Chapter 05 : Integrals

Introduction

The development of integral calculus arises out the effortd of solving the
problems of the following types :

(a) the problem of finding a function whenever its derivative is given,

(b) the problem of finding the area bounded by the graph of a function under certain
conditions.

These two problems lead to the two forms of the integrals, e.g., indefinite and
definite integrals, which together constitute the Integral Calculus.

Definition01 :

A function F'is an antiderivative of f on an interval £ if F{x} = f{x)
forallxim I

Examples :

Find an antidenvative for each of the following functions.

(a) f(x) = 2x
{(b) g(x) = cosx
(a) F{x) = x2
{b) G{x) = sinx

Corollary 01 :

If £ 15 an anbidenvative of f on an interval f, then the most general antidenivative
of fon fis

Fix) + C
where C 15 an arbitrary constant.

Thus, {F+ C, C e R} denotes a family of anti derivatives of f.




Example :

The function Fix} = x? is not the only function whose derivative i1s 2x. The function
x* + | has the same derivative. So does x* + C for any constant C. Are there others?

Definition 02 :

We introduce a new symbol, namely, I F(x)de which will represent the entire

class of anti derivatives read as the indefinite integral of f with respect to x.

Symbolically, we write I Fixlde=Fi(x)+C.

Examples :

Find
1 f 1dx 2 f Bx-1)"dx.

1 We can observe directly that x is an antiderivative of 1, or we can use the above rule
for the antiderivative of x" when n =0. Either way, the general antiderivative is x + ¢
andso [1dx=x+c,where cisaconstant,

2 Using the above rule for the antiderivative of (ax+ b)" witha=3, b=-1and n=4,
we obtain

1 . :
f Bx-1)'dx= -1—5-(3x -1)"+¢,  where cisa constant.

Theorem (Linearity of integration)

a If fand g are continuous funciions, then
Jr [ftx) £ g(x)) dJ::ff[J:] dx :];fg[;r:} d x.
b If fis a cominuous funcrion and k is a real consrant, then

f.i:f[x] dx=.i:ff[::} ol x.




Examples :

1 2 3 11 . b
f(ﬂ-g+ﬁ),ﬁ _ E/-,_-:I- f d;r+3f bz =
- %ln|m|—2-(—1}r‘l+3-ﬂs:3+C=

= ln2|I|+ + 6T+ C.

f[3x3—4x2+2}dx=f3x3dx—f4x2 dx-i—fz.ci:c

=3fx3dx—4fx2dx+zfldx
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Theorem :

Let f(x) be a coniinuouvs real-valued function on the interval [a, b]. Then

b b
f flx)dx= [Fu:}L = F(b) - Fla),

where F(x) is any antiderivative of f(x).

Example :

5

fa[f+1}dx= |lx3+xl
(4] 3

¥
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= [—-53+5]—[1-n3+ﬂ]
3 3
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Integration Rules and Techniques

1.Integration by parts




Theorem {Integration by Parts Formula)

[ t@ta)da= Fialata) - [ Fialgta)ds
where F{z) is an anti-derivative of f(z).

Examples : 1)

glz) ==z flz) = cos(z)
gz} =1 F(z)=sin(z)

f roos(z)dr = xsin(z) — fsin{::n:l dx

xsin{x) + cos(x) +

2)




2) Integration by substitution

Ifu = g(x) is adifferentiable function whose range is an interval I and f
IS continuous on I, then

[ £lae)gt@) da= [ 1) au

If we have a definite integral, then we can either change back to xs at the
end and evaluate as usual; alternatively, we can leave the anti-derivative in

terms of u, convert the limits of integration to us, and evaluate everything
in terms of u without changing back to xs:

h glb)
f flg(2)) ¢'(z) dz = f f(u) du
a glal

Examples :

1. f (2z + G)%dz
Solution. Substituting u = 2z + 6 and %du = dr, you get

1 1 1
f{?.r +1‘3}5dI=E/uEdUZEuE+E'=—{EI+G}E+C.

12
2.
IIE”’ELLI
Solution. Substituting v = x£% and %ﬂfﬂ = zdx, vou get
1 1 1
fmﬂmidx = Efc“riu = Ec“ + O = Er::'=ﬂ -+ .
3.
274
z41

Solution. Substituting v = z° + 1 and %du = 2xdz, you get

271 20 2 2 .
]I5+1dz—3/;du—gln|u|+c—gln|:n +1|+C’.
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Table of Integrals : Letu:I — IR, a,b € IR, and F is antiderivative of f.
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