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TD 02

-@’-Exercise 1
Let A, B, C € P(E), proving the following :
1. AN(BNC) = (A\B)U (A\C).
2. AcBs AUuB=B
3. AuB=AnC&BCACC

%’-Exercise 2 )
Given A, B and C three parts of a set F,
1. Show that :
(a) (ANB)UCgB =AU (gB.
(b) (ANB)\C = A\(BUC).
2. Simplify :

(a) (AUB)N(CU

QU (b) (AnB)U(CN

|

).

-‘@'—Exercise 3
Let E, F two sets, f : E — F' is an application, proving the following :
1. VA, Be P(E), f(AnB) C f(A)N f(B).
2. VA Be P(E), f(AUB) = f(A)U f(B).
3. VAe P(F), f~1 (F\A) = ENf1(A).

N ! 7/ .
-@-Exermse 4
1. Describe the direct image of R by the exponential function

2. Find f([0, 1[), f(R), f(] — 1, 2[), f~* ({3}), par la fonction
f : z — z2, defined on R.

-@'—Exercise 5
| Let f: [1;400[— [0;+o0[ is a function such that f(x) = 2? — 1 bijective ?

NI N N

N, .
-@-Exermse 6

| Let B, F, G threesets, f : E - F,g: F - Gand h:G - E
Proving that is h o g o f is injective and if go f o h and f o h o g are surjectives. Then, f , g and h are bijectives.

NI
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Solutions of TD 02

dSolution of exercise 1
1. AN(BNC)=ANCg(BNC) = (AN CgB) U(A NCEC) = (A\B) U (AN\O).
(a) “: ”
Posing that A C B, we have B C (AU B), for x € AU B then x € A or x € B we have x € B, therefore
(AUB) C B, hence AUB = B.

(b) “¢77
Posing that AU B = B, because A C (AUB),ona A C B.
2. (a) "'=7
Posing that AUB =ANC; wehave BC (AUB)=(ANC)CAC(AUB)=(ANnC)cC.
(b) “¢77

Posing that BC ACC,AUB=A=AnC.

gSolution of exercise 2
1. Let us show that :
(a) (ANB)UCEB = AU CgB.
Let z € (ANB)ULgB < 2 € (AN B) vr € CgB,
& (reAnzeB)V(x ¢ B)
s (xeAVe ¢ B)AN(x € BVx ¢ B)
s x€(AUlgB)Az € (B ULgB)
sre(AUulgB)NE
=sze AUCgB
Because E = g B. U B and AU CgB is a subset of E.

(b) (ANB)\.C = A\(BUC).

x € (ANBN\C & (xe ANz ¢ B)A(x ¢ C)
srcAN(x¢ BArx ¢ C)
@xEAAIG(EEBﬁEEC)
srxeAnz ¢ (BUC) (Laws of Morgan)
sz e AN(BUCQ)

2. Let’s simplify

(a) (AuB)N(CU

=

(AUB)N(CUA)=(ANnB)N(CNA)
=(ANB)N(CNA)
=(ANA)N(CNB)

()N (CNnB)
=¢
(b) (AN B)U(CNA)

(ANB)U(CNA)=(AUB)U(CUA)
=(AUuA)U(CuUB)
=FEU(CUB)
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gSOIution of exercise 3

1. Let y € f(AN B). There exists © € (AN B) such that y = f(z). Since x € A, we have y = f(z) € f(4), and
similarly, as x € B, we have y € f(B). Therefore, y € f(A) N f(B), which implies f(AN B) C f(A) N f(B).

2. ¢"C": Let y € f(AU B). There exists ¢ € AU B such that y = f(z). If z € A, then y € f(A). If x € B and
y € f(B), then in both cases y € f(A)U f(B), so f(AUB) C f(A)U f(B).
e 'D':Lety € f(A)U f(B).If y € f(A), there exists € A such that y = f(x). Since © € A C (AU B), we have

y € f(AU B). The same argument applies if y € f(B). Therefore, f(A)U f(B) C f(AU B).
By showing both inclusions, we have established the equality.

JrxefYF\A) & fe)eF\As fa)¢dAsa¢ fL(A)ezeE)\ f1(A).

ﬁ Solution of exercise 4
\ | 1) exp(R) = R+, f([0,1]) = [0, 1], F(R) =R*, f(] —1,2[) = [0,4[, f~'({3}) = {—V3,V3}.

gSOIution of exercise 5

1. f is injective because, for z,y € [1,+oc[, f(x) = f(y) implies 22 — 1 = y? — 1, which leads to x = +y. Since
x,y € [1,+00], they have the same sign, so = y.

2. f is surjective because, for y € [0, +o0[, we're looking for an element z € [1,4+oo[ such that y = f(z) = 22 — 1.
The real z = \/y + 1 works, so f is surjective. Therefore, f is bijective.

fgSolution of exercise 6
We have the following implications :
1. g o f injective = f injective.
2. go f surjective = g surjective.
Suppose h o go f is injective and both go f o h and f o h o g are surjective.
Since (h o g) o f is injective, we have f is injective. And since f o (h o g) is surjective, we have f is surjective.
Therefore, f is bijective, and we can introduce f~1!.
By composition, hog= (hogo f)o f~! is injective, and therefore, g is injective.
On the other hand, g o f o h is surjective, and therefore, g is surjective as well. In the end, g is bijective.
By composition, h = (ho g) o g~ is injective, and h = f~1 o (fohog) o g~! is surjective. Thus, h is bijective.
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