Chapter 2
Sequences of functions

In all this chapter, we let I be a real interval and we denote by F (I,R) the set of all real
functions defined on I. For any f € F (I,R), the symbol | f|| denotes the supremum of the
function |f| on the interval I, that is

1f]l = ilél;!f(ﬂf)l-

1 Definitions

Definition 1.1 We call a sequence of functions any map N — F (I,R) associating for each
integer n a function f, € F (I,R). Usually, a sequence of function is denoted by (fy),>

(gn)n21 ete...
Example 1.2
1. fo(z)=2", x€R.
2. fu(x) =exp(nz), x € R.

Definition 1.3 Let (f,),oy C F (I,R) be a sequence of functions and let f € F (I,R). We
say that (fn),cn converge pointwise to f on I, if for all x € I we have lim,, ., f,(7) = f(x).

Pointwise convergence defines the convergence of functions in terms of the convergence of
their values at each point of their domain. We say that the sequence ( f,,),>1 converges pointwise
if it converges pointwise to some function.

Example 1.4

1. The sequence (fn)n>1 defined by fn(x) = E, converges pointwise to 0 in R.
= n

2. The sequence (fn)n>1 defined by f.(z) = 1 + exp(—nz), converges pointwise to the 1 in
(0, +00).

Pointwise convergence is the natural way to define the convergence for sequences of functions.
Unfortunately, this mode of convergence does not preserve certain properties of the sequence.
The following examples illustrate this situation.

Example 1.5 Consider the sequence of functions (f,)n>1 defined on the interval (0,7/2) by

nx
Julw) = nx? + cos
that for all n € N, f,, is bounded and integrable on (0,7/2) but f(x) = 1/x is not. This shows
that the pointwise convergence do not preserve the boundedness and the integrability.

. It is easy to see that (f,)n>1 converges pointwise to f(x) = 1/x. Notice



Example 1.6 Consider the sequence of functions (f,)n>1 defined on the interval [0,2] by
2
folz) =

nxT

. It is easy to see that (f,)n>1 converges pointwise to
nx? + cos (nx) =

1, ifx #0,
)= { 0, if x =0.
Notice that for alln € N, f,, is continuous on [0,2] but f is not. This shows that the pointwise

convergence do not preserve the continuity.
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It is easy to see that (f,)n>1 converges pointwise to f(x) = |x|.
Notice that for all n € N, f,, is differentiable at 0 on [0,2] but f is not. This shows that the
pointwise convergence do not preserve the differentiability.

Example 1.7 Consider the sequence of functions (f,)n>1 defined on R by f,(z) =

2 Uniform convergence

In this section we introduce a mode of convergence stronger than the pointwise one, called
uniform convergence. The difference between the pointwise convergence and the uniform con-
vergence is analogous to the difference between the continuity and the uniform continuity.

Definition 2.1 Let (f,),cy C F (I,R) be a sequence of functions and let f € F (I,R). We
say that (fy),en converge uniformely to f on I, if for all € > 0 there ewists n. € N such that
foralln e N, n>n. = |f,(z) — f(z)| <€ forallz eI

Remark 2.2 Notice that a sequence (fy),cn € F (I,R) converge uniformely to f € F (I,R)
in I if and only if

i (sup 1, () = ()] ) = fm 1, 1] =o.

n—00 \ zel
It is easy to prove the following proposition.

Proposition 2.3 Let (fu),cy C F (I,R) be a sequence of functions and let f € F (I,R). If
(fn)nen converge uniformely to f in I, then (fy), oy converge pointwise to f in I.

Example 2.4 Consider the sequence (f)n>1 defined by f.(z) = 2™ on [0,a] with a € (0,1).
For all x € [0, a] we have lim,,_,, f,(x) = 0. Moreover, we have

lim (Sup | fr (x) — 0\) = lim ||f,|| = lim a" = 0.

n—oo me[

This shows that the sequence (f,)n>1 converges uniformely to 0 on each interval [0, a] with
ae(0,1).



Example 2.5 Consider the sequence of functions (f,) defined on [0, 1] by

neN

. 1
2z, if 0 <z < —,
2n

2 1
2n

We have f,(0) = 0 for all n € N and for x > 0, we have lim, . f,(z) = lim, o, 0 = 0.
Hence, (fn),ey 18 pointwise convergent to 0. Moreover, we have sup,o ;| fu(z) —0] = 1 — 0
as n — oo. We conclude that (fy), oy 15 uniformely convergent to 0.

Exercise 2.6 Let (f,)n,>1 be the sequence defined by f,(z) = (1 + E)n on R. Study the uniform
= n

convergence of (fn)n>1 on R.

Solution 2.7 Clearly, for all x € R we have lim f,,(z) = e”. Set g,(x) = ‘(1 + %)n —e*|. We

have g,(n) = " — 2" — +o0. This shows that (f,)n>1 do not converge uniformely to e* on R.

Theorem 2.8 (Cauchy) Let (f,),.y € F (I,R) be a sequence of functions. Then (fyn),cxn
converge uniformely if and only if for all ¢ > 0 there exists n. € N such that for all m,n € N,
m,n > Ne = Hfm - fn” <e

Proof.

=) Suppose that (fy),cy converges uniformely to a function f € F (/,R). Then for any
€ > 0, there is n. € N such that for all n € N, n > n. = ||f. — f|| < ¢/2. Hence, for any
m,n > n., we have

[fn = full = sup|fm (@) = fu (2)] < sup (|fim (z) = [ (2)] +|f (@) = fu (2)])

zel zel

< sup (1 (2) = £ @)+ sup (1f (@) = fu (&)
= W= Fl+ = Fl S ef2+¢/2=¢

<) Suppose that for all € > 0 there exists n. € N such that for all m,n € N, m,n >
ne = || fm — full = supues | fin () — fr ()| < €. Then, for all x € I, (f, (2)),cy is a Cauchy
sequence and the sequence converges pointwise to some function f € F (I,R). Let € > 0 and
n. as supposed, then for any = € I and all m,n > n,. we have

|fn (@) = ] ()] [ (@) = fon (@) + [ (2) = f ()]
[ fm = full + [ (2) = f ()]
€+ [ fm () = [ (2)]

Letting m — +oo, we get |f, () — f (z)| < € for all x € I. Proving the uniform convergence of

(fn)neN to f u
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3 Properties of the uniform convergence
In all this section, we let (f,),cy € F (I,R) be a sequence of functions and f € F (I,R).

Theorem 3.1 Suppose that (fy), oy converge uniformely to f on I and there is ng € N such
that f, is bounded on I for all n > ng. Then the function f is bounded on I.

Proof. Let ¢ > 0 be given, there is n; € N such that for all n > max (ng, n;) we have
1 fn = fll = sup [fo(z) = f(2)] < e
S
Taking n. € N with n, > max (ng, n;), we obtain

/1] = Slé}?lf(ﬂiﬂ < sillﬂfn* () = f (2)] +Sléll>|fn* (@)] < e+ || /.

Proving that f is bounded. m

Theorem 3.2 Suppose that (f,),cy converge uniformely to f on [a,b] C I and there is ng € N
such that f, is integmble on [a b CI for all n > ng. Then the function f is integrable on [a,b]

and we have lim,, f fn(?) f f(t)

Proof. Let € > 0, by the uniform convergence of (f,) to f, there is ng € N such that for all
n > ng we have

fn(x) - ‘ ‘

=) < flz) < fn(x)+4(b_a) for all z € [a,b)].

Also, there is asubdivision {xg, z1, ...z} of [a,b] such that

Z (Mm - mn,i) (3% - fL’i—l) < 6/27

where M, ; = SUD, (s . 4] [n (z) and my,; = infocp, o 2 fo (2) -
Hence, if M; = sup,cy, ., ) f (z) and m; = inf,cip,_, 2 f (), we have then

€ €
n,g < 7 S Mi S Mni )
i T g —a) =" AT
leading to
i=k 1=k
Z(Mi_mz) i — Ti— 1 Z — My (xi—xi,1)+e/2 S €.
=0 =0

This proves that f is integrable on [a, b] . At the end, from

dt—/f dt\ /Ifn ()] dt < (b—a) £ — 1.

we conclude that lim,,_ f fn(t) f f(t)dt. m
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Corollary 3.3 Suppose that (f,,),cy converge uniformely to f on |a,b] C I and there is ng € N
such that f, is integrable on [a,b] for alln > ng. Then the function f is integrable on [a,b] and
the sequence of fonctions (F, In>1s where for alln € N F,( f fn(t)dt converges uniformely

to the function F on [a,b], where F(x) = [* f(t)dt for all x € [a,b].

Proof. Indeed, we have

1B Pl = s | [ (0 - 500 dt\< sup / () — f(0)] b
z€lab] |Ja z€a,b]
gt/suwnw—f@Mt
a t€la,b]

< (b—a)|lfa—fll = 0asn — .
| ]

Theorem 3.4 Let a € I and suppose that (f,),cy converge uniformely to f on I and there is
no € N such that lim,_., f,(z) exists and is finite for all n > ng. Then lim,_., f(z) exists and
is finite and we have

lim lim f,(z) = lim lim f,(z) = lim f(x).

n—oo r—a T—a Nn—00 r—a

Proof. First, set lim, ., f,(z) = [, for all n > ng. Because (fy),cy converges uniformely,
(fn)nen is @ Cauchy sequence and for all € > 0, there exists n. € N such that for all m,n, > n,
we have

|fm () — fo (z)] < eforall z € I.

Letting  — a, we obtain |l,, — l,| < ¢, proving that (Ix),>, is a Cauchy sequence.
Set [ = lim/, and let € > 0 be given, there is n; € N such that for all n > max (ng, ny) we
have

I = £l = sup 1 () = £ ()] < ¢/3

and
1L, — 1| < ¢e/3.

Let n. be given with n, > max (ng, n), there exists 0, > 0 such that for all x € I,
[z —al <0 = |fa. () — ln| < €/3.

Therefore, for all x € I with |z — a| < §, we have

|f(z) =] o () = (@) + | (2) = L.
€/3+¢/3+¢€/3=c¢

<

The proof is complete. m

Corollary 3.5 Let a € I and suppose that (f,),cy converge uniformely to f on I and there is
ng € N such that f, is continuous at a for all n > ng. Then the function f is continuous at a.



Proof. We have by Theorem 3.4
fla) = lim f,(a) = lim lim f,(z) = lim lim f,(z) = lim f(z).

|
The foolwing corollary is a direct consequence of Corollary 3.5.

Corollary 3.6 Suppose that (f,),cn converge uniformely to f on I and there is ng € N such
that f, 1s continuous on I for all n > ng. Then the function f is continuous on I.

Theorem 3.7 Suppose that there is ng € N such that f, is continuously differentiable on
[a,b] C I for alln > ng. If (f}),en converge uniformely to g on [a,b] and there is xy € [a,b] such
that (fn(20)),en converges, then (fy),cn converges uniformely to a continuously differentiable
function f on [a,b] and we have ' = g.

Proof. For all = € [a, b] we have

ful) = fu (o) + / Pt

We conclude then by Corollary 3.3 that (f,,),, converge uniformely to f and f(x) = f (o) +
f;f) g(t)dt. Proving that f' =g. m
The following is a consequence of Theorem 3.7.

Corollary 3.8 Suppose that there is ng € N such that f, € C*([a,b]) for all n > ng where
la,b] C I. If (ﬂk)) , converge uniformely to g on [a,b] and there is xy € [a,b] such that
ne

(fr(f) (m0)> converges for all i € {0,1,...(k—1)}. Then (fn),cy converges uniformely to a
eN

n

function f € C* ([a,b]) and we have fF) = g.



