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1. Definitions

1.1. Kinematic

kinematics is the study of the movement of material point (position, velocity and

acceleration), without taking into account their causes.

1.2. Material point

A material point is a mechanical system of one or more bodies that can be modeled by

a geometric point M with which its mass m is associated (center of gravity).
1.3. Reference

Description of the movement is made according to a body, chosen as a reference, called

an observation reference. For example: terrestrial reference, geocentric reference ...etc.
1.4. Frame

To mathematically describe the characteristics of a
movement, an observer (reference) uses a frame £, A
frame is determined by an origin O and by a base. Most

often the base is orthonormal: the best-known frame is the

Cartesian reference frame (0,7, 7, & ).
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1.5. Trajectory

The trajectory is the set of successive positions occupied by the mobile M during its movement.

It is represented by a curve in space. For example:

Z

1. rectilinear trajectory Trajectory
2. curvilinear trajectory M(t,) (%)
3. circular trajectory

Like any curve, the trajectory is determined, in a given M (t2)

reference frame, by its mathematical equation f (x, y, z). . \
]
> Y

1.5. Movement X

Movement or motion is a displacement of a body according to a reference at each instant “t”.

the movement is characterized by its trajectory and its velocity.
2. Kinematic quantities

The description of the movement of material point M need the definition of three

vectors, namely: the position vector OM, the velocity vector V and the acceleration vector

, Which we call them kinematic quantities.

These vectors must be expressed in the base of a reference frame (R), most often
orthonormal. We will see the kinematic quantities expressed in the Cartesian, Intrinsic,

Polar, Cylindrical and Spherical coordinate systems, respectively.

The choice of system is arbitrary but, in practice, is guided by the trajectory and the
forces acting on the mobile, and the choice will be made in such a way as to simplify the

mathematical expressions.
2.1. The Cartesian coordinate system
The cartesian coordinate system have orthonormal basis. It consists of an origin point O

and a base of three-unit vectors (7, 7, 75) which determine the three usual directions of space

{|0x), |0y), |0z)}. Thus, the Cartesian reference frame will be denoted R (0,7, 7, 75).

117, Jlk k1w = Wl=]kll=1 iAj= k
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1/ Position vector 7(t)

Let R be a direct orthonormal Cartesian reference frame of origin O and base (7, 7, 75).

The position of material point M at time t is defined by the position vector. The position

vector OM (t) is identified by its Cartesian coordinates (X, y, z) as follows:
7(t) = OM(t) = x(t)T + y(£)] + z(D)k

= Its magnitude is: |[OM|| = /x2 + y2 + 22

= |tsunitin International System (S.1.) is the meter (m).

= The expressions of x(t), y(t) et z(t) are called the

hourly equations of movement.

2/ Velocity vector V()
The velocity vector is defined as the instantaneous variation of the position vector with
respect to time, in other words:

di(t)  dOM(t) dx_ dy. dzz

Vo) = dt ac ac tadd Ta

The unit vectors (7, 7, 75) are fixed in the Cartesian frame, therefore:

di dj dk _
dt dt dt

We also note (from Newton): V' (¢) = ()T + y(6)] + 2(O)k
Finally, we write: V() = V()T + V()] + V,(Ok
V..V, and V, are the components of velocity vector, where:

d d d
== y=2 p=Z

Ve = =75 = ==
*odt Yoo dt 7 dt

The magnitude of V(¢) is : |V = \/sz +V,2+V,7

The velocity vector V(t) is tangent to the trajectory at the point M (t) and it is directed in

the direction of movement.
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3/ Acceleration vector y(t)

It is defined by the instantaneous variation of the velocity vector with respect to time,

in other words:

dv(e) d?#(t)  d20M(t)

v = dt  dt?2  dt?

*(t)—dzx*+d2y"+dzzl_€
V=02t T a2 T g

We also note: P() = #(OT+ F(O)] + 2Dk
We finally write: ¥(® = 7O+ 7, (O] + V. (D
Yx, ¥y and y, . are the components of acceleration vector, thus:

dv, av, _ay,
B Cdt’ Y2 =0

The magnitude of ¥(¢t) is: [|[¥ll = \/sz +¥y? v

The acceleration vector y is directed towards the concavity of the trajectory of the material

point M.

2.2. The Intrinsic Coordinate System

The Intrinsic coordinate system (or Frenet) consists of two-unit vectors: (uz, uy) mobile

in the observation frame of Cartesian system R (0,7, 7, 75). This system is very suitable for the
analysis of movement which admits a curvilinear trajectory, to determine the radius of curvature

R, and the center of curvature.

* Uy : Tangential unit vector, it is tangent to the trajectory at the point of curvilinear

abscissa S(t) and oriented according to the positive time.

= u, :Normal unit vector, it is perpendicular to u; and oriented according to the

concavity of the trajectory.

The projection of these vectors in the Cartesian frame gives:
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{u—f: —sinf@7+cosfj
Uy = —cosOi—sinfj

1/ Curvilinear abscissa

We call the curvilinear abscissa at time t, denoted S(t), of material point M, the length
of the arc of the trajectory of M counted from an origin My att, = 0 :
Z
(*)

S(t) = S(M) = MyM(t)
M(t) \
— S(t)

EA '\ Mo(to =0)
0 J
0> > ¥

2/ Position vector 7 (t)

In the Intrinsic frame, we cannot explicitly define the vector #(t) or W(t). We will
use the curvilinear abscissa S(t) to locate the position of point M in time knowing that the

trajectory is known.
3/ Velocity vector V(t)

By definition, the velocity vector is the temporal derivative of the position vector 7(t) :

_ df(t) dF dS

O=" T
The velocity in magnitude is expressed by:
Ve = li MyM(@t)  AS dS
®=m=x =%~ &

We know that the velocity vector is tangential to the trajectory of the mobile which means
that

., dr(®)
NPT
- dr ds .
V(t) = EE =V.ur

So, the expression of the velocity takes the form: V() = V.ur
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4/ Acceleration vector ¥(t)

By definition, the acceleration vector is the temporal derivative of the velocity vector V() :

V=

The intervention of the curvilinear abscissa S and the angle 6 formed between the Ox axis

and the position vector OM makes it possible to change the variable for determining the

—_—

. dur
expression of TR

d . dv . dup

du;  duy do _ dur do dS

do “dt ~ df dS dt

We know that the length of the arc S(t) (curvilinear abscissa) is written as follow:
S=R.0 6= S = s
- "R dS R
: . M das
In turn the magnitude of the velocity is given by: V = 5
In addition, the derivative of the tangential unit vector with respect to 6 gives the normal
unit vector: 2L = 77
a9~ N
(dur _ _,
ao N
we summarize: 1 N, 1 Y Uy
"lds T R RN
ds v
\dt
We finally obtain the acceleration vector in the form:
Y = dt-uT R Uy
Notes:

e The acceleration can be written as:

e With: yr and yy are the components of the acceleration in the base (uz, uy), where:

YO =yrur+yy.uy
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av . . : . L . =
Yr= s the tangential acceleration which results from the variation of the magnitude of V

v . : : L N .
YN =gtis the normal acceleration which results from the variation in the direction of V

e The magnitude of acceleration is then written: [|[¥|| = /y% + v%

o Knowing [|[V]| and |[7/ll, we can determine the radius of curvature R, :

VZ
R, =

Y2 — v§

2.3. The Polar coordinate system

The Polar coordinate system is a plane reference frame with rotational symmetry. It

consists of two-unit vectors: (u,, ugy) moving in the observation frame of Cartesian system

R (0,7,7, 7). This system is very suitable for the analysis of circular movements.

In this frame, each point is determined by the polar coordinates, which are the radial

coordinate (polar radius r) and the angular coordinate (the polar angle ). More precisely:

= 1 (t): polar radius, represents the magnitude of the position vector OM.

= 4(t): polar angle, represents the angle between the Ox axis and the position vector OM.
= 1, : radial unit vector having the same direction and sense of the position vector 7.

* g : angular unit vector is perpendicular to u, and oriented towards the direction of

)

increase of the angle 6.
The projection of these vectors in the Cartesian frame gives:

{W= cosOT+sinfj
Ug = —sinfi+cos@j y

1/ Position vector 7(t)

- -~
- ~
L S

e

At time ¢, the position of material point M (r,6)is Y | _ N
identified by the instantaneous position vector: :

()= OM(t) =r(H) u;

.l
N
rd
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2/ Velocity vector V()

Similarly, the same definition as in Cartesian and Frenet coordinates, the expression of the

velocity vector is as follows:

. d#  dOM d  _, dr _  du,
= =—=—t(r.ur) =E.ur+1‘.%

The derivative of the unit vector u,. can be determined via the variable &:

di; du; df  do _
dt  de dr  dc’ "

The expression of the velocity will become:

We can also write the form:  V(¢) = V,.u, + Vy.ug
ar . . .
» U= d—:: is the radial component of the velocity vector,
ae . . :
v Uy = TS the orthoradial component of the velocity vector,

ae . . .
w=—"1s the angular velocity of point M.

3/ Acceleration vector y(t)

By definition:
. AV d (dr L ) dr . drdu drd . o d% . dodu;
V=% = de \de T g e a2 T ar ar Tarar Ug +1 o dt? U0+ T ap dt dt

The derivative of the unit vector uy can be determined via the variable 9

duig dug d6  do _

dr . de “de . ac '

So, the expression of the acceleration takes the form:

L [d?r (dﬂ)z .
Y=laee " \ac) |'r

drdé dze
dt dt dt?

Notes:

» The expression of acceleration can be writtenas: ¥ = y,u, + YUy
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* y, and y, are the components of acceleration in the base (u,,, ug), where:

d? e \2 . .
Yy = d—tzr -r (E) ; the radial component of the acceleration vector.
]
dr de d%e . .
Yo = 2 Tz’ the ortho — radial component of the acceleration vector.
. g : :
"W = R the angular acceleration of the point M.

» The magnitude of acceleration is then written: ||Y|l = \/¥% + v3

= The relations between the elements of the Cartesian system (x,y) and those of the polar

system (r, ) are given by:

{xzrcose r=Jx*+y?

y=rsing’ 6 = arctan (i)

2.4. The cylindrical coordinate system

The cylindrical coordinate system is a spatial and orthonormal reference frame. It
consists of three-unit vectors (u,, Ug, 75).75 is immobile in the chosen reference frame, and

it is identical to k of the Cartesian system, while the other unit vectors u, and g are mobile.

This system is very suitable for the analysis of circular and translational movements
according to the Oz axis: (circular, elliptical, helical, etc.)

Thus, the movement of a mobile M in the cylindrical coordinate system is decomposed
into two movement: a rotational movement in the polar frame (projection of M on the plane

(Oxy)) and a translational movement along the Oz axis.

Z
We identify the position M by the cylindrical coordinates (o, 0,{;),--—--/ -----
—_— I/', Z E \ \\‘
= p (t) : the magnitude of the vector OM’ which " il
represents the projection of the vector OM on : [RRECR . p
the (Oxy) plane. - -

= @(t):the angle formed between the Ox axis and

the vector OM’.

= Z (1) : represents the height of point M from the
plane (Oxy).
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1/ Position vector 7(t)

According to the figure above, the position vector is therefore written:
T=0M=pu,+zk
2/ Velocity vector V(t)

As previously seen:

L, dar d( - E) dp_)+ du, dz - dk
VE At T ac P AT gt dt  dt “dt
. dp__, do__, dz -
Thus V= Eup+p E“g‘[‘a

The expression of velocity can take the form: V = Vou, +Veug+V, Kk , where:

V_dp_ Vo = ae V_dz
P dt’ 0 =P’ Z 7 dt

3/ Acceleration vector y(t)

A ous] , dV  d d,D_, de __, L gz dz -
s previously seen: y = — = +p —ug
dt  dt lde ° dt dt

L, d’p_, dpdup +dp do _, N d20 de dug N d*z 7
V=2 ™ acdar T de de ustp Gz a2 tP i T oae

The final expression of acceleration in the cylindrical coordinate system is:

__ [d%p (de)z
Y= 1aez ~P \ae

dp do  d%@ d’z -,

up + 2dt dt TP dt?

Notes:

= The expression for acceleration can be written as: ¥ = y,u, + yolg + ¥, k

" ¥,, Ye andy, are the components of the acceleration in the base (u,, Uy, E), where:

( d2p de \?

=gz (a)

<y9:2d_pd_9 pdz_e
dt dt dt?
d2

kVZ=F
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» The module of acceleration is then written: ||¥|| = \/ypz +v5 +v?

The relationships between the elements of the Cartesian frame (x, y, z) and those of the

cylindrical frame (p, 6, z) are given by:

x= pcos@
y = psin@ , or
z=2z

2.5. The spherical coordinate system

p= 7y’
0 =arctan(¥)
zZ=2z

The spherical coordinate system is a spatial and orthonormal reference frame. It

consists of three-unit vectors (U, Ug,u,) moving in the observation frame of Cartesian

system R (0,7,7, 75). This system is very suitable for astrometric and geographic location

(altitude, latitude, and longitude, etc.).

The spherical coordinates of point M are: r, & and ¢, where:

r (t): spherical radius, represents the magnitude of the position vector OM.

6 (t): latitude, represents the angle between the 0z axis and the position vector OM. This

angle is between 0 and 7.

o (t): longitude, represents the angle between the axis Ox and the position vector OM'.

This angle is between 0 and 2.

u, : radial unit vector having the same

direction and sense of the position vector

—

OM .

U : angular unit vector is perpendicular to

u,. and oriented towards the direction of the

angle 6.

u,, : angular unit vector oriented towards the

direction of angle ¢, where: u, = U, A ug.

The projection of these vectors in the

Cartesian frame gives:

Z
u,
z|. RS —
u
. @
o 1% .
r/ —
) : Ug
------- K/ ‘
J y Oy
A ; — —>Y
X \(pA o P “
________________\z,' !
----------------- W
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U, = sinfcospi+sinfsingj+cosfk
Ug = cosBcospl+cosOsing]— sinfk
U, = —sinpi+cospj

1/ Position vector 7(t)
According to the figure above, the position vector is therefore written:
7= OM=ru,

2/ Velocity vector V()

As seen previously:

%_dbﬁ_d?_d(__,)_dr_,_l_ du,
VST Ta at T T a

The radial unit vector u, depend on two variables & and ¢. So, its temporal derivative is

given by:
du—’r —_—

dTr_dTrdGerzTrdqo L d9 _te

dt  do dt = de dat " \aw |
—— =sinf Uy
de

du, do_,  do _,

P Eu9+sm6 it Uy

Finally, the expression of the velocity in a spherical frame is given by:

. dr _, do_, . do |
V= Eur+rau3+rsmemu¢
ltcan also be noted that: V=V, u, +Voug + V,u,, where:
dr do . do
Vr:E; ngra; V(pzrsmé)%

3/ Acceleration vector y(t)
As seen previously:

,_ v _dqdr_. do_. .edq)_>]
V=% Taclac T g e T TN e e

Unit vectors u;, ug, u, dependontwo variables @ and o, therefore its temporal derivatives

are given respectively by:
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dig_ _do_. dp__
dt dtur OS¢ e Uy

By definition u, = u /AUy : du, is given by:

du d ¢ _, [
aly — _
pralialien (uy Aug) = —siné It u, —cosé@ o Ug

By replacing these temporal derivatives of the unit vector in the relation of y
The expression of y(t) is therefore:

Y=V + YolUpg+V, U,
Notes:

" Y., Yo andy, re the components of the acceleration in the base (u,, ug, u,), where:

( d*r (d@)z 2 g (d(p)z
o=z ™ "\ae) 77 &
< , dr dr d0  d?6 P (d(p)z
Yo=2 1 — +r 7z T Cos sin It
dode dr de d?e
\y(p—Zrcose drdc ZEd—sm9+rsm9F

* The magnitude of acceleration is therefore written: ||y || = \[yrz +vs + Yo

= The relations between the elements of the Cartesian frame (X, y, z) and those of the

spherical frame (r, 6, ¢) are given by:

r=x?2+y2+2z?2
X = rsinf cose 7 T2
' i 9=arctan< x +y/Z>

y = rsinf sing , or
zZ =1rcosf
k(p = arctan(y / x)
3. Particular movements

A movement is a displacement of a body according to a frame of reference with
respect to time t. The movement is characterized by its trajectory and velocity, for example:

rectilinear, curvilinear, vibratory movements, etc. Or the combination between them.
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3.1. Rectilinear movement

A movement is called rectilinear if the trajectory followed by the mobile, is a straight line.
a) Position

Consider M a material point moving on a straight line x’Ox with a unit vector z, the position

M of the mobile is identified by the position vector OM:

OM = x(t)i
{ M vV 7
i . >—>
x 0 x (t) .
b) Velocity

e Average velocity: let x; and x, be two positions of the mobile at two times t; and

t,, the average velocity of the mobile between t; and ¢, is given by:

v X, — x; Ax
W -t At

e Instantaneous velocity: we define the instantaneous velocity at time t as the

instantaneous variation of displacement with respect to time:

V= 1 Ax  dx
~atBoAt T dt

c) Acceleration

The velocity is changing over the course of time, we characterize this change by acceleration.

e Average acceleration: the average acceleration is defined by:

VZ_Vl_ AV

t,— t; At

Ymoy =

e Instantaneous acceleration: the instantaneous acceleration of a mobile is given by:

o AV _ v
V=2, At dt
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3.1.1. Uniform rectilinear movement

A rectilinear movement is called uniform when the velocity is constant: V = C*¢, and

consequently the acceleration is zero: y = 0, hence:

__,
T
dx x t
dt o to

It is a first order differential equation that we will integrate to find the hourly equation of

movement x(t):

= x@)=V(t—-ty) +x

3.1.2. Uniformly varied rectilinear movement

Rectilinear movement is called uniformly varied when the acceleration is constant = €.
Furthermore, if the velocity increases, the movement is accelerated and if the velocity

decreases the movement is decelerated, where:

= — = (Cte
V=t

14 t
f V= f y dt
Vo to

It is a first order differential equation that we will integrate to find the hourly equation of the
velocity v(t) :
= V) =y{—ty) +V,
Searching now x(t), we know that: V = %, where:
x t t t t
]x=Jth= (y(t—ty) +Vy)dt =J y (t —ty) dt +J Vy dt
Xo to t

to 0 to

So, the hourly equation of movement x(t) iss= x (t) = %y (t—tg)? + Vo (t—ty) + x0
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3.2. Curvilinear movement

The movement of an object is called curvilinear movement if its trajectory is a curve.
To describe the curvilinear movement of a mobile, we must choose an origin O and its

position is identified at each instant t by the following position vector:

oM (®) = 7(t) = x(O)T+ y(©)] + z(Dk

Z
1/ Displacement vector N M
P A
The displacement of a mobile initially in M; at time ¢, /@N "M
N

and arriving in M, at time t, is obviously:

MM, = OM,— OM, = AOM = A7

The curvilinear abscissa at time t, denoted S (t), is the length of the trajectory (arc) from M1
to Mz hence: S (t) = M, M,.

2/ Velocity vector
e Average velocity vector:

The average velocity during the displacement from M1 to Mz is written:

o _ MM, _ MM, _ AOM _ A7

wg T —t, At At At

e Instantaneous velocity vector:

The instantaneous velocity is the velocity of the mobile at a time t, where vV is expressed

by the relation:
7o i MMz _ dOM _ dF
Tateo At dt  dt

The instantaneous velocity vector V ateach instant t is tangent to the trajectory. Its

direction is that of movement.
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3/ Acceleration vector

e Average acceleration vector:
Between times t, and t, the average acceleration vector is defined by:

V,—V, AV

Ymoy = ¢ T At

e instantaneous acceleration vector:

The instantaneous acceleration vector can be obtained by the temporal derivative of
the instantaneous velocity vector:
Sy AV dV dPF
V= uB0ar = dt - ade?
3.3. Other movements

Some movements are a little more complex than rectilinear, curvilinear and circular
movements. Let us cite, as an example...the helical movement, the spiral movement, the
cycloidal movement, the vibratory movements, the elliptical movement, the hyperbolic

movement and the parabolic movement etc....
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4. Relative movement

4.1. Definition

We consider a reference frame (R) provided with a fixed orthonormal basis R (0,7, 7, 75).

This fixed reference frame will be called an absolute reference frame. On the other hand,

we consider another reference frame (R") provided with an orthonormal basis R’ (0’, 7,7’, ﬁ)

in motion with respect to (R), this moving reference frame will be called a relative
reference frame.

Let M be a point moving in (R), we will call:
» Absolute movement, the movement of M with respect to (R)
> Relative movement, the movement of M with respect to (R")

» Training movement, the movement of (R") with respect to (R)

4.2. Calculation of velocity and acceleration

The calculation of the absolute velocity as well as the absolute acceleration of the mobile
M with respect to the fixed reference frame (R) is carried out by two methods: the direct

method (or direct derivative) and the compositios of velocities and accelerations method.

4.2.1. Direct method

The velocity and acceleration of the mobile M with respect to the absolute reference
(R) and the relative reference (R’) are given by:
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a) Absolute quantities:

The movement of M with respect to the absolute reference frame (R) is characterized by:

Position vector: OM =xT+y]+zk

Absolute velocity : V(M) = _dgtM = % i+ d_{ J+ % k
R
Absolute acceleration : y,(M) = Gf;a = d;sz = Z?ZC i+ ‘;2’ J+ Zii k
R R

b) Relative quantities:

The movement of M with respect to the relative reference frame (R’) is characterized by:

Position vectory: OM' = x 7+ y’7’ +7 K

Relative velocity : V(M) = “om| 5 AV 5 d7 5
elative velocity : V,.(M) = i D : ) "
R/
, _ 4 dv;|  d*0'M d*x' = d*y' - d?*Z —
Relative acceleration :  y,.(M) =ER, TS = e + dt2 ]+ di2 k

4.2.2. Composition of velocities and accelerations

1/ Composition of velocities

The composition of the absolute velocity vector Va is expressed as a function of the

relative velocity vector V., as follows.

We have:
—  dOM d(W+T) do0’|  dO'M
a =" = — =
dt R dt dt R dt R
7_dw B N A N4 I TN ,+dP’ ,
@ dt . Lat ¢ t at * Tar Y T ae

—_ — —
! !/

The reference frame (R’) is mobile, the unit vectors (', j', k") are therefore not constant over

time.
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The composition of the absolute velocity is therefore written:

T doo’|  [a/ ,+d7 ,+dF ,
a0 dtR at * Tac Y Tar ?

- - —
!

The term in the square brackets describes the movement of the reference R’ (0,1, j’, k") with

respect to the reference (R) and we call it the training velocity of (R") with respect to (R),

denoted ,, and we write:

_,_ doo’ s dr' ,+d7 ,+dﬁ ,
Ve = dtR ac * Tac Y Tar ?

Then, the absolute velocity is written by the law of composition of velocities, as follows:

Discussion on training velocity V,:

The term between the square brackets of the training velocity 7(; contains the derivative of

the unit vectors (7,7, E’)) of the moving frame (R'). So, to identify this term we distinguish

two following cases:

e (R) intranslation with respect to (R):

— X +—=y +—1z

THINL TR )
dt dt -

The training velocity will then write:

. do0’
¢ dt
R

e (R’ inrotation with respect to (R):

We consider that the axis of rotation of (R") with respect to (R) is Oz (k =k’). The

—

angular velocity vector (rotation) is therefore: w = j—f k, or: @ = w k. We know that:

v_d557 s v’ ,+d}7 ,+dF ,
€ dtR at X Tae? Tar ?
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The unit vectors of the moving reference frame (R”) can be given as a function of that

of the absolute reference frame according to the following relations:
(4  d'de

) rrial
{l’=c059?+sin9f

~

- , where : {E=g§ 7
J'= —sinfT+cosO] dt dodt

\

We replace them in the expression of the

training velocity:

_,  doo’ S
V, = i +_a)]x—wly+0.z]
R
_ X
— dOO’ ’—; ,—;
= Ve=7 +a)[x]—yl]
R

The expression in parentheses can be determined by the vector product between the angular

velocity vector @ and the position vector 0'M :

:>Ve:7 + o AO'M
R
We summarize:
Vo=V, + 7V,
—e_dOIM _dx'—; dy’——;-l_dZ E’)
e dtR_dtl TR,
7= 2999 4 Gaom
€T dt . @

To determine the derivative of a vector which belongs to the moving reference frame (R") with

respect to the fixed reference frame (R), we use the following procedure:

do'M| _ [dx 5 dy' 5 dz' ) | |dv ,+d]_” L
at | " |ae " T ae ! Tae at * Tac Y Tar ?

We finally write:
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do'M| dOo'M GO
dt R_ dt |, @

2/ Composition of accelerations

The composition of the absolute acceleration vector y, is expressed as a function of the

relative acceleration vector ¥, :

. AV d(G+V)| _ dy| dv
we nave : )/a = = - — =
dt R dt R dt R dt R
) av, av,
We will now searchto —| and —%| :
dt R dt R

V; - is a vector defined in the frame (R"), therefore its derivative with respect to (R) takes the form:

dvy|  dv, L=
|, " arl, TN
t, t]
dv, d [d00’ s Aml dZW‘ N d(_)/\m
—| = = W = — —(w
dt|,  dt| dt | . ez |, dt R
dv, d2007 N de YNNG do'M
Glel _ &YV o @
2

dt R dt R dt R dt .
A%l _ #0045 Gl L G 40'M +3 AO'M
dt| —  dt2 dt @ dt @

R R R | R/
o @ T N I N e BV
dt | = dt? dt @ rT

R R R
dv, d?00’|  dd ——| . . L L =
— = + —AOM +a)/\vr+wA(a)/\0M)
dt dt? dt

R R R

av, dav,
We do now the sum between —T| and —=|
dt R dt R
_, _dv| dv,
Ya =—| + =
dt R dt R
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+——AOM+ B AV, +36 A (B AOM)
T

. d?00'
dt?

deo . _ .,
+EA0’M+wA(w/\O’M)l

_ _dv,
y{l - dt

. — [d?00’
+ 20 AV, + di

RI
We define:

dvy

> Relative acceleration: ¥, = Py

RI
—
> Coriolis acceleration: ¥, = 2w AV,

d200’
dt?

> Training acceleration: y, =

+ L ANOM+ @A (B AO'M).
R dt

Then, the absolute acceleration is written by the law of composition of accelerations, as follows:
Ya =Vr Vet Ve

5. Applications

Exercise -01

The position of a particle moving in the (Oxy) plane at any time t is given by the following
equations:

x =2t; y = 4t?— 4t

1/ Find the trajectory equation of the movement y = f(x) and determine its nature?

2/ Calculate the velocity of the particle,
3/ Show that its acceleration is constant,
4/ Determine the normal and tangential components of the acceleration in the intrinsic

coordinate system.
5/ Deduce the radius of curvature.

Solution

1/ Trajectory equation: We eliminate the time between the time equations to obtain y

fx):=»t= % x ,y = x*— 2x, The trajectory is a parabolic.

2/ The velocity of the mobile: We derive the position vector with respect to time:
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dx
= =2

d; =V= 2+ =>V=/Bt-42+4 (ms")
Vy = E=8t—4

3/ The acceleration of the mobile: By deriving the velocity vector with respect to time we arrive at:

avy
Y« = 757 =

c?lfy = y= |yi+y; = y=8(ms?) =>y=1C
T

4/ The tangential acceleration is the derivative of the magnitude of the velocity with respect to time,

therefore:

v 8(8t—4)
dt — [(Bt—4)2 + 4

Yr = (m.s™%)

The normal acceleration is:

Yw o= ViV = % (m.s™%)
J(Bt—4)2+4

5/ The radius of curvature is:

3
V2 vz J(Bt—4)2+4

= — = R= —=
14 R v 16 (m)
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