
                 Course 02 : Differential operators 

 

Scalar and Vector fields 

               Scalar field :  Is defined us    

𝑓 ∶   𝐼𝑅3    ⟶   𝐼𝑅 

                           (𝑥, 𝑦, 𝑧)  ⟼  𝑓(𝑥, 𝑦, 𝑧) , Scalar 

                 Example : 𝑓(𝑥, 𝑦, 𝑧) = 3𝑥2𝑧 + 𝑦𝑧  ,   𝑓(1, −1,3) = 6. 

                         

               Vector field : Is defined us    

𝐹 ∶   𝐼𝑅3    ⟶   𝐼𝑅 

                                  (𝑥, 𝑦, 𝑧)  ⟼  𝐹(𝑥, 𝑦, 𝑧) = (𝐹1, 𝐹2, 𝐹3) , Vector 

                 Example :  𝐹(𝐹1, 𝐹2, 𝐹3) = 𝑥𝑦2 𝑖 + 2𝑦𝑥𝑧 𝑗 − 3𝑥𝑧 𝑘⃗⃗  , 𝐹(1, −1,1) =  𝑖 − 2 𝑗 − 3 𝑘⃗⃗ . 

Differential operators  

             Nabla operator : Is defined as  

𝛻 =
𝜕

𝜕𝑥
 𝑖 +

𝜕

𝜕𝑦
 𝑗 +

𝜕

𝜕𝑧
 𝑘⃗⃗ 

               Gradient operator :   Let 𝑓 a scalar field. 

                                                The gradient of 𝑓 is a vector defined us  𝐺𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑓 = 𝛻𝑓 

𝐺𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑓 =
𝜕𝑓

𝜕𝑥
 𝑖 +

𝜕𝑓

𝜕𝑦
 𝑗 +

𝜕𝑓

𝜕𝑧
 𝑘⃗⃗ 

                 Example :         𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦 + 2𝑦 − 3𝑥 + 4  ,  𝐺𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑓(𝑥, 𝑦, 𝑧) = (𝑦 − 3)𝑖 + (𝑥 + 2) 𝑗  

                                                                                                 𝐺𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑓(0,1,1) = −2𝑖 + 2 𝑗 . 

                Divergence :    Let 𝐹 a vector field. 𝐹(𝑥, 𝑦, 𝑧) = (𝐹1, 𝐹2, 𝐹3). 

                                         The divergence of the vector 𝐹 is a scalar defined us  𝐷𝑖𝑣𝐹 = 𝛻. 𝐹 . 

                                          

           𝐷𝑖𝑣𝐹 = (
𝜕

𝜕𝑥
 𝑖 +

𝜕

𝜕𝑦
 𝑗 +

𝜕

𝜕𝑧
 𝑘⃗⃗) . (𝐹1, 𝐹2, 𝐹3) =

𝜕𝐹1

𝜕𝑥
 +

𝜕𝐹2

𝜕𝑦
 +

𝜕𝐹3

𝜕𝑧
  . 

                  Example :   𝐹(𝑥, 𝑦, 𝑧) = 𝑥𝑦2 𝑖 + 2𝑦𝑥𝑧 𝑗 − 3𝑥3𝑧 𝑘⃗⃗ 

𝐷𝑖𝑣𝐹(𝑥, 𝑦, 𝑧) = 𝛻. 𝐹 =
𝜕𝐹1

𝜕𝑥
 +

𝜕𝐹2

𝜕𝑦
 +

𝜕𝐹3

𝜕𝑧
 = 𝑦2 + 2𝑥𝑧 − 3𝑥3 

                                            𝐷𝑖𝑣𝐹(−2,0, −1) = 7. 

                Curl (Rotational) :  Let 𝐹 a vector field. 𝐹(𝑥, 𝑦, 𝑧) = (𝐹1, 𝐹2, 𝐹3). 

                                               The curl of the vector 𝐹 is a vector defined us  𝑅𝑜𝑡𝐹 = 𝛻 × 𝐹 . 



 

 

                                               

                                 𝑅𝑜𝑡𝐹 = 𝛻 × 𝐹 = ||

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥
 

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐹1 𝐹2 𝐹3

|| = (
𝜕𝐹3

𝜕𝑦
 −

𝜕𝐹2

𝜕𝑧
) 𝑖 − (

𝜕𝐹3

𝜕𝑥
 −

𝜕𝐹1

𝜕𝑧
) 𝑗 + (

𝜕𝐹2

𝜕𝑥
 −

𝜕𝐹1

𝜕𝑦
) 𝑘⃗⃗ . 

                       Example :    Let 𝐹(𝑥, 𝑦, 𝑧) = 𝑥𝑦2 𝑖 + 2𝑦𝑥𝑧 𝑗 − 3𝑥3𝑧 𝑘⃗⃗. 

    

                                                 𝑅𝑜𝑡𝐹(𝑥, 𝑦, 𝑧) = (
𝜕𝐹3

𝜕𝑦
 −

𝜕𝐹2

𝜕𝑧
) 𝑖 − (

𝜕𝐹3

𝜕𝑥
 −

𝜕𝐹1

𝜕𝑧
) 𝑗 + (

𝜕𝐹2

𝜕𝑥
 −

𝜕𝐹1

𝜕𝑦
) 𝑘⃗⃗ 

                                                                   = −2𝑥𝑦 𝑖  + 9𝑥2𝑧 𝑗  + 2𝑦(𝑧 − 𝑥)𝑘⃗⃗ . 

                                                 𝑅𝑜𝑡𝐹(0,1,1) = 2𝑘⃗⃗. 

            Laplacian :   

                             If 𝑓 is a scalar field, the Laplacian is defined us ∆𝑓 = ∇2𝑓 = ∇. ∇𝑓 . 

                              

∆𝑓 =
𝜕2𝑓

𝜕𝑥2
 +

𝜕2𝑓

𝜕𝑦2
 +

𝜕2𝑓

𝜕𝑧2
 . 

                 Example :   Let 𝑓(𝑥, 𝑦, 𝑧) = 𝑥3𝑦 + 5𝑦𝑧 − 2𝑦3 − 𝑥𝑧 + 2. 

                                      ∆𝑓(𝑥, 𝑦, 𝑧) = 6𝑥𝑦 − 12𝑦. 

                            If 𝐹 is a vector field, the Laplacian is defined us ∆𝐹 = 𝛻2𝐹 = (𝛻2𝐹1, 𝛻2𝐹2, 𝛻2𝐹3). 

Scalar potential :  

                           If we have the relation : 𝐹 = −𝐺𝑟𝑎𝑑𝑓, we say that 𝐹 is a vector field derived from a scalar                   

 potential 𝑓. 

                                The scalar potential exist if the vector field 𝐹is irrotational.(𝑅𝑜𝑡𝐹 = 0). 

                 Exemple :  𝐹(𝑥, 𝑦, 𝑧) = (2𝑥𝑦 + 𝑧2) 𝑖 + (𝑥2 + 3𝑦2) 𝑗 + 2𝑥𝑧 𝑘⃗⃗,    𝑓 ?  𝐹 = −𝐺𝑟𝑎𝑑𝑓. 

Vector potential : 

                           If we have the relation : 𝐹 = 𝑅𝑜𝑡𝐺,we say that 𝐹 is a vector field derived from a vector                  

 potential 𝐺. 

 The vector potential exist if 𝐷𝑖𝑣𝐹 = 0 . 

 

 

 


