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1) Definition : 

A numerical sequence is a function 𝒇 with  

𝒇: 𝑰𝑵 → 𝑰𝑹 

𝒏 → 𝒇(𝒏), 
 

where 𝒇(𝒏) is the nth term in the sequence. The sequences are  denoted by 

(𝒖𝒏), (𝒂𝒏), (𝒙𝒏), … … 

 : Example 

1) Let (𝒂𝒏) 𝒂𝒏𝒅  (𝒙𝒏)   is a sequences given by : 

  
𝒂𝒏: 𝑰𝑵∗ → 𝑰𝑹 

𝒏 →
𝟏

𝒏
. 

 
𝒙𝒏: 𝑰𝑵 → 𝑰𝑹 

𝒏 → 𝟓𝒏. 
 

2)Increasing and decreasing sequences : 

A numerical sequence (𝒂𝒏) is: 

 

1) Strictly increasing if, for all n :  𝒂𝒏 < 𝒂𝒏+𝟏.  

 

2) Increasing if, for all n : 𝒂𝒏 ≤ 𝒂𝒏+𝟏. 

 

3) Strictly  decreasing if, for all n : 𝒂𝒏 > 𝒂𝒏+𝟏. 

 

4) Decreasing if, for all n : 𝒂𝒏 ≥ 𝒂𝒏+𝟏. 

 

5) Monotonic if it is increasing or decreasing . 

 

6) Non-monotonic if it is neither increasing nor decreasing. 

 

7) Fixed if, for all n : 𝒂𝒏 = 𝒂𝒏+𝟏. 
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: 01 Proposition 

 Let (𝒂𝒏) a numerical sequences given by a regressive expression : 

𝒂𝒏+𝟏 = 𝒇(𝒂𝒏), ∀𝒏 ∈ 𝑰𝑵, 
If 𝒇 is increasing, then (𝒂𝒏) is monotonic. 

 

 Let the numerical sequence :  Exemple 

𝒂𝒏+𝟏 = 𝟑𝒂𝒏 − 𝟐, ∀𝒏 ∈ 𝑰𝑵. 
𝒂𝟎 = 𝟐. 

We have 𝒇(𝒂𝒏) = 𝟑𝒂𝒏 − 𝟐,  with 

 

𝒇′ = 𝟑 > 𝟎 → 𝒇 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈, 

Then  (𝒂𝒏) is monotonic such that  

𝒂𝟏 − 𝒂𝟎 = 𝟒 − 𝟐 = 𝟐 > 𝟎. 
 Finally (𝒂𝒏) is increasing. 

3)Bounded sequences : 

A numerical sequence (𝒂𝒏) is: 

 

1) Bounded above if, for all n, there exists 𝑼 such that :  𝒂𝒏 ≤ 𝑼.  
𝑼 is an upper bound for (𝒂𝒏). 
 

2)  Bounded below if, for all n, there exists 𝑼 such that :  𝒂𝒏 ≥ 𝑼.  
𝑼 is an lower bound for (𝒂𝒏). 

 

3) Bounded if it is both bounded above and bounded below. 
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3. Given the sequence 𝒂𝒏=(1, 2, 1, 2, 1, 2 ...), we can see that the interval  [1, 2] 

contains every term in 𝒂𝒏. This sequence is therefore a bounded sequence. 

 
4)Limit of sequence : 

Definition : A numerical sequence (𝒂𝒏) converges to a real number 𝒍 if : 

𝐥𝐢𝐦
𝒏→+∞

𝒂𝒏 = 𝒍 
 

: Example 

Consider the sequence (𝒂𝒏): 

𝟐,
𝟑

𝟐
,
𝟒

𝟑
,
𝟓

𝟒
, … … , 𝟏 +

𝟏

𝒏
, … …. 

 

The sequence (𝒂𝒏) is converge and has the limit 1. 

 

 
Proposition 2 

Let (𝒂𝒏), (𝒃𝒏) and (𝒄𝒏)  are a numerical sequences. If  
𝒃𝒏 ≤ 𝒂𝒏 ≤ 𝒄𝒏, ∀𝒏 ∈ 𝑰𝑵. 

And  

𝐥𝐢𝐦
𝒏→+∞

𝒃𝒏 = 𝐥𝐢𝐦
𝒏→+∞

𝒄𝒏 = 𝒍. 

Then:  
𝐥𝐢𝐦

𝒏→+∞
𝒂𝒏 = 𝒍. 

 

Example : Let (𝒂𝒏)  a numerical sequence given by   

∀𝒏 ∈ 𝑰𝑵∗: 𝒂𝒏 = 𝟏 −
𝒔𝒊𝒏(𝒏)

𝒏𝟐
. 

Since : ∀𝒏 ∈ 𝑰𝑵, −𝟏 ≤ 𝒔𝒊𝒏(𝒏) ≤ 𝟏,  we obtain : 

∀𝒏 ∈ 𝑰𝑵∗: 𝟏 −
𝟏

𝒏𝟐
≤ 𝒂𝒏 ≤ 𝟏 +

𝟏

𝒏𝟐
 . 

We have : 

𝐥𝐢𝐦
𝒏→+∞

𝟏 −
𝟏

𝒏𝟐
= 𝐥𝐢𝐦

𝒏→+∞
𝟏 +

𝟏

𝒏𝟐
= 𝟏, 

then:  
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𝐥𝐢𝐦
𝒏→+∞

𝒂𝒏 = 𝟏. 

 

5)Divergence sequences: A sequence that does not have a limit or in other 

words, does not converge, is said to be divergent. 

: Example 

Consider the sequence (𝒂𝒏): 

 

𝒂𝒏: 𝑰𝑵 → 𝑰𝑹 

𝒏 → (−𝟏)𝒏. 
 

The sequence does not converge because have two limites 1 and -1. 

6)Adjacent sequences  

Definition : two sequences are adjacent if the first is increasing, the second is 

decreasing, and their difference converges to 0. 

 

: Example 

Consider the sequences (𝒂𝒏) 𝒂𝒏𝒅 (𝒃𝒏): 

𝒂𝒏 = 𝟏 +
𝟏

𝒏𝟐
,    𝒃𝒏 = 𝟏 −

𝟏

𝒏𝟐
   . 

 

7)Arithmetic sequence 

 
: Example 

Consider the sequence (𝒂𝒏): 

𝟏, 𝟑, 𝟕, … … , 𝟐𝒏 + 𝟏, … …. 
 

  We have  

𝒂𝒏+𝟏 − 𝒂𝒏 = (𝟐𝒏 + 𝟐) + 𝟏 − 𝟐𝒏 − 𝟏 = 𝟐, 
Then (𝒂𝒏) is a arithmetic sequence with the first term 𝒂𝟎 = 𝟏 is and the 

common difference 2. 
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𝟏)𝑺𝒏 = 𝒏 (
𝒂𝟎 + 𝒂𝒏

𝟐
) 

𝟐)𝑺𝒏 = 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒕𝒆𝒓𝒎𝒔 (
𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒕𝒆𝒓𝒎 + 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒕𝒆𝒓𝒎

𝟐
) 

8)Geometric sequence  

Definition : 

 

 
: Example 

Consider the sequence (𝒂𝒏): 

𝟏, 𝟓, 𝟐𝟓, … … , 𝟓𝒏, … …. 
 

  We have  

𝒂𝒏+𝟏

𝒂𝒏
=

𝟓𝒏+𝟏

𝟓
= 𝟓. 

Then (𝒂𝒏) is a geometric sequence with the first term 𝒂𝟎 = 𝟏 is and the 

common ratio 5. 

Definition : The nth partial sum of a geometic sequence is given by : 

𝑺𝒏 = 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒕𝒆𝒓𝒎 (
𝟏 − (𝒄𝒐𝒎𝒎𝒐𝒏 𝒓𝒂𝒕𝒊𝒐)𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒕𝒆𝒓𝒎𝒔

𝟏 − 𝒄𝒐𝒎𝒎𝒐𝒏 𝒓𝒂𝒕𝒊𝒐
). 

 

Proposition : 
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The convergence of the geometric sequences depends on the value of the 

common ratio  a: 

 If ∶  −𝟏 < 𝒂 <  𝟏, the sequence converges . 

 If :  𝒂 > 𝟏, the sequence divergents . 

 If :  𝒂 ≤ −𝟏, the sequence divergents. 

 


