1st year MI Mechanics of material point

Chapter 1: Kinematics of the material point

I. Def . Kinematics is a branch of mechanics which studies the movements of
bodies in space as a function of time independently of the causes which
cause them.

A material point is an object that is infinitely small compared to the
characteristic distances of movement to be considered punctual.
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v' A point M in space is identified by its Z x
coordinates x, y and z such that: T i
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OM =7V =xi +v.j +z.k

It is the vector OM = x(1)7yhich designates the distance which separates
the mobile M from the point O taken as the origin.
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x(t) is called the time equation of motion.

a/ Cartesian equation of the trajectory:

The trajectory is the set of positions occupied by the mobile during its
movement for successive moments.

We obtain the equation of the trajectory by eliminating the fime between the
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two time equations x(t) and y(t).

ex : The fime equations of the movement of a material point drawn in space
are x = 2t ; y = 0; z= -5t 2+ 4 t (all units are in the international system).

1/ Find the Cartesian equation of the trajectory, what is its form?

2/ Write the expression for the position vector at time t=2 s.

Answer:

1/

b | =

-

z==1.25x"+4+2.x Equation of a parable

2/ Expression positior vector

|

OM =xi + 1} +zk
OM = (20).7 + (=5t + 41).k = OM (1=, = 4i —12k
OM (12 = 47 12k

b/ Displacement vector :
The displacement vector is the distance traveled between two instants.

O o1 *1 A1 e
g i = AOAZ 12

XY

MM, = AOM = OM, —OM, = (x, —xl);

Speed is considered to be the distance traveled per unit of time.

a/ Average speed vector

Let's look at the figure above: between time t where the mobile occupies position
M, and time t ' where the mobile occupies position M ', the average speed vector

is defined as being the expression:
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Trajectoire ---

MM'

O M T t—1 ey At

b/ Instantaneous speed vector:
The instantaneous velocity vector, i.e. at tfime t , is the derivative of the position

vector relative to time:

. - OM"— OM . AOM d OM
Vv, = lim =lm,_ ,—— =——
17 r—r' AT dr
- ﬂf Oj/f

r

dt

Modulus of the instantaneous velocity vector is:

V= \/::72 +yi+ 2

We consider acceleration to be the change in speed per unit of time.

a/ Average acceleration vector:

By considering two different instants t and t ' corresponding to the position

_— —_—

vectorsOM and OM and the instantaneous velocity vectorsV and V' (figure), the
average acceleration vector is defined by the following expression:

——

-
Trajectoire
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ot'—t At At

b/ Instantaneous acceleration vector

The instantaneous acceleration vector of a movement is defined as the
derived from the instantaneous velocity vector with respect to time.
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i, YTV o AV _av d*OM
T v T Ar dr dr?
. dv d'OM
a _= _= S
dt dt-

Modulus of the instantaneous acceleration vector is:

a =i+ 3% + 2

v We can now write in summary the expressions of the position, velocity and
acceleration vectors in Cartesian coordinates, with the conventions of
Newton and Leibnitz:

—_—

OM=F=xi+yj+zk=>V=xi+yj+2k =d= ¥i+yj+7k

. dx - dy - dz - . d’x- dv - d’z -
V=—i+—j+—k =|a= —i ] +—.
dr dt dt dt” dr_~ _ dr

CONCLUSION : In a Cartesian frame of reference the position, speed and
acceleration vectors are:

X X=v X=v_=a_
r=ly| =>v|ly=v, | —>a|l¥=v =a,
z), Z=v, Z=v =a,

Ex:
[ x=2t?
Let the position vector be OM (y = 4t — 5). Deduce the velocity vector and the
z=t3

instantaneous acceleration vector, then calculate the modulus of each of them.
Answer .

We derive the expression of the position vector twice in a row to obtain the
requested vectors and then we deduce their modules:
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V=4t.7+ 4] + 3t2k > 7 = 47 + 0] + 6tk

V=116t + 16 + 9t%,  y =+/16 + 36t2

II. / Rectilinear movement:

1/ Uniform rectilinear movement

Def. A movement is said to be uniform rectilinear if the trajectory is a straight
line and the speed is constant.

: we choose the OX axis as a rectilinear reference and we set the
initial condition t=0; x=x o .
Starting from the definition above, and thanks to an integration we can express
the abscissa x as a function of time:

. dx .
v=Xx= = =v, > dx=v,dt
X r r
[ax=[vdr=~(ar
Xg Iy Iy
X —x, = Vv(l —1,)

—> x=v(—1,)+ X,

-Movement diagrams :
Uniform rectilinear motion diagrams are the graphical representation of
acceleration, velocity, and displacement as a function of time.

e
v=C"

a=>~0

O

o

-~V
Sy

- Definition : The movement of a material point is rectilinear uniformly varied if
its trajectory is a straight line and its acceleration is constant.
- Algebraic speed : Considering the initial conditions = t 0=0; v = v ¢ (initial

speed), and starting from the previous definitions, and integrating we can write:
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dv
a=2 = dv=adr
dt
= v=a(l—1,)+V,
—v=al+y,

];dx = j'vdr= j(n(r —1,)+v,)dt

0 Iy Iy

1 >
X —x, =Eﬂ'(?‘2 —ty)—at,(t —1,) +v, (1 —1,)

1 2
x =—a()y + v+ x,

-Movement diagrams :
We see in the figure the diagrams of uniformly varied rectilinear motion relating
to acceleration, speed and displacement.

XA VA
at” ~ Vol + 0,

b | =

&

d= ("r“

The movement of a material point is said to be rectilinear with variable
acceleration if its trajectory is a straight line and its acceleration is a function
of time

(y = f(©)).

Example : a point body moves along a straight line with accelerationy = 4 — t?

Find the expressions for speed and displacement as a function of time

considering the following conditions:t =3s; v =2ms™; x=9m
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Answer : To obtain the literal expression of the speed we must integrate the

acceleration equation:
t t 1
v=fydt+v0=>v=v0+J(4—t2)dt=>v=4t—§t3+v0
0 0
Integrating again to obtain the literal expression of the displacement:

t

1
x=x0+jvdt=>x=—Et4+2t2+vot+xo
0

We still need to determine the initial abscissa and velocity of the body.
According to the data, we replace the time in the expressions obtained previously
by: t = 3sto find the initial abscissa and speed:t = 3s = x, = Zm; vy = —1ms™!

Ultimately, the expressions for velocity and displacement are:

x=2t2 — Lt 43 And v=4t—1¢3 -1
12 4 3

v' It is the uniformly varied movement. This movement can be accelerated or
delayed. In the first case the product of the speed and the acceleration
must be positive, in the second case the same product must be negative

Uniform rectilinear movement:

—

v=constant. a =0

Uniformly accelerated rectilinear motion:

a =constant ay)0

w —— —_— C—— —— O

& s > =S ___ % = e = = . ——

- —_—— —_— —_—

Rectilinear movement uniformly delayed or decelerated:
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a=constant gy{0

V — - —- - -
o= g o =g © -~ o -~ o -~ e
= — —— — e — -
Applications:

Exercise 1

A material point moves in a straight line following the following time equation:
X(t) = —6t% + 16t

What is the position of this bodyt = 1s

At what time t,does it pass through position O (origin).

What is the average speed in the time interval between 0sand 2s.

o O O O

Give the expression for the instantaneous speed, deduce its value
fromt = Os

o What is the average acceleration in the time interval between 0sand 2s.
o Give the expression for the instantaneous acceleration.

Solution exercise 1

o body position at t = 1s: x(1) = 10
o x =0=6t*+ 16t = 0it passes through the origin to t = 0sandt = g =2.7s

O Vmoy = x(t=2)—-x(t=0) _ 4m/s

2—0

o B(t) =221 =16 —12t:v(0) = 16m/s
v(t=2)-v(t=0)

© Ymoy =T 55 =

0 y="=-12

—12m/s?

Exercise 2:

A vehicle travels x, = Oon a straight path. Its speed is characterized by the

following diagram.
A Vitesse (m/s)

w77

Y
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1. Indicate over the 5 time intervals: the algebraic value of the acceleration

and the displacement
2. Determine at the end of the movement at t=100s: the final position x and
the path traveled in absolute value.

Solution ex 2

1. the algebraic value of the acceleration and the displacement over the 5

time intervals:
1) 0<t<30s,a=3=1m/s*, v=at+y,

At=0s, v=0m/s = vp=0.Donc: v = t. Le mouvement est uniformiment accéléré.
2) 30< t<50s, a=0m/s?, v =30 m/s. Le mouvement est uniforme.
3) 50<t<60s, a= % =-3mis®, v=at+uy

At=0s, v=30m/s = vy =30. Donc : v = -3+ 30. Le mouvement est uniformiment

retardé.
4) 60 < r<80s, a=0 m/s?, v=0m/s. Le mobile est au repos.
5) 80<1<100s, a=43%=Z2 m/s? v=at+uwg
At=0s, v=0m/s= p=0.Donc: v= _2—31‘. Le mouvement est uniformiment accéléreé.

0<r1<30s 30<1<50s J0<1<60s 60<1<80 80<t<100
ay=Im/s® a>=0 as=-3m/s’ a,=0 as=-1,5m/s’
Ax;=450m Ax,=600m Av;=150m Avg=0 Axs=-300m

2. The final x position

abscisse finale : x=xg+ Z AX, =900m ; chemin parcouru : 1= Z|A.\:l| =1500m

III. Study of movements

in different systems (polar, cylindrical

and

spherical)

It is a coordinate system used to locate the position of a point M in two
dimensions (plane motion). The position of point M is identified by its polar

coordinates (r, @).

r:polar ray
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@:polar angle

Figure: polar coordinates
Sowehave :r = [OM|; 0<7<+o
¢=(W,?); 0<g@<2m
Using the diagram in the figure above we can find the relationships between

Cartesian coordinates and polar coordinates:

X =T COS @
{y=rsin(p

r= ¥y

Or vice versa : y
¢ = arctan—

We define the base (u;,u, )associated with the polar coordinates:

{ U, =cospl+singj

U, = —singt+cosqj

» The position vector:0M = ru;
> The velocity vector in polar coordinates:

To obtain the expression of the velocity vector in polar coordinates we
derive the position vector in polar coordinates:

doM dGw) dr)_,  d@) -
= = u, +r

V= >V =ru, +rou,
dt dt dt r T TPU

Noticed:

The vector u/being mobile and implicitly depends on t , through its

dependence on the angleg
10
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du,) _d@w)de d@w)de _

.« —>

dt  dt do  de dt P
d(u,
(Elq:)={u_(p’=—singoi’+005(pj’

> The acceleration vector in polar coordinates:
Y = @ —rpAiu, + 2ro + rdu,
Example :

Let M(v3;—1), determine the polar coordinates of M.

Answer: r=,x2+y?=+3+1=2and J 2 5=

— %Ther'efor'eM (2; — %)

If the trajectory is spatial, where rand ozplay a particular role in determining
the position of the mobile, it is preferable to use cylindrical coordinates

(r,¢,2)
r:polar ray
@:polar angle

z:altitude

Figure: cylindrical coordinates

We therefore have according to the figure:

11
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r=|0om|, 0<r<+e
(p=(Wn),i’); 0<p<2n
zZ = W; —o0o <7< oo
- Rules for fransitioning from Cartesian coordinates to cylindrical
coordinates:

X =T COS @
{y=rsin(p
zZ=z

Or vice versa
r=4x*+y?
Q= arctanz
X

zZ =727

We associate the orthonormal base (w1, k)with the cylindrical coordinates,
this base is connected to the base of the Cartesian coordinates by the
relations:

—

U, =cos@ L+singJ
U, =—singi+cosej
k=k
o Position vector
In this basis the position vector is written as follows:

OM = Om + mM = ru, + zk

e Velocity vector

To obtain the expression of the velocity vector in cylindrical coordinates we
derive the position vector in cylindrical coordinates:
dOM _d(ru,+zk) dr_  di, dz. dk

=— —k
dt dt de T tr dt + dt dt

V=

Knowing that kis a fixed vector its derivative is zero % = 0. The vector u,.being

mobile, its derivative is not zero in general. Indeed, i,.depends implicitly on t ,
through its dependence on the angle ¢. So :

du, di,dg
dt de dt

Using the expression of the vector %,in the base (i, ], k)we obtain:

12
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dﬁr dﬁ‘)" d(p d(p — .«
= = Up = PUy

dt  do dt dt

We then obtain for the speed vector:
V=—1u+ r—1i, +——k =7, + r¢i, + 7k

e Acceleration vector in cylindrical coordinates:
V= G —roDi, + (rd + 27 @), + 7k

When the point O and the distance separating M from O play a characteristic
role, the use of spherical coordinates (r,0, ¢)is best suited.

r: polar ray
0 : coaltitude

@ : azimuth

Y

Figure: spherical coordinates
We therefore have according to the figure:
r= |0M| 0= r<4om

o= (omi); 0<g@<2m

6=(0Mk); 0<6s<m

Rules for transitioning from Cartesian coordinates to spherical coordinates:

13
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x =rsinf cos @
y=rsinfsing
Z=rcosf

Or vice versa :

r=4x?+y?4z?

V24 y?
& = arctan
z
\.."
P ==
X

We associate the orthonormal base (u;,uy, i, )with the spherical coordinates,
this base is connected to the base of the Cartesian coordinates by the
relations:

U, =sinfcosgi+sinfsingj+cosfk
Ug =cosOcospl+ cos@sinq)j’—siné?l_c)
U, =—singpl+cosej

e Position vector: in this basis, the position vector is written as follows:

OM = ril,

> Velocity vector in spherical coordinates
The position vector in spherical coordinates depends on the vector u,.
The latter depends on the angles 6and ¢, therefore, its derivative with
respect o time is given by:
di, du,.d6 di, de
dt  de dt ' do dt

Using the expressions of the vectors (i, U,)as a function of the

vectors (7,7, k)given previously, we show that:

diy
aé

du . -
= tgAnd—" = sin 6 i,
do

du ao - . dp —
S0== =4, +sinf =2 4
at ~ dt dt

¢

The velocity vector is obtained by deriving the position vector:

14
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dOM dr_  du, dr do _  de
7=Eur+r " =%ur+rau9+rsmeau(p

V=

Or :V = 7, + r6%, + r¢sin 61,

e Acceleration vector

¥ = (#—1r02 —rsin? ¢?)d, + (270 + 76 — rsin 6 cos 002,
+ (27sin@¢ + rsin0¢ + 2r cos 009,

IV. RELATIVE MOVEMENT:

The movement of a material point can be divided info two distinct movements

o A movement relative to a fixed reference point which we will call Absolute
reference point

o A movement relative to a mobile reference which we will call relative reference

a/ Absolute and relative quantities

Let a material point M be in motion relative to a relative reference frame Rr
(o' x'y',z"), itself in motion relative to an absolute reference frame Ra (O,x.y,z).

Z‘
Z.’ [
(Ra) —:’ }.')
ik o' g 7' (Rr)
.?: 1]
O >

. .
f H y
A

les repéres absolu et relatif

b/ The position:

The position of M in Ra is the absolute position and its position in Rr is its
relative position

Osz;;f+y}+zE

OM=x7+yj'+2'k

15
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OM =00'+O'M

c/ Speed:

Absolute speed is the speed of M relative to Ra

f;a _ d OM _ dx;+dy}+i}{*
dr dt dt dr

This speed can be calculated in another way:

dOM  dOO’ N dO' A
dr dr dr

dOM dOO' ,di' ,dj ,d]_c"+dx';;+dy'—_*, dz' —

X4y +z J'+ k'
di dt dt dt dt dt dt dr

We pose

T—/:e:d'OO —|—x'd3 +y,c:r.’j Z,a’k

dt dt dr dr
o I i B
dt dt dt

From where
V, =V. + 1

VT: it is the relative speed, that is fo say the speed of the mobile M relative to

the reference Rr.
Va: represents the training speed, that is to say the speed of the Rr reference

mark relative to the Ra reference mark.

d/ Acceleration

The absolute acceleration is the acceleration of the point M in the frame R:

16



1st year MI Mechanics of material point
. d*OM dv, |d*o4 | dY' 4 | d7k'| .
Ga = 3 = = 5 + X 5 +)-’ 5 + Z 5 —)(Je
dt” dt dt” dt~ dt” dt”
L d*x" L dy - diz .
+ I el + )I “ﬁ + k 2 _> a?
- dr dt” dt”
dx'di' dy'd]' dz'dk'|
+2 — +—— — | —>a,
dt- dt- dt-
i

a

frame (Ra) .

: absolute acceleration: it is the acceleration of M relative to the reference

A, : relative acceleration: this is the acceleration of M relative to the reference

frame (Rr).

—

d,. training acceleration: it is the acceleration of the reference ( Rr ) relative

to
at the mark (Ra) .

9c: Coriolis acceleration: it is a complementary acceleration

called Coriolis acceleration.
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