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Exercise 1  Let X =]0,+o0[. Forz,y € X, we set

d(z,y) =

1 1
r oyl
1. Show that d is a distance on X .

2. Show that, in the metric space (X,d), N* is a bounded subset and {% ; n € N*} is an
unbounded subset.

Exercise 2  We equip a set X with the discrete distance. For a € X and r > 0, determine

B (a,r), B(a,r) and S (a,r).
[Hint: Distinguish cases according to the value of r].

Exercise 3  Let [a,b] be a closed bounded interval of R. On the set
C([a,b],R) = {f : [a,b] — R ; f continuous},
we define:

doo(f,9) = sup |f(t) —g(t)],

tela,b]
di(f,g) = / F(t) = g(t)] dt.

1. Show that d., and d; are distances on C([a,b],R) (ds is called the uniform convergence
distance or the Sup metric and dy the L'—distance).

2. Give a geometric interpretation of the distance d(f,g) between two functions f,g €
C([a,b],R), then describe the ball By (fo,r) with centre fo € C([a,b],R) and radius
r > 0.

3. Give a geometric interpretation of the distance di(f,g) between two functions f,g €
C([a,b],R).

Exercise 4 (Construction of distances)  We call a gauge a map ¢ : R, — R, which is
non-decreasing, only vanishing at 0 and sub-additive (i.e. p(s+t) < @(s)+¢(t), Vs, t € R, ).

1. Let (X,d) be a metric space and ¢ : R, — R, a gauge. Show that d' = pod is a distance
on X.



2. Application: Deduce that

d

d = 2
Ui ra

dy = min {1,d}, ds = In(1+d), and dy=d*with0<a<1
are distances on X .

3. Show that d and d, = are topologically equivalent.

d

1+d

4. Show that d and d' = p o d are metrically equivalent if there exists a real constant C' > 0
such that

Clt<op(t)<Ct, VteR'
Exercise 5  Show that in a metric space every finite subset is closed.

Exercise 6  We equip R with the usual distance. Determine the interior A and the closure A
of the set A in each of the following cases:

(a)A—{%;neN*}, (b)A:]—oo,—nu{o,%,ﬁ}.

Exercise 7  Let (X,d) be a metric space and let A and B be two non-empty subsets of X .
Show that:

1. Vr,ye X |d(z, A) —d(y, A)| < d(z,y),
2.VreX: z€A <= dx,A) =0,
3. diam A = diam A.

4. diam(A U B) < diam A + diam B + d(A, B) where d(A, B) := ( b)in£ Bd(a, b).
a,b)EAX

Exercise 8  Show that in a metric space,

1. Every convergent sequence is bounded. The converse is false.

2. Every subsequence of a convergent sequence is convergent.
Exercise 9 Let d and d' be two distances on a set X. Show that:

1. Ifd and d' are metrically equivalent then (X, d) and (X,d') have the same bounded parts.

2. d and d' are topologically equivalent if and only if (X,d) and (X,d') have the same
convergent sequences.



Supplementary exercises

Exercise 10 Let p be a real number such that p > 1; we define a real number ¢ > 1 by

i + é =1 (q is called the conjugate of p).

1. Let a,b be real numbers > 0. Prove that
aP b
ab < — + — [Young inequality].
p q

[Hint: You may use the concavity of the function In].

2. Let aq, ..., a, and by, ..., b, be real numbers. Prove the two inequalities

n n 1/p n 1/q
D aibi| < (Z mw) (Z \bﬁ) [Holder inequality],
i=1 i=1 i=1
n 1/p n 1/p n 1/p
(Z la; + bil” ) < <Z |la; [’ ) + (Z |bi " ) [Minkowski inequality].

i=1 =1 =1

3. Deduce that a distance d,, is defined on the space R" by setting, for x = (21, ..., 2,), y =
(Y1, yn) ER™

n 1/p
dy(z,y) = (Z |z; — yil” ) [Holder distance of order p).

i=1
4. Show that in R", all Holder distances are equivalent to one another.
5. Show that
Ve,y e R": lim dy(z,y) = doo(z, )
p—0o0

where do(x,y) = max lz; — il -

Exercise 11  Let f and g be continuous functions on [a, b] and 1 < p, ¢ < oo with %—I—% =
1.

1. Show that

IN

[ s < ([ ora) " ([ ttoar) " foder inequaiy),

(/ brf<t>+g<t>v”dt)l/p < (/ brf<t>|f’dt)1/p+( / b\g(t)#’dt>1/p Minkowski imequality].

[Hint: Adapt the method used in the previous ezercise].

2. Deduce that a distance is defined on the space C' ([a, b]) by setting:

4,(f.q) = ( / - g<t>|pdt) v

called the LP—distance.



