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Course 1 :       Scalar & vector 

 

      In Mathematics and physics a quantities can be  classified by two main categories, scalars and vectors. 

Scalar : Is quantitiy having just magnitude,can be represented by by a numerical value. 

     Exemple : Temperature, mass, volume, time, density, length, ... 

Vector :  Is quqntity having magnitude and Direction. 

      Example :  Displacement, velocity, acceleration, force, …     

       A vector can be represented by an arrow. 

       𝑣  (letter with arrow) 𝑣 is a vector and |𝑣| is its modulus. 

       If the modulus of vector 𝑣 is equal to 1, we say that 𝑣 is a unit vector. 

       In the coordinates system : If 𝑣 = (
𝑥
𝑦
𝑧

)  Then |𝑣| = √𝑥2 + 𝑦2 + 𝑧2 . 

Scalar and Vector product 

       Scalar product : Let 𝑢⃗⃗ 𝑎𝑛𝑑 𝑣 two vectors. 

       The scalar product between two vectors 𝑢⃗⃗ 𝑎𝑛𝑑 𝑣 is denoted as 𝑢⃗⃗. 𝑣 ⃗⃗⃗ ⃗.  

         And 𝑢⃗⃗. 𝑣 ⃗⃗⃗ ⃗ = |𝑢⃗⃗||𝑣 ⃗⃗⃗ ⃗|𝑐𝑜𝑠(𝜃) , 𝑤𝑖𝑡ℎ 𝜃 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑣𝑒𝑐𝑜𝑟𝑠 𝑢⃗⃗ 𝑎𝑛𝑑 𝑣 ⃗⃗⃗ ⃗.   

        In the coordinates system :  

𝐼𝑓 𝑢⃗⃗  = (
𝑥
𝑦
𝑧

) , 𝑎𝑛𝑑 𝑣 = (
𝑥´
𝑦´
𝑧´

)  𝑇ℎ𝑒𝑛  𝑢⃗⃗. 𝑣 ⃗⃗⃗ ⃗ = 𝑥𝑥´ + 𝑦𝑦´ + 𝑧𝑧´ . 

          Properties : 𝑢⃗⃗ , 𝑣 𝑎𝑛𝑑 𝑤⃗⃗⃗ three vectors. We have : 

                                 𝑢⃗⃗. 𝑣 ⃗⃗⃗ ⃗ = 𝑣 ⃗⃗⃗ ⃗. 𝑢⃗⃗  

                                 𝑢⃗⃗. (𝑣 ⃗⃗⃗ ⃗ + 𝑤⃗⃗⃗) = 𝑢⃗⃗. 𝑣 ⃗⃗⃗ ⃗ + 𝑢⃗⃗. 𝑤⃗⃗⃗ 

                                  𝛼(𝑢⃗⃗. 𝑣 ⃗⃗⃗ ⃗) = (𝛼𝑢⃗⃗). 𝑣 ⃗⃗⃗ ⃗ = 𝑢⃗⃗. (𝛼𝑣 ⃗⃗⃗ ⃗) 

                                 If 𝑢⃗⃗ ⊥ 𝑣 ⃗⃗⃗ ⃗ 𝑇ℎ𝑒𝑛 𝑢⃗⃗. 𝑣 ⃗⃗⃗ ⃗ = 0  

         Vector product  

            The vector product between two vectors 𝑢⃗⃗ 𝑎𝑛𝑑 𝑣 is denoted as 𝑢⃗⃗ × 𝑣 ⃗⃗⃗ ⃗ (𝑂𝑟 𝑢⃗⃗ ∧ 𝑣 ⃗⃗⃗ ⃗ ).                 

 𝑢⃗⃗ × 𝑣 ⃗⃗⃗ ⃗ = |𝑢⃗⃗||𝑣 ⃗⃗⃗ ⃗|𝑠𝑖𝑛(𝜃) 𝑛⃗⃗ , 𝑤𝑖𝑡ℎ 𝜃 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑣𝑒𝑐𝑜𝑟𝑠 𝑢⃗⃗ 𝑎𝑛𝑑 𝑣 ⃗⃗⃗ ⃗, 𝑎𝑛𝑑 𝑛⃗⃗ 𝑖𝑠 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 

                                                           Vector perpendicular to both the vectors 𝑢⃗⃗, 𝑣 ⃗⃗⃗ ⃗. 
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                  In the coordinates system : (𝑂, 𝑖, 𝑗, 𝑘⃗⃗)𝑜𝑟𝑡ℎ𝑜𝑛𝑜𝑟𝑚𝑎𝑙 𝑏𝑎𝑠𝑖𝑠. 

                    𝐼𝑓 𝑢⃗⃗  = 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘⃗⃗, 𝑎𝑛𝑑 𝑣 = 𝑥´𝑖 + 𝑦´𝑗 + 𝑧´𝑘⃗⃗ 𝑇ℎ𝑒𝑛  𝑢⃗⃗ × 𝑣 ⃗⃗⃗ ⃗ = |
𝑖 𝑗 𝑘⃗⃗
𝑥 𝑦 𝑧
𝑥´ 𝑦´ 𝑧´

|    

         Properties : 𝑢⃗⃗ , 𝑣 𝑎𝑛𝑑 𝑤⃗⃗⃗ three vectors. We have : 

 |𝑢⃗⃗ × 𝑣 ⃗⃗⃗ ⃗| = |𝑢⃗⃗||𝑣 ⃗⃗⃗ ⃗|𝑠𝑖𝑛(𝜃) 

                                𝑢⃗⃗ × 𝑣 ⃗⃗⃗ ⃗ =  − 𝑣 ⃗⃗⃗ ⃗ × 𝑢⃗⃗ 

                                𝑢⃗⃗ × (𝑣 ⃗⃗⃗ ⃗ + 𝑤⃗⃗⃗) = 𝑢⃗⃗ × 𝑣 ⃗⃗⃗ ⃗ + 𝑢⃗⃗ × 𝑤⃗⃗⃗ 

                                 𝛼(𝑢⃗⃗ × 𝑣 ⃗⃗⃗ ⃗) = (𝛼𝑢⃗⃗) × 𝑣 ⃗⃗⃗ ⃗ = 𝑢⃗⃗ × (𝛼𝑣 ⃗⃗⃗ ⃗) 

                                 If 𝑢⃗⃗ ∕∕ 𝑣 ⃗⃗⃗ ⃗ 𝑇ℎ𝑒𝑛 𝑢⃗⃗ × 𝑣 ⃗⃗⃗ ⃗ = 0  

                                 𝑢⃗⃗ × 𝑣 ⃗⃗⃗ ⃗  ⊥  (𝑢⃗⃗, 𝑣 ⃗⃗⃗ ⃗) 

                                 The vector product of the two vectors represents the area of the parallelogram  

                                 formed with these 2 vectors. 

Triple product 

        Scalar triple product (Mixed product)   Given 𝑢⃗⃗ , 𝑣 𝑎𝑛𝑑 𝑤⃗⃗⃗ three vectors in space with an orthonormal  

                                                                        Basis (𝑂, 𝑖, 𝑗, 𝑘⃗⃗). 

                                          Mixed product is defined by :  𝑢⃗⃗ . (𝑣 ⃗⃗⃗ ⃗ × 𝑤⃗⃗⃗) = |

𝑥 𝑦 𝑧
𝑥´ 𝑦´ 𝑧´
𝑥´´ 𝑦´´ 𝑧´´

| 

                                             With : 𝑢⃗⃗ = (
𝑥
𝑦
𝑧

)  , 𝑣 ⃗⃗⃗ ⃗ = (
𝑥´
𝑦´
𝑧´

) , 𝑎𝑛𝑑   𝑤⃗⃗⃗ =  (
𝑥´´
𝑦´´
𝑧´´

). 

   Properties :  

                      𝑢⃗⃗ . (𝑣 ⃗⃗⃗ ⃗ × 𝑤⃗⃗⃗) = (𝑣 ⃗⃗⃗ ⃗ × 𝑤⃗⃗⃗). 𝑢⃗⃗ 

                      𝑢⃗⃗ . (𝑣 ⃗⃗⃗ ⃗ × 𝑤⃗⃗⃗) =  𝑣 ⃗⃗⃗ ⃗ . (𝑤⃗⃗⃗ × 𝑢⃗⃗) = 𝑤⃗⃗⃗ . (𝑢⃗⃗ ×  𝑣 ⃗⃗⃗ ⃗) 

                     |𝑢⃗⃗. (𝑣 ⃗⃗⃗ ⃗ × 𝑤⃗⃗⃗)|  represents the volume of the parallelopiped 

                                           formed with these three vectors. 

                       If  𝑢⃗⃗ . (𝑣 ⃗⃗⃗ ⃗ × 𝑤⃗⃗⃗) = 0 , then a vectors 𝑢⃗⃗ , 𝑣 𝑎𝑛𝑑 𝑤⃗⃗⃗ are  said to be coplanar. 

   Vector triple product  

                               Vector triple product of three vectors  𝑢⃗⃗ , 𝑣 𝑎𝑛𝑑 𝑤⃗⃗⃗ is denoted by  𝑢⃗⃗ × (𝑣 ⃗⃗⃗ ⃗ × 𝑤⃗⃗⃗). 

    Properties : 

                      𝑢⃗⃗ × (𝑣 ⃗⃗⃗ ⃗ × 𝑤⃗⃗⃗) ≠   (𝑢⃗⃗  × 𝑣 ⃗⃗⃗ ⃗) × 𝑤⃗⃗⃗  

                      𝑢⃗⃗ × (𝑣 ⃗⃗⃗ ⃗ × 𝑤⃗⃗⃗) = ( 𝑢⃗⃗. 𝑤⃗⃗⃗)𝑣 ⃗⃗⃗ ⃗ − ( 𝑢⃗⃗. 𝑣 ⃗⃗⃗ ⃗)𝑤⃗⃗⃗ 
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