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-   
-   
-   
  
3-   :  

    
   ,jX     B    A      

 :  

X = AX + B(X  X ) X  AX = B(X  X ) 
 

(I A) X = B(X  X )   

tX – t+1X=  tX    
                                                ( A)X = B( X ) = ( )  ( ) ……………  (5. 1) 

  
  tX    t    t+1    

  )tXB(    
    

  
4-          

   ,

  :  
  

X = AX + B(X  X ) +  X = AX + B( X ) +   

                                                                  X  AX  B( X ) =   

                                                                  ( A) X  – B( X ) =   

  tX  :  
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                                                                  ( A)    B =  

   = r  

( A)    (r)B = X
[( A)    (r)B]X = Y   

                                                                                        = [( )    ( ) ]   …………  (5. 2) 
 

  (5. 2)        r     .  
  tX   

   ,   
  r  B . 

        
  

  
X = AX + B(X  X ) +  X  AX + BX BX =   

                                                                  ( A + B) X  – BX =  

                                                                  ( A + B) X   = BX +    

                                                                    = ( + )  ( +  ) …………...…  (5. 3) 

 
  (5. 3)    

  :  
( A + B) X   = BX +  BX =  ( A + B) X     

                                                   =  [( + )   ] ……………...…  (5. 4) 

  
tX  t+1X  :j  .  
1-A+B)-(I  :  .  
tY  :  
t  :  



                                                            . .  

                                                                          2020/2021 

  (5. 3)     (5. 4)        jX 

      
  

 ( A + B) X   BX =   
 ( A + B) = G n  :  

GX BX =  Y  

GX BX =  Y  

GX BX =  Y                                                                                               ……………  (5. 5) 

GX BX =  Y  

                          

GX BX =  Y  

-  :  :  

B 0 0 0 0
0 G B 0 0 0
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X
X
X

X

=  

Y
Y
Y

Y

    ……………………………  (5. 6) 

    t  
 = 0t+1 X = 0+1 nX :  

GX BX =  Y  

GX BX =  Y  

GX BX =  Y                                                                  …………………………….…  (5. 7) 

GX BX =  Y  

                          

GX              = Y  

 :  
B 0 0 0

0 G B 0 0
0

0

0

0

G

0

B

0

0 0

G

  

X
X
X

X

=  

Y
Y
Y

Y

                   ………………………….…  (5. 8) 
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5-          (t=0)  

   ,
B  .  

  n  
 :  

5 -1-        

nX 0X   
GX BX =  Y GX  = BX +  Y  

                               X  = G (BX + Y )              …………………………………  (5. 9) 

= 0+1 nX   
X  = G  Y  
X  = G (BX +  Y ) 
                             

X  = G (BX +  Y )                                                     ………………………………  (5. 10) 
X  = G (BX +  Y ) 
X  = G (BX +  Y ) 

 
-    

T=3   
X  = G  Y  

3X  2X  :  
X  = G (BX +  Y )  X  = G (BG  Y + Y ) 

  R = G  :  
X  = RG  Y + G  Y  

2X 1X  : 

X  = G (BX +  Y ) X  = G (B(RG  Y + G  Y ) + Y ) 

                                      X  = R G  Y + RG  Y + G Y  

1X 0X   : 

X  = G (BX +  Y ) X  = G (B(R G  Y + RG  Y + G Y ) +  Y )  

                                      X  = R G  Y + R G  Y + RG Y + G Y  
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  :  
 

X  = G Y  + RG Y  + R G  Y + R G  Y  
X  = G Y + RG  Y  + R G  Y  

X  = G  Y  + RG  Y                                             …………………………………  (5. 11)  
X  = G  Y  

 :  
G 1 RG 1

R2G
1

R3G
1

0 G 1
RG 1 R2G

1

0
0

0
0

G 1 RG 1

0 G 1

Y0

Y1
Y2

Y3

=

X0

X1
X2

X3

 ……………………………  (5. 12) 

  
(5. 12) (5. 8)  :  

B 0 0 0
0 G B 0 0
0

0

0

0

G

0

B

0

0 0

G

=
G RG R G R G
0 G RG R G
0
0

0
0

G RG
0 G

 ………  (5. 13)  

  
5 -2-     

      
  0Y    0X      

   :  
  

GX BX =  Y  BX = GX  Y   

 X = B (GX  Y )                                                     …………………………  (5. 14) 

 :  

X = B (GX  Y ) 

X = B (GX  Y ) 

X = B (GX  Y )                                               ………………………………….…  (5. 15) 

                             
X = B (GX  Y ) 
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B .    
  

B  2  
-    :T = 4   :  

X = B (GX  Y ) 

X = B (GX  Y ) 

X = B (GX  Y )                                                    …………………………….…  (5. 16) 

X = B (GX  Y ) 

  :  
B 1 0 0 0

SB 1 B 1 0 0
S2B

1

S3B
1

SB 1

S2B
1

B 1 0
SB 1 B 1

Y0 GX0

Y1
Y2

Y3

=

X1

X2
X3

X4

 …………...…  (5. 17) 

 
  )1 (:   

 :  

A =  
0.2 0.0909 0.25

0.05 0.3636 0.1166
0.15 0.1818 0.1666

 

 :  

B =  
0.02 0.015 0.01

0.085 0.12 0.03
0.03 0.08 0.02

 

  
:  

=  
650
250
300

 =  
680
280
350

  =  
700
350
400

  

-   

 
2    :Roland E. Miller & Peter D. Blair, Input Output analysis Foundations and extensions, CAMBRIDGE 

UNIVERSITY PRESS, 2009, PP 648-650  
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 : 

    
 :  

X3 = G-1 Y3 
X2 = G-1 ( Y2 + B X3) 
X1 = G-1 ( Y1 + B X2) 

-  1-G  :  

  
G-1 = (I – A + B)-1 

-    G : 

G =  
1 0 0
0 1 0
0 0 1

0.2 0.0909 0.25
0.05 0.3636 0.1166
0.15 0.1818 0.1666

+  
0.02 0.015 0.01

0.085 0.12 0.03
0.03 0.08 0.02

 

G =  
0.82   0.0759 0.24
 0.035 0.7563 0.0866

 0.120 0.1018 0.8533
 

         -   G : 

G =  
1.26671 0.17751 0.37429
0.03873 1.33501 0.12469

0.17351 0.18425 1.23939
 

 

- 3T   : 

 

X  =  
1.26671 0.17751 0.37429
0.03873 1.33501 0.12469

0.17351 0.18425 1.23939
 

700
350
400

=
1098.54 
490.02
681.70

  

 

-  2T:    
  

X  =  
1.26671 0.17751 0.37429
0.03873 1.33501 0.12469

0.17351 0.18425 1.23939
 

680
280
350

+
0.02 0.015 0.01

0.085 0.12 0.03
0.03 0.08 0.02

1098.54 
490.02
681.70

 

        = 
1150.60
630.87
747.77
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-  1T:   
 

X =  
1.26671 0.17751 0.37429
0.03873 1.33501 0.12469

0.17351 0.18425 1.23939
 

650
250
300

+
0.02 0.015 0.01

0.085 0.12 0.03
0.03 0.08 0.02

1150.60
630.87
747.77

 

       = 
1059.91
524.51
641.02

 

  :  (5. 12)  
 :  

  
1.2667 0.1775 0.3743   0.0671 0.1076 0.0597 0.0040 0.0070 0.0033   650    1083.2475  

-0.0387 1.3350 0.1247 0.1482 0.2548 0.1170 0.0090 0.0159 0.0075   250    573.9101  
0.1735 0.1843 1.2394 0.0721 0.1813 0.0762 0.0061 0.0108 0.0051   300    667.2485  
0.0000 0.0000 0.0000 1.2667 0.1775 0.3743 0.0671 0.1076 0.0597   680    1150.5980  
0.0000 0.0000 0.0000 -0.0387 1.3350 0.1247 0.1482 0.2548 0.1170   280  =  630.8674  
0.0000 0.0000 0.0000 0.1735 0.1843 1.2394 0.0721 0.1813 0.0762   350    747.7700  
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.2667 0.1775 0.3743   700    1098.5415  
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -0.0387 1.3350 0.1247   350    490.0185  
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1735 0.1843 1.2394   400    681.7005  

  
      1X    2X    3X    

  
6-  :    

6 -1- :    

X = AX + B(X  X ) 

      t+1    t  

 : 
X  X             ………………………..  (5. 18) 

                 

 , .  
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X = AX + B(  X  X )  X = AX + B  X BX   

                                              X  AX + BX = B  X  

                                             ( A + B)X = B  X  

                                             B (I A + B)X =  X         ……………………....…  (5. 19) 

B ( A + B) = Q  Q Xt   

Xt   :  

QX =  X QX  X = 0  

                    (Q  I)X = 0   …………………………  (5. 20) 

  (5. 20)        Q,          

  

  :|  I| = 0    

 


