

1

0

𝑑𝑡 = ∫
−4

𝑡² + 1
+

4𝑡

(𝑡² + 1)²
+

4

(𝑡² + 1)²

1

0

𝑑𝑡                       

= [−4𝐴𝑟𝑐 𝑡𝑎𝑛 𝑡 +
−2

𝑡² + 1
]
0

1

+∫
4

(𝑡² + 1)²

1

0

𝑑𝑡 = −𝜋 + 1 + 4∫
1

(𝑡² + 1)²

1

0

𝑑𝑡
⏟          

𝐵

. 

Calculation of integral 𝐵. 
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To calculate the integral B, we use integration by parts, or we can use the  relationship 

∀ 𝑛 ≥ 1:  2𝑛𝐽𝑛+1 = (2𝑛 − 1)𝐽𝑛 +
𝑡

(1 + 𝑡2)𝑛
  ;   𝐽1 = Arctan𝑥 + 𝐶  where 

 𝐽𝑛 = ∫
1

(1 + 𝑡2)𝑛
𝑑𝑡. 

Substituting 𝑛 = 1 into the previous relationship we get: 

2𝐽2 = 𝐽1 +
𝑡

(1 + 𝑡2)1
= Arc tan 𝑥 +

𝑡

1 + 𝑡2
, 

and from there 

𝐽2 = ∫
1

(𝑡² + 1)²
𝑑𝑡 =

1

2
Arc tan 𝑡 +

𝑡

2(𝑡2 + 1)
. 

So 

𝑘 = −𝜋 + 1 + 4 [
1

2
𝐴𝑟𝑐 𝑡𝑎𝑛 𝑡 +

𝑡

2(𝑡2 + 1)
]
0

1

= 2 −
𝜋

2
. 

Exercise 6 

1) We have 𝑓 is continuous on ]−∞, 0[ and on ]0,+∞[. And  

lim
𝑥
<
→0

𝑓(𝑥) = lim
𝑥
<
→0

(√𝑥2 − 2𝑥) = 0 = 𝑓(0). 

So 𝑓 is continuous on ℝ. 

2) ∫ 𝑓(𝑥)
1

−1
𝑑𝑥 = ∫ 𝑓(𝑥)

0

−1
𝑑𝑥⏟      

𝐼

+ ∫ 𝑓(𝑥)
1

0
𝑑𝑥⏟      

𝐽

. 

Calculation of integral 𝐼. 

𝐼 = ∫ √𝑥2 − 2𝑥
0

−1

𝑑𝑥 = ∫ √(𝑥 − 1)2 − 1
0

−1

𝑑𝑥. 

We put 𝑥 − 1 = −cosh 𝑡 ⟹ 𝑑𝑥 = −sinh 𝑡 𝑑𝑡 and 

𝑥 = 0 ⟺ 𝑡 = 0                                                           

𝑥 = −1 ⟺ 𝑡 = ln(√3 + t  أو(2 = ln(−√3 + 2). 

So 
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𝐼 = ∫ √cosh2 𝑡 − 1
0

ln(√3+2)

(−sinh𝑡dt) = ∫ √cosh2 𝑡 − 1
ln(√3+2) 

0

sinhdt. 

Since sinh𝑡 > 0 in the interval ]0,+∞[. Then 

𝐼 = ∫ sinh2 𝑡 𝑑𝑡
ln(√3+2)

0

              

= ∫
cosh2 𝑡 − 1

2
𝑑𝑡

ln(√3+2)

0

 

= [
sinh2𝑡 + 2𝑡

4
]
0

ln(√3+2)

      

= √3−
1

2
ln(√3 + 2).          

Calculation of integral 𝐽 ( Using integration by parts ). 

Assume that 

{ 
𝑣′ = √𝑥         
𝑢 = ln(𝑥+ 1)

⟹ {
𝑣 =

2

3
𝑥
3

2   

𝑢′ =
1

𝑥 + 1

. 

So 

𝐽 = [
2

3
𝑥
3

2ln(𝑥 + 1)]
0

1

−
2

3
∫

1

𝑥 + 1
𝑥
3

2

1

0

𝑑𝑥 

=
2

3
ln2 −

2

3
∫

𝑥√𝑥
𝑥 + 1

1

0

𝑑𝑥
⏟      

𝐴

.                      

𝐽 = [
2

3
𝑥
3

2ln(𝑥 + 1)]
0

1

−
2

3
∫

1

𝑥 + 1
𝑥
3

2

1

0

𝑑𝑥 

Calculation of integral 𝐴. 

We put 𝑡 = √𝑥  ⟹ 𝑥 = 𝑡2 ⟹  𝑑𝑥 = 2𝑡𝑑𝑡. 

So 

𝐴 = ∫
𝑡3

𝑡2 + 1
2𝑡

1

0

𝑑𝑡        
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= 2∫
𝑡4

𝑡2 + 1

1

0

𝑑𝑡                

= 2∫
1

𝑡2 + 1

1

0

+ 𝑡2 − 1𝑑𝑡 

    = 2 [𝐴𝑟𝑐 𝑡𝑎𝑛 𝑡 +
1

3
𝑡3 − 𝑡]

0

1

 

=
1

2
𝜋 −

4

3
.                         

So 

𝐽 =
2

3
ln2 −

1

3
𝜋 +

8

9
. 

And 

∫ 𝑓(𝑥)
1

−1

𝑑𝑥 = √3 −
1

2
ln(√3 + 2) +

2

3
ln2 −

1

3
𝜋 +

8

9
. 


