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Analysis 2 program
1) Riemann integral and primitive functions.( or antiderivative).
2) First order ordinary differential equations.

3) Tyler's Formulas and Limited developments.

Riemann integral and primitives

1.1 Riemann integral
Definition.1.1 (partition)
A partition P of [a, b] is a finite set of numbers {xg, X1, X5, e v v e, Xpm1, X0}
suchthata =xy <x; <%, < o vee e e < X1 < X, =b
We write Ax; = x; — x;_4.
We define the norm of partition P is the positive number ||P|| = Eﬂ)ﬁ(xi —Xj_1)-
Remak:
a

When the n subintervals have equal length Ax; = b%
The i*" term of the partition is x; = a + ib;—a (This makes x,, = b.)

Definition 1.2 (Darboux sums)
Suppose f: [a, b] —» R is bounded and P is a partition of [a, b]. Define
m; = inf{f (x): x;_; < x < x;} M; = sup{f(x): x;i_; < x < x;}

S(P,f) = Z?zlmi Axi S(P,f) = ?21 ML-Axi.

We call s(P, f) the lower Darboux sum and S(P, ) the upper Darboux sum.
Lemma.l.1. Let P and Q be two partitions of [a, b] such that P € Q Then

s(P,f) <s(Q,f)

S(P, ) = S(Q, ).

(The partition Q is called a refinement of P.)

Proof
First let us consider a particular case. Let P’ be a partition formed from P by adding
one extra point, say ¢ € [x;_y,x;]. Letm; = sup f(x), m; = sup f(x).

Xj_1Sx<c c=xX<x;
Then m; > m;, m; > m;, and we have
S(P’»f) = YiZim; Dxig +m(c— x;-) + m(x; — ©) + Xl my Axyy
> Yizimg Axiog +my (g — x21) + Xl my Axgyy = (P, f).



Similarly one obtains that

S(P,f) =S, 1.
Now to prove the assertion one has to P consequetly a finite number of points in
order to form Q.

Lemma.l.2
Let P and Q be arbitrary partitions of [a, b]. Then

s(P,f) <S@Q, /).

Proof
Consider the partition P U Q. By Lemma 1 1 we have
s(P,f)<s(PUQ,f)<SPUQf)<SQN.

Proposition 1.1
Let f: [a,b] - R be a bounded function. Let m,M € R be such that for all x € [a, b],
we have m < x < M. Then for every partition P of [a, b],
mb—a)<s(P,f) <SP, f) <M - a)
Proof
Let P be a partition of [a, b]. Note thatm <m; < M; < M forall i and Y7~ , Ax; =
(b — a). Therefore,

n n n n
m(b—a) = ZmAxi < ZmiAxi < ZMl-Axl- < ZMAxi =M(b —a)
i=1 i=1 i=1 i=1

Definition 1.3
As the sets of lower and upper Darboux sums are bounded, we define

Lower Darboux integral fab f = sups(P, f): P a partition of [a, b].

Upper Darboux integral fabf = infS(P, f) : P a partition of [a, b].

Lemma.l.3

[r=[r.
Proof : '

Fix a partition Q. Then by Lemma 1 2
vP:s(P,f) <S5, f).

Therefore

b
[ = supste.p) < s@.p.

And from the above

b
vo: [ r=s@.n.

Hence

Lbf < inngQ,f) = E.

Proposition 1.2. Let f : [a,b] — R be a bounded function. Let m,M € R be such
that for all x € [a,b], we havem < f (x) < M. Then



m(b—a)Sfbf Sfbfs M — a)

Proof. By Proposition 1.1 , for every partition 2,
mb—a)<s(P,f) <SP, f) <M —a)
The inequality m(b — a) < s(P,f) implies m(b — a) < f: f.The inequality S(P, f) <

M(b - a) implies [ f < M(b — a).
Definition 1.4.A function f: [a, b] - R is called Riemann integrable if

b b
Jr=Lr
a a
The common value is called integral of f over [a, b] and is denoted by f:f (x) dx.

Proposition 1.3. Let f : [a,b] — R be a Riemann integrable function. Let m,M € R
be suchthat m < f (x) < M forallx € [a,b]. Then

b
m(b — a) ij(x)de M — a).

Proof Is a direct consequence of Proposition 1.2.

Example 11

We integrate constant functions. If f(x) = ¢ for some constant c, then we take m =
M = c. In Proposition 1.3. Thus f is integrable on [a, b] and

b
f f(x)dx=clb — a).

Theorem 1.1

A function f: [a, b] —» R is Riemann integrable if and only if for any € > 0 there exists
a partition P of [a, b] such that S(P, f) —s(P, f) < ¢.

Proof

1 Necessity: Let f;f = f;f, i.e. let us assume that f is integrable.

3Py, Py s(PLf) > f) f—Sand S(P, f) < [} f +2.
LetQ =P, U P,. Then

b e b e
ff—§<S(P1.f)SS(P1U P, f) <S(PLU Pz:f)SS(Pz,f)<ff+§-

Therefore ( since f;f = E)

S@,.f)—s@.f) <e.
2 sufficiency: Fix € > 0. Let P be a partition such that S(P, f) — s(P, f) < e.
Note that

E_Lbf:S(P'f)—S(P,f)<e.

Therefore it follows that

V€>O:ﬁ—fbf<s.

This implies that



b b
Jr=1r
Example 1.2

Let us show f(x) = x? is integrable on [a, b] for all b > a > 0. We will see later that
continuous functions are integrable, but let us demonstrate how we do it directly.

Let ¢ be given. Taken e Nand letx; = a + ib;—aform the partition P =

b-a . . .
{X0,X1, X2 , cvveev v v, X1, X} OF [, b]. Then Ax; = —foralli. As f is increasing,
for every subinterval [x;_1, X;],

b—a)2
n
b—a)2

m; = inf{f (x): x;_; < x < x;} = (a +(—-1)

M; = sup{f(x):x;_; <x <x;} = (a +i
Then

S(P.f) = s(P.f) = ) (M —m) Ax,

22 (55 - o -0

i=1

n
b—a b — a\* b—a\*\ b3
= a+n —la+0 =—
n 4 n n n
i=1
b—a
= (b%? — a?).
n

Picking n to be such that, bza (b? — a?) < ¢ the proposition is satisfied, and the

n
function is integrable.
On the other hand, as we know from algebra (or can be proven by induction):

Zi _ n(n2+ 1) and Z 2 n(2n + 16)(n +1)

i=1 i=1

So

[ n

b—a b—a b—a
= Za2+2a i+( >12
n n n

L i=1

n

B n
b—a b—a ] b —a\* )
= a’n + 2a i+ i?
n n 4 n .
L =1 =1
b—a b—an(n+1) /b—a\*nn+1Dn+1)
= a’n + 2a +( )
n 2 n 6



=(b-a) laz +a(b —a) (n 1)+ (b — a)? @n+ D+ 1)1.
n 612
Similarly one obtains that
-1 2n — _
S(P,f): (b_a) a2+a(b—a) (n )+(b—a)2( n 1)271 1)]
n 6n
So
}ll_r)l;loS(P,f) = 1!11_1};105(P’f) — (b ; a) (bz +ab + aZ) — %(bz _ az).

Finally we obtain

b 1
j x%dx = = (b? — a?).
a 3

Definition 1.5 (Riemann sums)
Let f: [a, b] = R be defined on the interval [a, b] and let P =
{X0,%1, X2 ) wev vev ven v, Xn—1, X} e @ partition of [a, b].

Let C = {c1,C2, ... Ci—1,Cjy ... Cn—1,Cn} Where c; denote any value in the i"
subinterval (c; € [x;_1,x;] ). The Riemann sum of a function f on [a, b] that

corresponds to P and the point system C is

R(P,f,C) = Zf(ci)Axi-

Theorem 1.2
A function f is Riemann integrable on [a, b] if there is a number L such that for each
€ > 0 there is § > 0 such that if P is any partition of [a, b] with ||P|| < é then

IR(P, f,C) — L| < &. ( In other words ”})i”mOR(P,f, C) =L ).And we have L = fab f(x)dx.

The set of all Riemann integrable functions in [a, b] is denoted by R([a, b]).
Proof
1 Necessity: using |[R(P,f,C) — LI < S(P,f) — s(P, f).

2 sufficiency: To do this, we will first show that
S(Plf) = SupR(P:f' C)' S(Plf)llng(Plf' C)
©
Remark
If the function f is Riemann integrable on [a, b] then the number ff f(x)dx is the

. b—a b-a .
common limit of the two sequences u,, = TaZ?zolf(a + Tal ) and

b—a b-a .
vp = —Xin fla+—1).
Example



.. n
Calculate the limit of the sum v,, = ?zom.

We have

n—

n-1
Z 12 1 4 1
n+1)2 ; iN2 | 4n
= (1+7)

by putting [a, b] = [1,2]; f(x) = i then

_aZf(a+ 4o

So

im = 1m (2 a4 20 o= [ rean [ L=
lim v, = lim - f( +n1) +0= af(x)x— 2 x=5

i=0
1.2 Integrable functions
Theorem 1.3
Let f f: [a,b] » R be monotone. Then f is Riemann integrable.
Proof
Suppose that f is increasing so that f(a) < f(b).

If f(a) = f(b) then f is constant, so f is Riemann integrable and f; f)dx = f(a)(b — a).

If f(a) < f(b) let e > 0 and P a partition of [a, b] such that ||P|| < § =

f(b)= f (@)

For this partition we obtain

S, = s(Pf) = ) (Mi=m) Axy = Y (FGr) = i) A,
i=1 =1

<6 (e = feun) = 8(F ) - f@) = &

Theorem 1.4

Let f: [a, b] » R be continuous. Then f is Riemann integrable.

Proof
Let P = {X0, X1, X2 , -t wer v e, Xn—1, X} De @ partition of [a, b] and
m; = inf f(x) ; M= sup f[f(x).

Xj—1SXSX| Xj_1SXSX;

Let € > 0. A continuous function on closed interval [x;_,, x;] is uniformly continuous
and reaches its upper and lower bounds at least once, so there exists § > 0 such that



Vx;_1,x%; € [a,b]: |x; — x4l <6 = |f(x;) — fFxiZ)] < bi—a and there is at least x; ; x;’
are from the subinterval [x;_,,x;] where m; = f(x}) ; M; = f(x!).
Choose a partition P such that [|P|| < § so

S, = s(Pf) = ) (Mi=m) Ay = Y (FG) = f(xi1) Ay

n

£ £

< Mxi=——(h-a) =&

b—aZ xi b—a( a)=¢
l:

Theorem 1.5

If £,g:[a, b] > R are integrable, then fg: [a,b] —» R is integrable. If, in addition, g # 0
and é is bounded, then 5: [a, b] = R is integrable.

1.3. Properties of the Riemann integral

Let f, g: [a, b] » R Riemann integrable functions on [a, b]. The integral has the
following three basic properties.

1) Linearity:
b b b b b
[ t@+genar= [ reax+ | rooax , [ arwar=r[ rwax
2 ) Monotonicity:

If vx € [a,b]: f(x) < g(x),then fab f(x)dx < f:g(x)dx.

3) Additivity:If @, 8,7 € [a, b], then

a) fi Fx)dx = f) f()dx + f! f(x)dx.

b). [ f(x)dx = 0.

o) I Fx)dx = — [ f(x)dx.

4) If f is continuous on [a, b] and vx € [a, b]: f(x) = 0 then

b
(f f(x)dx = 0> = (Vx € [a, b]: f(x) = 0).

5)

fff(x)dx| < [J1f(0)ldx.

6) If f is continuous on [a, b], then there exists ¢ € [a, b], where



b
[ reaax = row-a.

a

1.4 Integrals and primitives
Definition 1.6

Let f: [a, b] —» R function, we say that function F is a primitive function of f over [a, b]
if and only if F is differentiable over [a, b] and Vx € [a, b]: F'(x) = f(x).

Proposition 1.4

If F, and F, are primitive functions of f on [a, b] thenvx € [a, b]: F; (x) — F,(x) = C
where C is a real constant.

Example

The function F(x) = §x3 is a primitive of the function f(x) = x2 over R because

!

. 1
Vx €ER:F(x) = (§x3) = x? = f(x).
Theorem 1.6 (The fundamental theorem of calculus 1)

if F: [a, b] = R is continuous on [a, b] and differentiable in ]a, b[ with F' = f where
f:[a,b] - R is Riemann integrable, then

b
f FOO) dx = F(b) — F(a).

Proof
Let P = {X0, X1, X2, cer ver ven e, Xn—1, X} De @ partition of [a, b].

The function F is continuous on the closed interval [x;_1, x;] and differentiable in the
open interval ]x;_1, x;[ with F' = f. By the mean value theorem, there exists

¢; € lx;_1, x;[ such that
F(x;) = F(x;—1) = F (¢)(x; — x;_1)
= f(c)(x; — xi-1)
Since f is Riemann integrable, it is bounded and it follows that
m;(x; — x-1) < fe) O — xi1) < MO — x;-4)
or

m;(x; —x;_1) < F(x;) — F(x;—1) < M;(x; — x;-1)



where

M;= sup f(x) and m; = inf f(x).

Xi_1SXSX; Xj—1SXSXj

So

n n n
z m; Axi < Z(F(Xl) - F(xi—l)) Axl- < Z Mi Axi
i=1 i=1 i=1

Hence s(P,f) < F(b) — F(a) < S(P, f) of every partition of [a, b] wich implies that
f;f < F(b) — F(a) < f:f. Since f is integrable i.e. f:f = f:f we obtain

b
F(b) — F(a) = f £ dx.

Theorem 1.7 (The fundamental theorem of calculus 2)

Suppose that f: [a, b] —» R is continuous on [a, b] and F: [a, b] - R is defined by
Vx € [a,b]: F(x) = f(ff(t) dt.Then F is differentiable over [a, b] and

Vx € [a,b]: F'(x) = f(x) (thatis, F is a primitive function of f over [a, b] ).
Proof

Let x,h € [a,b] and h > 0. Then

Fx+h)—FG) [ f@©de— [T f(©de 1 **h
n = A = EJ; f(t)dt.

Let € > 0. Since f is continuous at x there exists § > 0 such that
lf(t) —fx)|<e for |t—x|<56.
It follows that if 0 < h < § then

F B — F 1 x+h
(x+})l (x)_f(x)|zﬁfx f@©)dt —f(x)

x+h
_ % f (F(©) - F())dt
1 x+h
sﬁf F(B) — F)l dt

dt

fX'l‘h
X

s% sup IF(®) - F

x<t<x+h




< 1 h =
S EE =&
So
F(x+h)—F
lim (x ) ) = f(x).
h30 h

In the same way, we obtain

liEnF(x-l-h)_F(x) - .

h—-0 h

Which proves the result.
Corollary 1.1

Let f: [a, b] = R be continuous in [a, b] and F is a primitive function of f over [a, b].
Then

b
f £ dx = F(b) — F(a).

Proof Proof is a direct consequence of Theorem 1.7.

Example
Since F(x) = §x3 is primitive function of f(x) = x? over R. Then

b
VYa,b € R: f f(x)dx = F(b) — F(a) =%b3 —%a3.

Theorem 1.8 (Change of variables)

Let g : [a,b] — X be a continuously differentiable function, let f be continuous over
9([a, b)), Then [}/ f(x)dx = [¥ f(@())'(D)dt, where b = @(f) ; a = @(a) and x =
Q1) ; dx = @'()dt.

Proof

The function f(¢)¢'is continuous and therefore integrable. Let F be a primitive of f

and then F(o) is a primitive of f(¢(t))e'(t). So according to the Corollary 1.1,
B b
f F@)9'(Odt = F(9(B)) — F(¢(a)) = F(b) — F(a) = f £(x)dx.

Example 1
Calculate the integral j = folx/l —x2dx. (Putx = @(t) = sint).

x=@(t) =sint = dx = costdt



sina =0 & a=0,rn—mr,2r—2m, .. (The value of @ can be chosen from among the
values 0,7, —m, 2w, —2m ...).

. -3 5
sinf=1 ©p = 27”7” ... (The value of 8 can be chosen from among the values
m —3m 57

=R

So

T T
] = fz,/l — (sint)?costdt = fzw/(cost)2 cost dt.
0 0

Since Vx € [O,g] :cost = 0.Then

s s
2 1(z

]=f (cost)zdt=§j (1 + cos 2t) dt
0 0

A

~ v dsinae =2

= 2 2Sll’l . = 4.

Example 2

Calculate the integral K = f“ iy (Put x = @(t) = t?)
0 Trr1 0% )

x = @(t) =t? = dx = 2tdt.

¢a)=a < a?=0 < a=0(The value of a can be chosen from among the
values

pp(B)=b = p2=4 < B =-2, =2 (The value of B can be chosen from among
the values -2,2). So

-2
K—f Ve 2tdt
J V241

Since vVt € [—2,0]:t < 0. Then

0

0

K—zf t dt—2f t—1 1 dt

B —t+1 ( t—1)
-2 -2

1 0
= 2[——t2—t—ln|t—1|] = 2In3.
2 -2

Theorem 1.9 (Integration by parts). Suppose that u,v : [a,b] = R are continuous
on [a, b] and differentiable in (a, b), and u’, v' are integrable on [a, b]. Then



b b
f uv’ dx = [uv]? —f u'vdx.

a a

Proof. The function u v is continuous on [a, b] and, by the product rule, differentiable

in (a, b) with derivative (uv)’ = u'v + uv’. Since u, v,u’ and v’ are integrable on [a, b].
Theorem 1.4 implies that u’v, uv’ and (uv)’, are integrable. From Theorem 1.5, we get

that f:(uv’ +u'v)dx = f; uv' dx + f; u'vdx = [uv]?, which proves the result.
Example 1
calculate the integral I = fol Arc tanx dx.

, v=x
{ —114_1 :{u’= !
u = Arctanx 1

1 1 1

I=[uwl§— | v'vdx = [xArct 1—j d
[uv] fouvx [xArc tan x]; 0x2+1xx

1

1l2
> — 5 n2.

1
is
I = [xArc tanx — =In(x? + 1)] =7
0

Example 2

calculate the integral I = flz xIn——dx.

1,
U':x V==X
X ) 2
u=lnx_|_1 , 1
u =
x(x+1)

1_[121 xr f212 L
R v, T L2 e+ D™

1_[121 xr f212 1 4
R v, T L2 e+ D™
21 x p
26+ D

5
I—Eln2—21n3—f1

I = 2In2 - 2In3 1f21 L4
B Y R CRE D R



I

5 1
= 5In2 - 2In3 ~ E[x —In(x + 1)]?

1—512 2In3 1[1+12 In3] = 2In2 313 !
=In n3 - n n3] = 2In2 — - In3 — .

Definition 1.7.(The Indefinite Integral)

The set of all primitive functions of f is the indefinite integral of f with respect to x
and denoted by [ f(x) dx where

[ f(x) dx is read " the integral of f w.r.t x ".

Note: The above definition says that if a function F is an primitive of f, then
f f(x)dx = F(x) + C where Cis areal constant.

Example

primitives of usual functions

1
jx3dx=zx4+C

ff(x) dx f
1 X@+ L (a € R* — {—1}&5\;)95“
a+1
In|lx|+C 1
X
e*+C e*
—cosx+C sinx
sinx+C CoS X
—lIn|cos x|+ C tan x
tanx + C 1
cos?x
—cotanx + C 1
sin?x
coshx +C sinh x
sinhx +C coshx
1 X 1
—Arctan —+ C > >
a a X+ a
., X 1
Arcsin —+ C -
a V&
1 l |x +a s 1
2a " xX—a x?2 —aaz
! (u(x))m1 +C (u(x)) u'(x)
a+1 (weC'(Dsa € R* — {—1}&n)
u'(x)
nlu(x)|+ C u(x)

(w e Ct)sVx € Lu(x) # 0 &)




e™@ + ¢ u' (x)e*™
(u € CH(D)<s)

G(u(x))u’(x) +C g(u(x))u’(x)
G is a primitive of g over | Where u € C1(I)
and g is continuous over u(l)

Theorem 1.10 (change the variable)

Let h: I — ] Ct-diffeomorphism. We put x = h(t) and dx = h'(t)dt then

ff(x) dx = ff(h(t)) h'(t)dt andt = h™(x).

Note: A function h: I — J is called C*-diffeomorphism if
a) h is a bejiction of I on J;

b) h and A~ admit derivatives of order 1, continuous, respectively on I and J.
Example 1

Calculate I = [+/1 — x2 dx.

We put x = h(t) = sint where h: ]—gg[ — ]-1,1[ (h is C*-diffeomorphism ), and dx =
costdt.

So
I=f\/l—sinztcostdt=f\/cosztcostdt.

Since vt € ]—%,%[:cost > 0 we get

1
I = fcosztdtzif(l + cos 2t) dt

—1t+1' 2t +C—1t+1 tsint+C
—E ES]H —E ECOS Sin

—1t+1 1 in?tsint + C
=5 > sin? t sin .

Substituting t = h=1(x) = Arcsinx we get the following result:

1 1
— i _ 42
I 2Arcsmx+2x 1—x%2+C.

Example 2

Calculate J = fﬁ dx.



We put x = h(t) = t? where h:]0,+oo[ — 10, +oo[ (h is Ct-diffeomorphism ), and dx =
2tdt.

So

2tdt

jzfﬁ;+1

Since vt € ]0,+o[ : t > 0 we get

tz
= 2tdt
/ f\/tz +1

t3
=2ft+1
—zf(tz—l——t+1)dt
- t+1

1 1
_ 43 _ __$2
—2<3t In(t+ 1) zt +t>
2

dt

] =§t3—21n(t+ 1) —t?>+2t+C.

Substituting t = h='(x) = v/x we get the following resuilt:

J = 2 xE — x4 20E — 2n(VE+ 1) 4 C.

Theorem 1.11 (Integration by parts).

Let I be a interval for R and v, u are functions of class C! on the interval I then
fuv’ dx = uv — fu'v dx.

Example 1

Calculate I = [ xe?* dx. By putting:



Example 2

Calculate J = [ e*sin x dx. By putting:

v =sinx {v=—cosx
B
{ u= ex u, = ex
We get
J= —excosx+fexcosxdx.
Again we put
v’ = cosx {v =sinx
= ’
{ u=e* u =e*
o)
J = —e*cosx +e*sinx — f e*sinxdx
J = —e*cosx+e*sinx —]
2] = —e*cosx + e*sinx
we obtain
= —e*cosx+e*sinx + C.
Example 3*

Calculate J = [ xv/x dx. By putting:

(,=1,2
v =x 2
Los=1 5
u=+x U =
\ 2Vx
We get
1 11
=—x®\x— | —==x%dx
J=3 Vx 752
1 1
=§x2\/§—zfx\/§
1
= — 2 —_—
2x b 4]
MEy . N
i 4]—Zx X

we obtain



2
J= gxzﬁ + C.
1.5 Special integration methods:
1.5.1 Integration of a rational function

Definition 1.8

Plx) .

Let P, Q be two real polynomials, Q(x) # 0. Function x - — 70 is called rational

function or rational fraction

Definition 1.9

Mx+N
(x—a)¥’ x (x2+px+q)k
called simple elements, of the first and second species respectively.

The functions x — where k € N*,a,4,M,N € R,p? —4q < 0, are

Theorem 1.12

Any rational fraction = 0 is represented in the unique form Ex; S(x)+ ZE’C;

the polynomials S, R being respectively the quotient and the remainder of the division
of P by Q.

Theorem 1.13

Let deg P < degQ,

Qx)=(x—a)™(x—ay)™ ..... (x —ap)™. (x2 + pix + q)™

(2 +px+ @)™ ... ... (x2 + psx +q5)"s, p} —4q; <0,V1<j<s.

Then the fraction g is represented in the form

P(x) _ Aq A, 4 Am1
Qx) x-—a; (x—ay)? (x —ay))™
B B B
1 + 2 4o — "2
x—a, (x—ay)? (x —ay)™z
¢y C; Cr

+ +...+—
x—a, (x—ag)? (x — ap) ™

Mix + N} Mix + N} My x + Ny,
+ +— ~+- .
x2+pix+q; (X2 +pix+q,) (x +p1x + g™




N M?x + N N Mzx + N2 .. M7 x + Ng,
x2+px+q; (2% +px +qp)? (x + pax + qx)™2

N Mix + Ny N M5x + N3 L M5 x + Ny
x2+psx+qs (X% 4+ psx + q5)? (x + psx + qg)"2

where 4,B,C,M, N, p, q, a, are real canstants.

Examples
4x*—4x3-3x? —12x+13 -4
1) (2x-1)2(x-2) + (2x-1)2"
2) 5x7—x6+6x +11x*+29x3+66x%+29x+27 _ 1 -1 2 4= + 3 x-1
(x—1)3 (x+2)2(x%+x+1)2 T x-1 0 (x-1)2  (x- ) x+2  (x+2)2  x2+x+1
2x+1
(x*+x+1)2

Integration of a rational fraction

P(x)

To calculate the integral of a fraction — e we first write this fraction as the sum of a

. BE . c . A Mx+N
polynomial and a finite number of rational fractions in the form oot O e g

where k is a natural number other than zero and £, a, N,M, A,a are real numbers, so

the integral rational fractions returns to calculate integrals of the type | (x_Aa

f Mx+N by
((x—a)2+p2)k 7"

o dx and

dx
j‘ 1
X —
-1

1
vk>1: f(x—a)kdx:(k—l)(x—a)k‘1+c'

Calculate the integral f(x_Aa)k

dx =In|x—a|l +C
a

Mx+N

Calculate the integral | —————
gral [ e

Calculating this integral after changing the variable x = a + St leads to calculating

integrals of two types: I, = f(l oY dt And J, = f(l oY dt, where we have:

1 —1
L ==In(1+t3)+C and Vk>1: I, = C.
1 =51+ +C an kS kDA )R T




As for the J, = fmdt integral, we use integration by parts and obtain the

following recurrence relation:

t
Ji =Arctanx + C and Vk > 1: 2k, = Qk— 1), + m......(*)
Example 1
. 2xt—x34+2x%—1
Calculate the integral [ = [ ey O
By Euclidean division we get:
2x“—x3+2x2—1_2 14 x>+ x
C-2rx—1 F P+ 1Dx—-1)
x*+x ax+b c
We put DD — el +-—; we geta=0,b=1,c=1.
So
1 1
I = (Zx +1+ + )dx
¥*+1 x-—1
= x% 4+ x + Arctanx + In|x — 1| + C.
Example 2
. 2x*—6x+11
Calculate the integral | = fmdx.
2x*—6x+11 a c c
We putm —m+;+ —2)? we geta =2,b=-1,c =1.
So
[ e
/= x+1 x—-2 (x—2)2 x
=2In(x+ 1) —In(x— 2) 1+C
= nwx nwx x—2 .
Example 3*
Calculate the integral j = f8x6_8x5+2x4+23x3_15x2+7x+2 dx
9 A D220 —2x 1 1)?
By Euclidean division we get:
8x® — 8x° + 2x* + 23x° — 15x* + 7Tx +2 N —8x° + 10x* + 15x3 — 17x* + 11x
(x + 1)%(2x* — 2x + 1)? B (x + 1)%(2x* — 2x + 1)

We put



—8x% + 10x* + 15x% — 17x% + 11x

(x + 1)?(2x%* — 2x + 1)?
a b cx +d ex+f

Sl Tt 22+l @2zt 1)

we get:
a=-2b=-1,c=0,d=3,e=1,f =0.

So

-2 -1 3 X
I= (2+ + 2+ 2 + 2 Z)dx
x+1 (x+1) 2x*—2x+1 ((2x*—2x+1)

1 3 X
I=2x—2[n|x+1|+—+J( +— 2)dx
x+1 2x2 —2x+1 (2x*—2x+1)

2 2
Since 2x2 —2x+1 =2 ((x — %) + G) ) to calculate the integral on the second side

Weputx=%+ t.

N | =

So

f( S - )d—3f1d+ rd
22 —2x+1 2t —2x+02) YT ) e AT ) 2™

t 1
= 3Arctanx+fmdx+fmdx

3 x 1 1 1
dx = 3Arctant — = d
f(2x2—2x+1+(2x2—2x+1)2> X retan 2t2+1+f(t2+1)2 x
J2

Substituting k = 1 in the regressive relationship (x) we get: 2], = J; + ﬁ =

t
2(t2+1) °

Arctanx + and from there J, = %Arc tant +

1+t2

So

f( 3 n X )d ~ prctant + L1
2x% —2x+ 1 (2x2 —2x + D2} T ATt T o e 1y

Substituting t = 2x — 1 we get

3 X 7 x—1
dx = —Arc tan(2x — 1 .
f(2x2—2x+1+(2x2—2x+1)2> x =gArctanQx - D+ om0

So



x—1
+
2(2x% = 2x+ 1)

1 7
[ =2x —2In|x + 1| + —— + —Arctan(2x — 1) + C.
x+1 2



	Definition 1.7.(The Indefinite Integral)

