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Riemann integral and primitives

1.1 Definition of Riemann integral

1.1.1 partition

Definition.1.1

A partition P of the interval [a, b] is a finite set of numbers {x,, X1, X3 , «+s ces v e, X1, X0 }
suchthata=x) <x; <%, < i e <xp_1 <x,=b

We write Ax; = x; — X;_4.

We define the norm of partition P is the positive number ||P|| = Eﬁ)r(z(xi — Xj_1)-

Remark 1.1
When the n subintervals have equal length Ax; = —

. e . b— :
The i*" term of the partitionis x; = a + lTa (This makes x,, = b.)

1.1.2 Darboux sums

Definition 1.2

Suppose f: [a, b] = R is bounded and P is a partition of [a, b]. Defin
m;= inf f(x) ; M;= sup [f(x),

Xij—1<X<X; Xi_1<xX<X;
and

s(P, f)—Zmlel ; S(P,f) = EM Ax;.

We call s(P, f) the lower Darboux sum, and S(P, f) the upper Darboux sum.
Lemma.l.1
Let P and Q be two partitions of [a, b] such that P € Q Then

s(P,f) =s(Q,f),

S(P,f) =S, 1)

(The partition Q is called a refinement of P.).

Proof
First let us consider a particular case. Let P’ be a partition formed from P by adding one
extra point, say ¢ € [x;_q, x;]. Let m; sup f(x),m; = sup f(x).

xi_leSC c<x<x;
Then m; > m;, m;’ > ml, and we have

s(P'", f)—Zmlel 1+mi(c—xi_) +mi'(x;—c) + Z m; Ax; 4

i=i+1

zmlel 1+ m (e —x-q) + Z m; Ax;1 = s(P, f)

i=i+1

Similarly one obtains that

S(P',f) < S(P, ).

Now to prove the assertion one has to P consequetly a finite number of points in order
to form Q.



Lemma.1.2
Let P and Q be arbitrary partitions of [a, b]. Then

s(P,f) = 5@, f).
Proof
Consider the partition P U Q. By Lemma 1 1 we have

s(P,f) <s(PUQ,f) =S(PUQ[f) =S 1)

Proposition 1.1
Let f: [a,b] — R be a bounded function. Let m, M € R be such that forall x € [a, b], we

have m < x < M. Then for every partition P of [a, b],
m(b—a) <s(P,f) <SP, f) <M(b—a)
Proof
Let Pbe a partition of [a, b]. Note thatm < m; < M; < M forall i and |-, Ax; = (b — a).
Therefore,

n n n n
m(b — a) =zmAxi SZmiAxi SZMl-Axi SZMAxi =M —a)
i=1 i=1 i=1 i=1

Definition 1.3
As the sets of lower and upper Darboux sums are bounded, we define

Lower Darboux integral f;f = sups(P, f): P a partition of [a, b].

Upper Darboux integral f; f =infS(P, f): P a partition of [a, b].

Lemma.1.3

b b
Lr=lr
a a
Proof
Fix a partition Q. Then by Lemma 1 2
VP:s(P,f) <S(Q,f).

Therefore

b
f f = sups(P.f) < 5(Q.).

And from the above

b
vQ: j £ <S@.0.

Hence

be <infS(Q,f) = Jabf.

a Q

Proposition 1.2
Letf : [a,b] = R beabounded function. Letm,M € R be such thatforallx € [a,b],
wehavem < f (x) < M.Then

m(b — a) < be sﬁs M(b — a)

Proof.
By Proposition 1.1, for every partition 2,
mb—a)<s(P,f) <SP, f)<M(-a)



The inequality m(b — a) < s(P, f) impliesm(b — a) < f: f.The inequality S(P, f) <

M(b — a) implies f;f < M — a).
1.2.3 Integrables functions-Riemann integral

Definition 1.4
A function f: [a, b] = Ris called Riemann integrable if

b b
Jr=Lr
a a
The common value is called integral of f over [a, b] and is denoted by f; f (%) dx.

Proposition 1.3
Let f : [a,b] = R beaRiemann integrable function. Let m, M € R be such that m
f(x) < Mforallx € [a,b]. Then

b
m(b — a) S]f(x)dxs M — a).

IA

Proof

[s a direct consequence of Proposition 1.2.

Example 1.1

We integrate constant functions. If f(x) = ¢ for some constant ¢, then we takem =
M = c.In Proposition 1.3. Thus f is integrable on [a, b] and

b
f f(x)dx=c(b — a).

Theorem 1.1

A function f: [a, b] = R is Riemann integrable if and only if for any € > 0 there exists a
partition P of [a, b] such that S(P, f) —s(P,f) < ¢.

Proof

Necessity

Let f:f = f; f,i.e.let us assume that f is integrable.

b b
3Py, Py s(Py, f) > [, f —-and S(Py, ) < [, f +~.

b b
[r-5<sunsstupnss@u P sEN< [ 145

)
S(Q'f) - S(Q,f) <&
sufficiency

Fix € > 0. Let P be a partition such that S(P, f) —s(P, f) < .
Note that

Therefore ( since f: f=

E_Lbf:S(P'f)_S(P,f)<e.

Therefore it follows that

V€>0:fbf—fbf<5.

This implies that



b
-
a
Example 1.2
Let us show f(x) = x?is integrable on [a, b] for all b > a > 0. We will see later that
continuous functions are integrable, but let us demonstrate how we do it directly.

Let € be given. Taken € Nand letx; = a + ib;—aform the partition P =
b—-a .
{xo,xl, X2 ) eer wen wen onn, Xn—1, xn} of [a, b]. Then Ax; = Tfor all 1. As f is increasing, for

every subinterval [X;_1, X;],

m; = inf f(x)= <a+ (i

Xi—1<X<X;

2

=

M;= sup f(x)= <a+ib;a)2.

Xi—q1<X<Xj

Then

n

S.f) = 5(P,f) = ) (M; = my) A

i=1
2

X (= I AL

i=1
b—a"< b — a\> b—a\?\ bd
= z (a+n ) —(a+0 ) = —
n < n n n
b =1
—a?).

Picking n to be such that, bn;a (b? — a?) < e the proposition is satisfied, and the function

is integrable.
On the other hand, as we know from algebra (or can be proven by induction):

Zi n(n+1) and z n(2n+1)(n+1)

So

b—a 5
= a‘n+ 2a
n

b—ann+1) /b—a\’n2n+1Dn+1)
) T



— -0 [a2+a(b—a) (n+1) (2n+1)(n+1)l.

N2
+(b—a) on?

Similarly one obtains that

s(P,f)=(b—a) Iaz +a(b—a) (n—1) + (- a)? (2n — 1)gn - 1)1.
n 6n
So
tim S, ) = lim 5(P, ) = S (b2 + ab + a2) = 2 (b - @),

Finally we obtain

b 1
f x%dx = §(b2 —a?).

a

1.1.4 Riemann sums
Definition 1.5

Let f: [a, b] = R be defined on the interval [a, b] and let P =
{X0,%{,X2 , csv vevve wr, Xp—1, X} be a partition of [a, b].
LetC = {c1,C2, ... Ci—1,Ci, ... Cn—1,Cy} where c; denote any value in the i*"

subinterval (¢; € [x;_1, X;] ). The Riemann sum of a function f on [a, b] that
corresponds to P and the point system C is

R(P.£,0) = ) £(c) b

Theorem 1.2

A function f is Riemann integrable on [a, b] if there is a number L such that for each € >
0 there is § > 0 such that if P is any partition of [a, b] with ||P|| < & then |R(P, f,C) —

L| <. (Inother words lim R(P,f,C) = L).And we have L = [} f(ydx.

The set of all Riemann integrable functions in [a, b] is denoted by R([a, b]).

Proof

Necessity

Using |R(P,f,C) — LI < S(P,f) —s(P, ).

sufficiency

To do this, we will first show that

S(P, f) = supR(P, f,C), s(P,f)irclfR(P, f,C).
C

Remark
If the function f is Riemann integrable on [a, b] then the number fff(x)dx is the
common limit of the two sequences

b—an_1 b—a b—ax b—a.
U, = Zf(a+ i) andvnz—Zf(a+ i).
i=0 i=1

n n n n

Example 1.3



n
Calculate the limit of the sum v, = )1*, e

We have

n-1

n-1
Z n +1 12 1 +1
Tl= —2 _— - N D —
L n+i)? 4n n (1_|_L) 4n

n

i=0

by putting [a, b] = [1,2]; f(x) = xizthen

n-1

b—a b—a . 1
vy = Zf(a+ " i)+—.

So
21 1

hmvn—hm Zf(1+—l) Jf(x)dx—J —dx =3,
n—oo 1 X 2

1.1.5 Examples of integrable functlons

Theorem 1.3

Let f: [a,b] = R be monotone. Then f is Riemann integrable.

Proof

Suppose that f is increasing so that f (a) < f(b).

If f(a) = f(b) then f is constant, so f is Riemann integrable and f; f(x)dx = f(a)(b — a).

If f(a) < f(b) lete > 0and P a partition of [a, b] such that ||P|| < § =

f (b) —f@

For this partition we obtain

S, = 5(P,f) = D (My=mp) Axi = ) (fGxo) = fxi1)) A

<6 Y (D) = fG) = 8(FB) - f@) = .

Theorem 1.4

Let f: [a, b] = R be continuous. Then f is Riemann integrable.

Proof
Let P = {xg, X1, X3 , e cuv ve oo, X1, X } D€ @ partition of [a, b] and
m; = inf f(x); M;= sup f(x).

Xij-1SXSX; Xj_1SXSX;

Let € > 0. A continuous function on closed interval [x;_;, x;] is uniformly continuous and
reaches its upper and lower bounds at least once, so there exists § > 0 such that



Vxi_1,%; € [a,b]: |x; —xi—1| < 6 = |f(x;) — f(xi—)| < bf—aand there is at least x; ; x;’
are from the subinterval [x;_q, x;] where m; = f(x; ) ; M; = f(x{").
Choose a partition P such that ||P|| < §, so

S, = s(Pf) = ) (Mi=m) Axi = ) (Fx) = fGxi-1)) A%,
i=1 i=1

n
& &
<mzlei —m(b—a)—é‘.
i=

Theorem 1.5

If f,g:[a, b] = R are integrable, then fg: [a, b] = R is integrable. If, in addition, g # 0

and é is bounded, then g: [a,b] —» R is integrable.

1.2. Properties of the Riemann integral

Let f, g: [a, b] = R Riemann integrable functions on [a, b]. The integral has the following
three basic properties.

1) Linearity:

b b b b b
[ e+ genax = [ rwdr+ [ reodr s [ areodr=a] reods

2 ) Monotonicity:

b b
If Vx € [a,b]: f(x) < g(x),then J f(x)dx SJ g(x)dx.

3) Additivity:If @, B,y € [a, b], then
B 14 B
) | fdx= | f(x)dx+ | f(x)dx.
a L x)dx L x)dx jy x)dx
b) faf(x)dx = 0.

B a
o) | f()dx=—| f(x)dx.
[ resse==]
4) If f is continuous on [a, b] and Vx € [a, b]: f(x) = 0 then

b
(f f)dx = 0) = (Vx € [a,b]: f(x) = 0).



5) |17 Feodx| < [71f (oldx.

6) If f is continuous on [a, b], then there exists ¢ € [a, b], where
b
[ reix= r@@ -0,
a

1.3 Integrals and primitives
1.3.1 primitives
Definition 1.6

Let f: [a, b] = R function, we say that function F is a primitive function of f over [a, b] if
and only if F is differentiable over [a, b] and Vx € [a, b]: F'(x) = f(x).

Proposition 1.4

If F; and F, are primitive functions of f on [a, b] thenVx € [a,b]: F; (x) — F,(x) = C
where C is a real constant.

Example 1.4

The function F(x) = §x3 is a primitive of the function f(x) = x? over R because

1 !/
Vx ER: F'(x) = (§x3> =x? = f(x).

1.3.2 Fundamental theorems of calculus

Theorem 1.6 ( First theorem of calculus)

if F: [a, b] = R is continuous on [a, b] and differentiable in ]a, b[ with F' = f where
f:la, b] » Ris Riemann integrable, then

b
f F(x) dx = F(b) — F(a).

Proof
Let P = {xy, X1, X3 , cer cev wee oee, X1, X, } D€ @ partition of [a, b].

The function F is continuous on the closed interval [x;_4, x;] and differentiable in the
open interval |x;_, x;[ with F' = f. By the mean value theorem, there exists

¢; € |x;_1, x;[ such that
F(x) = Fxi—q) = F'(c) (x; — x3-1)

= fc)(x; — xi-1)
9



Since f is Riemann integrable, it is bounded and it follows that

m;(x; — x;-1) < f(c) (O — xi-1) < M;(x; — x;-4)

or
m;(x; — x-1) < F(x) — F(x-q) < My(x; — x;-1)
where
M; = xi_SllsJJIc)sxif (x) and m; = xi_jggsxif (x).
So

n n n
Z m; Ax; < Z(F(xi) — F(x;_1)) Ax; < z M; Ax;
i=1 i=1 i=1

Hence s(P, f) < F(b) — F(a) < S(P, f) of every partition of [a, b] wich implies that

f:_f < F(b) —F(a) < f: f.Since f is integrable i.e. f:_f = f:f we obtain

b
F(b) — F(a) = j £(x0) dx.

Theorem 1.7 (Second theorem of calculus )

Suppose that f: [a, b] = R is continuous on [a, b] and F: [a, b] = R is defined by
Vx € [a,b]: F(x) = f(f f(t) dt.Then F is differentiable over [a, b] and

Vx € [a,b]: F'(x) = f(x) (thatis, F is a primitive function of f over [a, b] ).
Proof

Letx,h € [a,b] and h > 0. Then

F(x+h)—F(x) f;+hf(t)dt—f;f(t)dt 1 (x+h
h - A =EL f(t)dt.

Let € > 0. Since f is continuous at x there exists 6 > 0 such that
lf(t) —f(x)|<e for |[t—x|<§6.
It follows thatif 0 < h < & then

F(x+ h) — F(x)
h

1 x+h
-0 = [ rwa- @

10



x+h
G- e

= o - Foolae

X

1 x+h
<y sw IFO- e[ 1fde
x<t<x+h x
< 1 h =
= ES = E&.
So
~ F(x+h)—F(x)
;llzr)r(l) A = f(x).

In the same way, we obtain

F(x+ h) — F(x)
i
h<0 h

= f(x).

Which proves the result.
Corollary 1.1

Let f: [a, b] = R be continuous in [a, b] and F is a primitive function of f over [a, b].
Then

b
f f(x)dx = F(b) — F(a).

a

Proof
Proof is a direct consequence of Theorem 1.7.

Example 1.5
Since F(x) = §x3 is primitive function of f(x) = x? over R. Then

b 1 1
VYa,b € R: f f(x)dx = F(b) — F(a) =§b3—§a3.

1.3.3 Change of variable

Theorem 1.8

11



Let® : [a,b] — Rbe a continuously differentiable function, let f be continuous over

¢([a,b]), Then [’ f(x)dx = [* f(9())¢'()dt, where b = (B) ; a = ¢(a) andx = (1)
;dx = @'(t)dt.
Proof

The function f (@)’ is continuous and therefore integrable. Let F be a primitive of f and

then F (o) is a primitive of f(¢(t))¢'(t). So according to the Corollary 1.1,
B b
| re@e i = Fo() - Fo(@) = F5) - F@) = [ fyax.

Example 1.6
Calculate the integral | = fol V1 —x?2dx. (Putx = @(t) = sint).
x =@(t) =sint = dx = costdt

sina =0 © a=0,r,—mr,2nr,—2m, ... (The value of @ can be chosen from among the
values 0, T, —m, 2w, —2m ...).

> (The value of B can be chosen from among the values

. mn -3
Slnﬁ =1 <:>B 25,7,7

m —3m 51

22 02

So

J = ]Zw/l— (sint)?costdt = fzw/(cost)2 cost dt.
0 0

Since Vx € [O, g] :cost = 0. Then

3 1 (3
]=f (cost)zdtzif (14 cos 2t) dt
0 0

erLona] 2
=3 > sin Nt
Example 1.7

Vx
Vx+1

Calculate the integral K = f04 dx. (Putx = @(t) = t2).

x = @(t) = t? = dx = 2tdt.
¢@)=a ©a’=0 ©a=0

¢(B)=b ©p?=4 < B =-2,8 =2 (The value of B can be chosen from among the
values —2,2). So

12



-2

=

K= f 2tdt
0

2
vtz +1

Since Vt € [—2,0]:t < 0. Then

0

0
K—zf t* dt—2f t—1 ! dt
N —t+1 ( t—1)
-2 -2

1 0
= 2[——t2—t—ln|t—1|] = 2In3.
2 -2

1.3.4 Integration by parts
Theorem 1.9

Suppose thatu, v : [a,b] — R are continuous on [a, b] and differentiable in (a, b), and
u',v' are integrable on [a, b]. Then

b b
f uv' dx = [uv]? — f u'vdx.
a a

Proof
The function u v is continuous on [a, b] and, by the product rule, differentiable

in (a, b) with derivative (uv)’ = u'v + uv’. Since u, v, u’ and v’ are integrable on [a, b].
Theorem 1.4 implies thatu’v, uv’ and (uv)’, are integrable. From Theorem 1.5, we get that

f:(uv’ +u'v)dx = f: uv’ dx + f: u'v dx = [uv]?, which proves the result.
Example 1.8

calculate the integral I = [ 01 Arc tan x dx.

' 21 v=x

Wt~
u = Arctanx u =

x2+1
1=[uv]%,—j
0

1 1
= [xArc tan x — Eln(x2 + 1)] =
0

1
x dx

1
1

'vdx = [xArct 1—J
u'vdx = [xArc tan x]; I

Tl
7~ 7z
Example 1.9

Calculate the integral I = [ 12 xIn ﬁ dx.



v =x V==X
X
{u=1nx+1:> ' !
u =
x(x+1)

2
I = [uv]? —.f u'vdx
1

= [k xr flz L
12 v, L 2 e+ D™

= [k xr flz L
12 v, T L 2 e+ D™
2

5 1 x
I=Eln2—21n3—j -

L 2Gr D™

I =2In2 — 2In3 1f21 ! 4
—2" P2) T er D™

5 1
I = Ean — 2In3 — E[x —In(x + D]?

I =2In2 — 2In3 1[1+12 In3] = 2In2 3103 — o
—zn n > n n = n 2n 2

1.4 Primitives and integration techniques

1.4.1 The Indefinite Integral

Definition 1.7

The set of all primitive functions of f is the indefinite integral of f with respect to x and
denoted by [ f(x) dx where

[ f(x) dx is read " the integral of f w.r.tx "

Note: The above definition says that if a function F is an primitive of f, then
] f(x)dx = F(x) + C where Cis a real constant.
Example 1.10
f x3dx = lx4 +C
2 :

1.4.2 primitives of usual functions
Table of usual primitives

ff(x) dx f

£ 4 C (¢ € R* — {—1}&us)x®

a+1

14



In|x| + C 1
X
eX+C e*
—cosx+C sin x
sinx +C CoS X
—In|cosx| + C tan x
tanx + C 1
cos?x
—cotanx + C 1
sinZx
coshx + C sinh x
sinhx + C cosh x
1 X 1
—Arctan —+ C —
a a x% + a?
. X 1
Arcsin —+ C _
a Vaz — x2
1 | x+a L 1
2a n XxX—a x? —aaz
: ()™ +c (ut) v' @)
a+1 (ueC'(Dsa € R — {—1}w)
u'(x)
Infu(x)| +C u(x)
(u €CI(DsVx € :u(x) # Ot—m)
et@ 4+ ¢ u' (x)ev™

(u € CL (1))

G(u(x))u’(x) +C
G is a primitive of g over |

g(u))u’ (x)
Whereu € C1(I)
and g is continuous over u(l)

1.4.3 change the variable in indefinite integrals

Theorem 1.10

Let h: | — ] C!-diffeomorphism. We put x = h(t) and dx = h'(t)dt then

jf(x) dx = Jf(h(t)) h'(t)dt andt = h~1(x).

Note

A function h: I — ] is called C!-diffeomorphism if

a) his a bejiction of I on J;

b) h and h~1 admit derivatives of order 1, continuous, respectively on I and J.

Example 1.11




Calculate I = [y1 — x?dx.

We put x = h(t) = sint where h: ]—%,g[ — ]-1,1[ (his C*-diffeomorphism ), and dx =
cos t dt.

So
I = f\/l—sinztcostdt= f\/cosztcostdt.

Since vt € ]—g,g[:cost > 0 we get

1
I = fcosztdtzzf(1+c052t)dt

—1 t+1' 2t +C_1t+1 tsint+C
—E ESII‘I _E ECOS Sin

—1t+1 1 n?tsint+ C
=5ttt sin? tsin .

Substituting t = h™1(x) = Arcsinx we get the following result:

I—1A [ +1 1 2+ C
= Aresine + 5 x x :

Example 1.12

Calculate J = [ \/}i - dx.

We put x = h(t) = t? where h: ]0, +oo[ — 10, +oo[ (h is C!-diffeomorphism ), and dx =
2tdt.

So

tz
= 2tdt
/ f\/tz +1

Since Vt € ]0,4+[ : t > 0 we get

1
=2_[(t2—¢—t+1)dt

1 1
— 3 42
—2<3t In(t+1) =5t +t>



2
Ji =§t3—21n(t+1)—t2+2t+C.

Substituting t = h~1(x) = v/x we get the following result:
2
] =§x\/E—x+2\/§—21n(\/§+1)+C.

1.4.4 Integration by parts in indefinite integrals
Theorem 1.11

Let] be a interval for R andv,u are functions of class C' on the intervall then
fuv’ dx = uv — f u'vdx.

Example 1.13

Calculate I = [ xe?* dx. By putting:

I _ 52X —_ 52X
{v =e =>{v—ze

u=x u' =1
Izjxezxdxzuv—fu’vdx

1 1
—y_px _ | = Zxd
x2e fze X

_<1 1) 2x+C
= ZX 48 .

Example 1.14

Calculate J = [ e* sin x dx. By putting:

"= si U= —COoSXx
{v 51nx:>{ ’ S
u=e* u =e
We get
J= —excosx+jexcosxdx.

Again we put

] .
UV =COoSX v=SInx
u=e€ u =e

SO

J = —e*cosx + exsinx—fexsinxdx
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J = —e*cosx +e*sinx —]
2] = —e*cosx + e*sinx
we obtain
= —e*cosx +e*sinx + C.
Example 1.15*

Calculate J = [ xvx dx. By putting:

We get

we obtain

1.5 Special integration methods
1.5.1 Integration of a rational function
Decomposition of a rational function into simple elements

Definition 1.8

Let P, Q be two real polynomials, Q(x) # 0. Function x — % is called rational function

or rational fraction
Definition 1.9

The functions x — L)k, X — Mx+N where k € N*,a,A,M,N,p,q € R,p? —4q < 0,

(x-a (x2+px+q)k
are called simple elements, of the first and second species respectively.

18



Theorem 1.12

= S(x) + 28

Any rational fraction ~ s is represented in the unique form — = Q( ) 000

the polynomials S, R being respectively the quotient and the remainder of the division of
P by Q.

Theorem 1.13
Let deg P < degQ,
Q) =(x—ay)™(x—ay)™ ... (x — ap)™. (x% + pyx + g™

(X% + px + q)™ ... .. (x* + psx +q5)"s,pf —4q; <O,V1<j<s.

. P, :
Then the fraction s represented in the form

P(x) A A, oy Am,
Qx) x-—a; (x—ay)? (x—a)m™
B B B
+ 1 + 2 4ot _m2
x—a, (x—ay)? (x —ay)™=
C C C
+ 1 + 2 + .- Mk
x—a, (x—ay)? (x — ag)™k
Mix + N} M3x + Ny My x + Ny,

+ 4ot
x2+pix+q; (X2 +pix+q)? (X2 +pix +q)™

M?Zx + N} Mzx + N M7 x + Ny,
2 Row ;1 2 n
X2+ px+q; (X% +px+qy) (x + pox + qx)™

Mix + Ny M3x + N3 M3 x + Ny
2 + 2 2 +- 2 n
x%+psx+qs (X% +psx +q5) (x + psx + qs)"2

where A,B,C,M, N, p, q, a, are real canstants.

Examples 1.16
P(x) 4x*—4x3-3x2 —12x+13 + -4
)Q(x) (2x-1)2(x-2) (2x-1)?
P(x) —28x+17 R(x)
200 = X424 (Zx D =S(x)+—= 2 . Where deg R < deg Q.So

19



RG)_ 1, 4 -
Q(x)  x-2  2x-1  (2x-1)2

P(x) _ 5x7-x®+6x5+11x*+29x3+66x2+29x+27
Q) (x—1)3 (x+2)2 (x2+x+1)2

2) where deg P < deg Q. So

P(x) 1 -1 2 -2 3 x—1 2x+1
Q)  x-1 (x=1)2  (x—1)3  x+2  (x+2)2  x*+x+1  (x2+x+1)2°

Integration of a rational fraction

: . P ) . . .
To calculate the integral of a fraction %, we first write this fraction as the sum of a
r Mx+N
(x-a)k 7 ((x-a)2+p2)k
where k is a non zero natural number and 8, a, N, M, A, a are real numbers, so the

A
o) dx and

polynomial and a finite number of rational fractions in the form 0

integral rational fractions returns to calculate integrals of the type [

f Mx+N dx_

((x—a)2+p2)k

A
(x—a)k

Calculate the integral [ dx

1
f dx =In|x—a| +C
x—a

k> 1: LI —1
vie> 'f(x—a)" N ED e

+ C.

Mx+N

Calculate the integral [ (ar g

Calculating this integral after changing the variable x = a + [t leads to calculating
1

REVDY: dt, where we have:

integrals of two types: I, = fm%)kdt AndJ, = [

1 -1
I, ==In(1+ t2 C dvk>1: I, = C.
1 =7+ +C an K kDA

1
(1+t2)k
following recurrence relation:

As for the integration J, = [ dt, we use integration by parts and obtain the

Ji =Arctanx + C and Vk > 1: 2kJ 41 = 2k — 1), +

Example 1.17

2x =3 +2xP—1

Calculate the integrallzf yemnalls
X X—

By Euclidean division we get:
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2x* —x3 4 2x%2 -1 x%+x

x3—x2+x—-1 :2x+1+(x2+1)(x—1)'
x2+x Mx+N A
We put DD — i1 +; we getM =0,N=1A=1.
So
1 1
I = (Zx +1+ + ) dx
x*+1 x-1
= x?+ x + Arctanx + In|x — 1| + C.
Example 1.18
. x?-6x+11
Calculate the integral J = [ e
x*—6x+11 a b c
Weputm—m E-I_(x—Z)Z wegeta—Z,b——l,C—l.
So
_ ] ( 2 1 N 1 )d
/= x+1 x—2 (x—2)? x
=21 +1) -1 2 ! c
= H(X ) n(x ) XTZ-I_ .
Example 1.19*

8x6—8x5+2x4+23x3—15x2+7x+2 dx
2
o+ 1)2(2x2—2x+ 1)

Calculate the integral ] = [

By Euclidean division we get:

8x° — 8x% + 2x* +23x3 —15x2 + 7x + 2 . —8x% + 10x* + 15x3 — 17x% + 11x
(x +1)2(2x2 — 2x + 1)2 - (x +1)2(2x2 — 2x + 1)2
We put
—8x° + 10x* + 15x3 — 17x2% + 11x _a N b N cx +d
(x +1)2(2x%2 — 2x + 1)2 Cx+1 (x+1D? 0 2x2—-2x+1
cx+d

+2x2—2x+1'
We get:
a=-2,b=-1,c=0,d=3,e=1,f =0.

So
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-2 -1 3 X
I= (2+ + >+ +—— z)dx
x+1 (x+1)° 2x*—2x+1 (2x"—2x+1)

1 3 x
I=2x—21n|x+1|+—+f< +— 2)dx
x+1 2x2 —2x+1 (2x*—-2x+1)

2 2
Since 2x2 —2x +1 =2 ((x — %) &5 G) ), to calculate the integral on the second side we

1 1
putx _E+Et'

So

j( S - )d—BJ et [
22 —2x+1 2 —2x+ )T ) e 1P T ey 2™
t 1
=34 - —
3 rctanx+](t2+1)2dx+J(t2+1)2dx

3 X 11 1
dx = 3Arctant — - d
f(2x2—2x+1+(2x2—2x+1)2) X = oarctan 2t2+1+,[(t2+1)2 x
J2

t
Substituting k = 1 in the regressive relationship () we get: 2/, = J; + RevoTe

t

1
Arctant + Y and from there J, = EArc tant + 2@
So
]( 3 + ad )d = Arctant +—— 2
2x2 —2x + 1 (2x2 —2x + 1)2) X T ARt T o Ty

Substituting t = 2x — 1 we get

3 X 7 x—1
dx = = Arctan(2x — 1 .
f<2x2—2x+1+(2x2—2x+1)2) x =g ArctanCxy - D+ om e D

So
x—1 c
+ C.
2(2x* —2x + 1)

1 7
I =2x—2n|x+ 1| + ——+ —Arctan(2x — 1) +
x+1 2

1.5.2 Integration of the type [ R(sinx, cosx) dx:

Where R(x,y) is a rational fraction in the variables x and y.
This integral can be converted to a rational fractional integral using the change in the

. X
variable t = tan > where:

1—t? 2t 2

; sinx = sodx = dt.
1+ t2 1+ t2 1+ t2

COS X =

22



Example 1.20

cos’x

Calculate the integral | = fm
by putting t = tangwe get

1 tz

J= f 1+t2 f 1)2 dt.
1 + t2 (5t% — 8t + 5)(t2 + 1)?
1+t2
We put
2(t* —1)? _at+b ct+d et +f

= + + :
(5t*—8t+5)(t*+1)* t*+1 (t*+1)* 5t°—8t+5

5

onobtaina=0,b=8,c=1,d=0,e=0,f=—g.

So

9
—= 5
8 8
dt = =Arctant — dt
/= j 71T (@ +1)2 52 _8t+5  gooan 2(t2+1)+J5t2—8t+5

oo|u1

I

Calculate the integral .

) 2 _ ANz 352 4.3
Since 5t 8t+5—5((t )"+ @ ),weputt—5+5y50

3 1 3 3 5 4
[ =—- dy=——Arctany=——Arctan(—t——).
8J) y2+1 8 8 3 3

And

—SA tant — ! 3A t <5t 4)
]—8 rc tan 22+ D) 81‘can3 3)

Substituting t = tan ’2—6 we get

5 1 x 3A . <5t X 4>+C
]—16x 2cos2 8rcan3an2 3 .

1.5.3 Integration of the type f R (x, (ax+b)%, (ax+b)§, ...... , (ax+b)£> dx

cx+d cx+d

Where R(x, y, ... ... ,Z) is a rational fraction in the variables x , y, ... ... ,Z and %, = e

are rational numbers.To calculate this type of integration, we use a change in the
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1

variable t = (Z:Z)E, where k is the Least Common Multiple (LCM) of the numbers
N,q, e ,S
Example 1.21
1+vx+1
Calculate the integral | = | ————dx.
Vx +1

Weputt = (x + 1)¢ and fromitx = t® — 1 and dx = 6t>dt so

14+¢3 6 3
sz 6t5dt=6ft6+t3dt=—t7+—t4+C.
t2 7 2

So
6 7 3 4
I=7(X+1)E+§(x+ 1)E+C.

Example 1.22

] x—1
Calculate the integral | = fx ’x n 1dx.
2

_ fx—1 T 4t
We putt = ’x+1 and from it x = ) and dx = dt.
So
_—tz—lt 4t it = —4(t* + t%)
= gt %) @y ™
We put
—4(t* + t%) a b c d e f
2 3 + z 3t + z 3
(t°—1) t—1 (t—-1D° (t-1)° t+1 (t+1D* (t+1)
we get
= b = > =-1,d= _ 3 =1
a= ) - 2 1C_ ) - ) e = 2 ) f_
So

1 3
- - -1 > - 1
2 2 2 2
= + + + + + dt
J Jt—l t-—1D* (-13 t+1 (t+1D* (t+1)3

1
26—1 2= 1)

1

2(t+1) 2(t+1)2 +C

1 1
=—§ln|t—1|+ +§ln|t+1|+
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Substituting t = /E we get
x+1

1.5.4 Integration of the type [ R(x,Vax2 + bx + c) dx.

After writing the trinomial ax? + bx + ¢ in canonical form, this integral takes one of the
following forms:

jR(x,\/(x —a)? + f?)dx, j R(x,+/(x — @)% — 2) dx and JR(x, VB2 — (x — a)?) dx.

To calculate the integral [ R(x,+/(x — @)% + 82) dx, we use a change in the variable x —
a = [ sinht.

To calculate the integral [ R(x, \/(x —a)? — 2) dx, we use a change in the variable x —
a = xf cosh t.( According to the interval of integration ).

To calculate the integral [ R(x,+/82 — (x — @)?) dx, we use a change in the variable x —
a=fcost.(orx—a=fsint).

Example 1.23

Calculate the integral L = J Vx2%+4x + 3dx.

We have x? + 4x + 3 = (x + 2)? — 1 and from there

Ifx+2<—-1(ie.ifx € ]—00,—3]) we putx + 2 = —cosht where t € [0, +oo[.
Ifx+2>1(ie. ifx € [—1,4+00[) we putx + 2 = cosht where t € [0, +oo].
For x € |—oo, —3]U[—1, + [ then x + 2 = ¥ cosh t and dx = —sinh t dt.

So

L= f\/ cosh?t — 1 (¥ sinh t)dt = f\/sinhzt (¥ sinh t)dt = f Fsinh?t dt

1(_ 1 1 /1 _ 1
=§J+(—cosh2t+1)dt— +(—Zsmh2t+§t> —+(—§coshtsmht+§t>

- ;%[:(x + Z)Jm] T %Arg cosh[F(x + 2)]
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1 1. -
=§(x+2) x2+4x+3i§ln|+(x+2)+\/x2+4x+3|+C.

1 1
=§(x+2)\/x2+4x+3—zln|x+2+\/x2+4x+3| + C.
(Notethat—%ln|(x+ 2) +Vx2 4+ 4x + 3| =%ln|—(x+2) +Vx2 +4x + 3|).

Example 1.24

Calculate the integral L = fx x? +x+ 1dx.
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