Chapter 1
Numerical Series

1 Definitions

Definition 1 Let (uy), oy be a sequence of real numbers. We call the series of general term uy,
the infinite sum S5 u, (or > ns1Un). The sequence (Spm),,~,, where Sy, = Y " uy for all
m € N, is called the sequence of partial sums associated with the series Z:z Uy,

Remark 2 The above sum begins with uy, but we will often begin with ug, us, etc...
Example 3 (Some classical series)

1. :i% q" (q € R), is called the geometric series.

1
2. S tee — (a € R), is called the Riemann series or the harmonic series.

n=0 n
1
8. 3 ——— (a,8 €R), is called the Bertrand series.
n® (Inn)

/. 1o Cosn(nﬁ) nd Z+°° Sln( 5)( ,B €R), are called Abel’s series.

n=1

Definition 4 Let (u,),cy be a sequence of real numbers. and let (Sy.),,, be the associated

sequence of partial sums. The series Z _1 Up 18 said to be

1. convergent (cv for short) if the sequence (Sy.),,, is. In such a situation, if lim S,,, = S
we say that the series Z 1un has the sum equals to S and we write Z:z U, = S.
Moreover, the series R, Zn —g1 Un =S — Sy, s called the rest of order m.

2. divergent (div for short) if if the sequence (S),,~, s.

The nature of a series is the fact that it converges or diverges. Two series are said to have
the same nature if both converge or both diverge.

Example 5 (Geometric series) Let g € R. It is well known that for any m € N

m m+ 1, z'fq—l
— n o __ m+1
=) ¢"=4 ¢

Since
00, if ¢ > 1,
L ifq=1,
0, ifge (—1,1),
does not exist, if ¢ < —1,

limq¢™ =

1



we conclude that the series Z::B q" cv if and only if g € (—1,1), and in such a situation we

have
+oo
S
n=0

Proposition 6 Let " u, and 37> v, be two series. Then

1.3, and Y025 v, cv = 37 (uy 4 v,) cv.
2. 3w, v =37 A, cv for any \ € R,

3. ZJF L Un U and Zn L Un div => Z 1 (un +vy,) div.

Theorem 7 (Necessary condition) Let > "> u, be a numerical series. If 3725 u,, cv, then
limw,, = 0.

Proof. Indeed, for any integer m > 2 we have u,, = Sy, — Sp—1 where (S,) ., is the sequence

of partial sums associated with the series Z 1 Up. W

Example 8 In practice we use the contrapositive lim u,, # 0 = Zn | Un, div. For example
because limsin(n) # 0 the serie Y sin(n) div and because lim -2~ = 1, the series >, 2] o
div.

Remark 9 The inverse implication is not true (i.e. imu,, = 0 % Zn 1 U, cv). For instance,
lmi=0but> 2L div.

n=1n

Theorem 10 (Cauchy) Let Z 2 up, be a numerical series. Zn 1 Un v if and only if for all

€ > 0 there exists n. € N such that for allm,p e N, m > p >n. — ’Z LUn| < e

n=p-+

Proof. Let (Si),>, be the sequence of partial sums associated with the series Z+ | Un. Then

+o0o
Zun v = (Sk)s1 €V &= (Sk)y»; 18 a Cauchy sequence
n=1

for all € > 0 there exists n. € N such that
forallm,pe N, m >p>n. = |S, —S\—‘Zn i1 Un

<e.
[ |

Corollary 11 Let Z _1 Un be a numerical series and let p € N . Then Z+ 1 Un, cv if and only
if Zn:p U, CU.

Proof. Let (S, )m>1 and (U, )m>p
with the series > u,, and Z . The corollary follows from the fact that for all m > p
we have |S,,, — S| = |Up, — U,| .

be the sequences of partial sums associated respectively



Theorem 12 (telescopic series) Let (uy),~, be a sequence of real numbers. Then the series
S (Ung1 — un) cv if and only if (Un)psy CO.

Proof. Let (S,),,>, be the sequence of partial sums associated with the series S (Unsr — Up) -

We have then S,, = 3" | (41 — Up) = U g1 —uy. This shows that the series > (w11 — u,,)
and the sequence (uy),~, have the same nature. =

Example 13 For all n € N, we have
1 1
nn+1)(n+2) 2

Hnece, for any m € N, we have

- 1 1 — 1 1 1 — 1 1

;n(n+1)(n+2) B _§;<n+1_ﬁ)+§;(n+2_n+l>

1 1 1 +1 1 1 1 .
= —— | —— == | ———=—Z) == asm — 4oo.
2\m+1 1 2\m+2 2 4
We conclude that Zﬁ m cv and
—+o00 m

1 1 1
= lim = —.
;n(n—l—l)(n—i—Q) m%oo;n(n—{—l)(n—l—Q) 4

2 Positive series

Definition 14 A numerical series Zﬁi U, 1S said to be positive if there exists ng € N such

that u, > 0 for all n > ny.

%}3:_3 for all n > 0. Althought ug, ...u3 are negative real numbers

the series Z::()) u, 1s considered as a positive series since u, > 0 for all n > 4.

Example 15 Let u,, =

Theorem 16 (Boundedness principle) Let 3" u, be a positive series and let () m>1
be the corresponding sequence of partial sums. Then Z:ﬁj u, cv if and only if the sequence

(Sm)m>1 8 upper bounded.

Proof. Because S, 11 — S = tmy1 > 0 for all m > ng =sup{n € N: u, <0}, we have

+0o0
Zun eV <= (Sm)pms1 ¢V <= (Sm),,>; is upper bounded.
n=1

|

One needs a lot of technicality to prove that the sequence of partial sums associated to a
particular series is upper bounded. So it is very hard to use Theorem 16 in practice. However,
Theorem 16 remains useful for showing theoretical results.

Some classical series have the form Y7 f(n), where f : [1, +00) — (0, +00) is a continuous
function. The following theorem provide sufficient conditions for the convergence of such a kind
of series.



Theorem 17 (comparaison with an integral) Let f : [1,+00) — (0,400) be a nonin-
creasing continuous function. Then

(i) Y025 f(n) cv <= 1+OO f(z)dz cv.

(ii) For allm € N, we have

[ i S s [T s

m+ n=m-+1 m

Proof. Since the function f is nonincreasing for all n € N we have
n+1
fos1) < [ fade < fin).

Thus, if (Sy),,>, is the sequence of partial sums associated with the series Z:ﬁ f(n), then

/ e =" [ f@de < 50 =3 f0) < 10> [ fayde = f1)+ / " Ha)da

Clearly, the above estimates show that the series > f(n) and the integral f;roo f(z)dz have
the same nature. Moreover, if the series 3" f(n) cv then

+oo

floyde = > ' flayde < > fln) < ) ' f(x)dx:/ oof(a:)d:z:.

m+1 n=m+1v" n=m+1 n=m+17" m

1

Example 18 We apply Theorem 17 to the Riemann series Z:g —, a € R. We distinguish
na

two cases

1 1
o o <0, in this case we have lim — # 0. By Theorem 7 the series Z:ﬁ — div.
ne ne

1 o d :
e a >0, in this case setting f(xr) = — we have f decreases on [1,+00) and f;r & if
¢ T

and only if o > 1.

1
At the end, we conclude that ;r:.i — <= a>1.
na

1

n® (Inn)

Example 19 Similarly we show that the Bertrand series Z:{Z cv <= a>1or

B
a=1andp > 1.

Theorem 20 (comparaison by inequality) Let > > u, and > v, be two positive series
and suppose that there exists ng € N such that u,, < v, for all n > ng. Then

4



130, co = Y% u, cv.
2. Y tee oy U div = 71 v, div.

Proof. Let for all m > ng U,,, = Zfzno u, and V,, = > v,. We have then

n=ng

Zvn cv o—> Z vy v = (V},) cv = (Uy,) is bounded (U,, < V,,)

n=ng

— ZuncviZuncv

n=ng
|

2

. € .
Example 21 Since e < e™ and 3.1 e = P (cv), the series > %0 e™ cv.
e f—

Corollary 22 Let Z+ 1 Un and Z > vn e two positive series and suppose that there ea:z'st

a,b >0 and ng € N such that a < — < b for alln > ng. Then the series > oo _1 Up and §
Un
have the same nature.

Proof. We have av,, < u, < bv, for all n > ng. Hence, applying Theorem 20 we get

400 —+o00 —+00
Zvncv — van cvV — Zun cv
n=1 n=1 n=1

and
+o0 +o0 +o0
Zun CV — Zavn CcV — Zvn CV.
n=1 n=1 n=1

|

Corollary 23 Let Z _1 Up and Z 1 Un be two positive series and suppose lim Un _ [, with
UTL

I € (0,+00). Then the series Z 1 Up and v, have the same nature.

n= 1

3
< < =
v, ~ 2

o~

Proof. By the definition of the limit for € = [/2, there exists ny € N such that

DN | =~

for all n > ng. Thus the conclusion in Corollary 23 follows from Corollary 22. =

Corollary 24 Let Z ey Un and _1 vp, be two positive series and suppose u, ~ v, at +00.
Then the series Z _1 Up and yotee n—1 Un have the same nature.

U,
Proof. Since u,, ~ v, at +00 is equivalent to lim — = 1. We conclude by Corollary 23 that
Un

the series > u,, and Y 7> v, have the same nature. m

1 1 1
Example 25 Since sin (—) w — at +oo and 3 dw the series Y > sin < ) div.
n n

n



Corollary 26 (Riemann criterion) Let Z:ﬁ u, be a positive series and suppose that there
exists o € R such that limn®u,, = {. Then

1. If1 € [0,+00) and a > 1 then 325 u,, cv.
2. If1 € (0,+00) orl = +oo and a < 1 then Y25 u, div.

Proof. We distinguish the following three cases.

!
e | € (0,400), in this case we have u,, —5 at +oo and the series "% u,, and > 7% e

have the same nature. That is Z:g u, cvif @ > 1 and Z::; u, div if o < 1.

1
e [ =0 and o > 1, in this case there exists n; € N such that u,, < — for all n > n;. Since
n

“+oo

1
net g €V the series > u,, cv.

1
e [ = +o00 and o < 1, in this case there exists n; € N such that u, > — for all n > n;.
n

Since ZI — div, the series S, div.
u
Example 27 Consider the series S =5 o T—L:;—';sz_nl( ) Since n2;i—;s—ii_n1(n) “ % at +00
1 + 2 +sin(n
and the series >.'° — cv, the series Y % ” S— 1( )

Theorem 28 (logarithmic comparaison) Let Y > = U and 3% v, be two positive series
and suppose that there exists nyg € N such that Unt1 < Untl for all n > ng. Then

n U?’l
1.5 vncv:>2+1uncv
Zn L Un div=> ) " 1vn div.
Proof. For all n > ng we have
ﬁ _ Up Up—1 uno—i-l < Up Un—1 Uno—i—l _ U_n
uno Up—1 Un—2 uno o Up—1 Un—2 Uno Uno ’

u
leading to u, < —2v,, for all n > ny.
no
By Theorem 20, we deduce the implication in 1 and its contrapositive in 2. m

Un+1

Theorem 29 (d’Alembert criterion) Let Z;rz U, be a positive series and suppose lim
[. Then

n

1.1<1=>"Su, c



2. 1>1 = >">u, div,

Proof. First, suppose that [ < 1 and let ¢ > 0 be such that [ + ¢ < 1. Then there exists
Un, Up, noa .

no € N such that — < (I + ¢) = =L for all n > ng, where for v, = (I + €)" . Since the series
u

n n
Zool v, cv, we deduce from Theorem 28 that the series Z _1 Up CV.

If [ > 1, then choosing € > 0 such that [ — € > 1 there exists ng € N such that

Un+1 >
Uy

/UTL n . . o0 .
(I —¢) = =L for all n > ny, where for v, = (I — €)™ . Since the series S 2 0, div, we deduce

from Theorem 28 that the series > u,, div. m

Example 30 Consider the series Z > Uy, where u, = —. We have
nn
n n n» 1\ "
lim Y gy (DL (1 + —) —e <1,
Uy, (n+1) n! n

By d’Alembert criterion the series Z+ 1 Up CU.

Theorem 31 (Cauchy criterion) Let anl u, be a positive series and suppose lim /u,, = .
Then

1 1<1=Y"2u, c.
2. 1>1= Y ""u, d.

Proof. First, suppose that [ < 1 and let ¢ > 0 be such that [ + ¢ < 1. Then there exists
no € N such that u,, < (I +¢€)" for all n > ng. Since the series > (I + €)" cv, we deduce from
Theorem 20 that the series Zn: Uy, CV.

If [ > 1, then choosing € > 0 such that [ — e > 1 there exists ng € N such that u,, > (I —¢€)"
for all n > ng. Since the series > (I — €)" div, we deduce from Theorem 20 that the series

S u, div. =
Example 32 Consider the series Y 23 u,, where u, = ((—1)" +2)27". We have

In(2+ (~1)" )) 1,

lim {/u, = = hm ()" +2= §1imexp ( =3
n

By Cauchy criterion the series Z _1 Up CU.

Comments. Let > > u, be a positive series.

1. If lim Untl _ [, then lim /u, = [. Indeed, let ¢ > 0 be arbitrary. There exists n. € N
such thg’rcl (I —€)up < tupy1 < (I 4 €)uy, for all n > n. Therefore, we have
=) " " Uy, <u, < (I4€)" " u,, foralln>n,.
This leads to
l—e =liminf (I — €)'~ YUy, < liminf /u, < limsup Yu, <limsup (I + &) Sy, = l+e.

Since € is arbitrary, we conclude that

lim inf {/u,, = lim sup /u,, = lim Vu,, = (.



2. The inverse implication is false. Indeed, considering the series > ° u, where u, =
kpk

a®b®, if n = 2k, e - ) .

{ QB i p = 2% 4 1, a and b are distinctive positive real numbers. We have lim /u,, =

. Un+1
Vb, however lim sup —--

= max(a, b) # liminf Untl _ min(a, b).
n un

3. Arguing as in the proofs of CorTheorems 29 and 31 we prove the following implications

“+oo
. Un+41
lim sup o< 1:>E Uy, CV,
n=1

Un
u o2
liminf 22 > 1— Z Uy, div,
Un n=1

+oo
limsup Vu, < 1= Zun cv,
n=1

“+o00
liminf /u, > 1= Zun div.

n=1

U
D’Alembert criterion do not answer to the case lim —~*

= 1. The following two results
U,
concerns this particular situation.

Theorem 33 (Duhamel-Raabe criterion) Let Z:ﬁ u, be a positive series and suppose

that l .
Unt1 =1——+4o0 <—) at + oo.

Uy, n
Then

1.1>1=3"%u, c,

2. 1< 1= > "% u, d.

1
Proof. Suppose that [ > 1. Let o € (1,]) and set v,, = —. We have then
/rLOé

n AN 1
U“:(1+—) :1—9+o(—) at + oo
Up, n n n

limn (U”H — u”“) =l—a>0.

and

Un, Unp
. Un+1 Un+41 .
Hence, there exists ng € N such that —— < L for all n > ng. Since > v, cv, Theorem
un Un

28 ensures the convergence of the series Y% u,,.



1
Similarly, if [ < 1 considering v, = — with a € (/,1), we get and
na

limn(%—vnH) =a—1>0.

Unp, Un

Un+1 Un+1

Hence, there exists ng € N such that for all n > ng. Since Z:ﬁ v, div, Theorem

<
Un Up

28 ensures the divergence of the series > u,,. =

n!

Example 34 Consider the series S 1°° u,, where u, = and a > 0.
P 2Ln1 (a+1)(a+2)-(atn)
We have
Uni1 (n+1)! (a+1)(a+2)---(a+n) = a
u,  (a+1)(a+2)---(a+n+1) n! B a+n+1

= 1—g+o<l).
n n

By Duhamel-Raabe criterion we conclude that the series Z:ﬁ U, cvifa>1 and diva < 1.

Theorem 35 (Gauss criterion) Let 7% u, be a positive series and suppose that there ex-
ists o > 1 such that

n [ 1
tnt1 _1——+O(—> at + oo.
U, n n“
Then

1.1>1= 3" u, cv,

2. 1< 1= 3" u, di.

Proof. Let v, = n'u,,. We have

b (Lo (B)) (- Lo (L))

= 1+O(iﬁ),whereﬁ:min(2,a).
n

Un+1 o 1
") =0 ()

M
In (UnH)' < — for all n > ng. Therefore,
Up, nb

This leads to

and there exist M > 0 and ng € N such that

S (URH) and obviously, > In (UnH) = In (vy41) — In(v1) — 0 as m — +oo. This

shows that there is £ > 0 such that u,, -~ —. The conclusion of Theorem 35 Riemann criterion
n
(Corollary 26). =



nle”
> and p € R. We have

Example 36 Consider the series Z:ﬁ Uy, where u, =

Uny1  (n41)le" Tt nntp 1\ """
U, (n+1)"" " nlen

l\DIC«O

3
By Gauss criterion we conclude that the series Z 1 Uy cvif p > 3 and div if p <

IT_ k-1 4

Example 37 Consider the series Z 2 Uy, where u, = = and p € R. We

szl 2%

B

have

n+1 n
Upy1 Hk:1(2k_1) NZD Hk—12k :2n+1(1+1)_1/2

By Gauss criterion we conclude that the series Z _1 Up div.

3 Alternating series

Definition 38 A numerical series Z _1Un 15 said to be an alternating series if its general
term u,, changes sign infinetly many times.

COS( )

Example 39 > ' (=1)" and > are alternating series.
n

Definition 40 A numerical series Z 21 un is said to be absolutely converging (acv for short),
if the positive series S 5 [u,| cv.

Theorem 41 Let ZZ; u, be a numerical series. Then

+0o0 +oo
E Uy ACV — E Uyn CO.
n=1 n=1

Proof. Taking in consideration that for all m,p € N with m > p

m m
D unl = D ful,
n=p+1 n=p+1




we obtain the following hierarchy,

400 o0 m
Zun acv = Z|un| cv = (Z‘U”O
n=1 n=1 n=1 m>1
m +o0 -
50) we(S) «
n=1 m>1 n=1 m>1

cos(n)

n2

is of Cauchy — <Z un> is of Cauchy
m>1

n=1

. Since

Example 42 Consider the series Z+ 1 Un, where u, =

| = |Cos(n)| < |cos and Z— 0,

n2
Theorem 20 ensures the convergence of the series Z _1 Un.-

Theorem 43 (Leibniz criterion) Let (u,),, be a positive sequence such that (u,), ., is non-
increasing with limu,, = 0. Then .25 (—1)" u,, cv.

Proof. Consider the subsequences (Sa;)m>1 and (Somt1)m>0 Wwhere (Sm)m21 is the sequence of
partial sums associated with the series 27 (—1)" u,,. The sequences (Sa)m>1 and (Sami1)m>0

are adjacent since

Somt2 — Som = Uzma2 — Uzmt1 < 0,
Som+3 — Soma1 = —Um43 + Uzme2 > 0 and

Somi1 — Som —Ugmy1 — 0 as m — +o00.

Hence, (Som)m>1 and (Sam+1)m>0 are convergent and have the same limit. This proves that
(Sm),.~, cv and sois > (=1)"u,. m

1 1
Example 44 Since for any a > 0, — decreases and lim — = 0 if and only if o > 0, we have
ne

cv <— «a>0.

Theorem 45 (Abel criterion) Let (uy,), >, and (v,),, be two sequences satisfying

1. 3M > 0 such that for all m € N we have |y u,| < M,
2. :3 |Un — Una1]| cv,
3. limv, = 0.

Then the series S5 u,v, cv.

11



Proof. Let (Up,),,~, be the sequence of partial sums associated with (u,,),,~, . For all k,p € N
we have

k+p k+p k+p k+p—1
E UpVp = E (Un - Un—l) Up = E Unvy, — E Unvn+1
n=k+1 n=k+1 n=k+1 n=k
k+p
= E Un (Un - Un-l—l) + Uk—f—pvk—i-p - Ukvk—&—l-
n=k+1

Let € > 0, there exists n. € N such that for all £ > n, and all p € N we have

k+p

Z (Un - Un-i—l)

n=k+1

€ € €
<3 |Vkp| < Wi and [vp11] < 3L

This together with Condition 1 in Theorem 45 leads to

k+p k+p
Z UpUp| < M Z (U, — Ung1) | + M |vgtp| + M |vg41| < € for all k> n, and all p € N.
n=k+1 n=k+1

Hence, we conclude by Theorem 10 that the series Z:g UpUp CV. N

1
Example 46 Consider the Abel series Zzz Up Uy, where u, = cos(nfB) and v, = — with
na
B # (2k + 1) 7. We have

i 1
Up| < ————— forallm e N,

; |cos (8/2)|

o1

lim— = 0<= a>0,
na

limM # 0= a <0,
nOé
Uy, — V1| o I at + oo.

All the above calculations show that Z:ﬁ Upvy, cv if and only if o > 0.

oo sm(zﬁ) with 3 # 2k, we prove that the series > >

n=1

sin(nf)

nOl

Stmilarly for the series
cv if and only if a > 0.

Corollary 47 Let (uy),5, and (v,),, be two sequences satisfying

Theorem 48 1. 3" u, cv,

2. (Un),>, 18 monotonic and cv.
: +o00
Then the series Y 2 uyv, cv.

12



Proof. Set v = limv,. By Abel criterion the series 3" u,, (v, — v) cv. So

“+00 400 “+00
E UpUy = g Up (U — V) + v E Uy, CV.
n=1 n=1 n=1

]
Using asymptotic developpement.
=Dt
Consider the series Z u,, where u,, = . We have u,, =
B Vi (=)
x
h = .
where f(x) Tra
Since (?/1% — 0 as n — +oo and near 0, f(z) =z — 2? + 2> + o (23
-" 1 -1)" 1
G R AT
Because
o :oi (\}) cv (by Leibniz criterion),
e > > 1 div (Riemann series with o = 1),
d Zn 1 n\f acv ( (7:\1/)5’” S #ﬁ a'nd :L_Oj n\1/> cv ):> :Oi (T:\l/);n

° :go<(;\1/§> acv(

the series "7 u,, cv.

_1” 0o
o ()] < oy and 5% 0 v )=

oo COS(n)

Exercise 49 Determine the nature of the series ) | —j —————.
' n 4 cos(n)

13

), we have




