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Tutorial n°2: Electrostatics
Part-II: Discrete charge distribution

Exercise 1

Find the total charge Q for the following distributions:

1- Linear charge distributed uniformly on a ring of radius a

2- Surface charge distributed uniformly on a sphere of radius R.

3- Volume charge distributed uniformly on a cylinder of radius R and height h.
4- Volume charge distributed uniformly in a sphere of radius R.

Exercise 2

We consider a wire of length 2L, of negligible diameter, uniformly charged with a positive and
constant linear charge density A.

1- Determine the total charge Q of the wire.
2- Determine the electric field E created by this wire at a point M located on its axis of symmetry

Oy: (OM =b})).
3- Deduce the electric field created by an infinite wire.

Exercise 3

We consider a disk of radius R, uniformly charged with a positive and constant surface charge
density .

1- Determine the total charge Q of the disk.
2- Determine the electric field E created by this disk at a point N located on its axis of symmetry

Ox: (ON = ad).
3- Deduce the electric field created by an infinite plane. z
Exercise 4 M kk»ﬁe
A ring (circular wire) with center O, radius R and axis Oz, is uniformly charged i
with a positive and constant linear charge density A. Give the expression of: Z
1- The total charge Q of the ring. o
2- The electrostatic field created by the ring at a point M located on 8 Y
its axis of symmetry Oz. Deduce the electrostatic field at point O. x 4>0

3- The electrostatic potential at point M.
4- The electrostatic force exerted by the ring on a punctual charge q, placed at M.

Exercise 5

We consider an infinite wire, uniformly charged by a positive and constant linear charge density
1> 0).

1- Calculate the total charge Q carried by the infinite wire.
2- Determine the expression of the electric field E(r) in all point M of space.
3- Graph (draw) the curve of E (1)
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Exercise 6

We consider an infinite plane, uniformly charged by a positive and constant surface charge density
(o > 0).

1- Calculate the total charge Q carried by the infinite plane.
2- Determine the expression of the electric field E (r) in all point M of space.
3- Graph (draw) the curve of E (1)

Exercise 7

A hollow sphere with center O and radius R is uniformly charged by a positive and constant surface
charge density o (o > 0).

R
1- Calculate the total charge Q of the sphere.
2- Determine the expression of the electric field E(r) at any point M in
space.

3- Deduce the expression of the electric potential V' (1).

4- Graph (draw) the variation curve of E(r) and V(r). Is there continuity? >0
Exercise 8
Let C be a solid cylinder of the axis of revolution (0z), of radius R and of infinite *[~—]
length, uniformly charged by a positive and constant volume charge density p.

1- Determine the electrostatic field inside, on the surface and outside of the cylinder.? ;%'R
Check that the electric field is continuous at the surface of the cylinder. /__,H__\
N~

oo

Exercise 9

A full sphere with center O and radius R is uniformly charged by a positive and constant volume
charge density p (p > 0).

1- Calculate the total charge Q of the sphere. R
2- Determine the expression of the electric field E(r) at any point M in space.
3- Deduce the expression of the electric potential V(7).
4- Graph (draw) the variation curve of E(r) and V(r). Is there continuity?

p>0

/xz_,_yz3 - y2./x2+y?
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Solution of Tutorial n°2: Electrostatics (Part-II)

Exo-1

The total charge Q
1-For a ring
Q= [dq=[2dl = [,"2rd8; (dl=rdb)
= Q = 2mal

2-For a sphere
Q= [dq=[odS; (dS = rdorsinddyp)
T

2T
=0r2fsin9d9f dg = Q = 4nR%c
0 0

3-For a cylinder
Q= [dq=[pdV; (dV = drrdfdz)

R 2m h r21R

= pf rdrf d@j dz=p [—] (6127 [z]*
0 0 0 2],

= Q = nR%hp

4-For a sphere
Q= Jfdq=[padv;

R T 21 4
:pf rzdrf sin@d@f dp = Q ==-mnR3p
0 0 0 3

(dV = drrdBrsinfdep)

Direct Method:

1- Qring = [dq=[2dl =11 = Q= 2mal

2- Qpn = Jdq=[0dS=0S = Q =4nR%0

3- Q= [dq=[pdV=pV =Q =nR?hp
4- Qpn = fdq=[pdV=pV =Q =:mR%

Exo-2

1) The total charge O of the wire
Wehave: Q= [dg= ['[adl=211=Q= 24l
2) The electrostatic field at point M.

.y

dE FdEy
\

According to the figure, by projecting the vector
(ﬁ) onto the axes, we obtain:

dE = dE,i+dE, ]
Here, the system presents a symmetry of revolution
around the axis Oy which means that: E, = 0
So: E = E,J
By projection on the Oy axis: dE,, = dE cos a ... ()

Knowing that:
( kd
dE = —1
r
dq = Adl = Adx
] ,we replace them in eq(x)
r = /b%+x?
y
oS = ———
N
dx
= dE, =kAb ———
VTT
By integration:
SE klbjﬂ @ 2k Al
= - 3 M = —
’ - BT A2 b/b? + 12
. 2kAl
Or : E

SN

The electric field created by an infinite wire.
E = 2kA A
T b 2megb

Infinite wire = llim Ey:
Exo-3

1) The total charge Q of the disc
Wehave: Q= [[dq= [[1dS=1S = Q = nR?%c
2) The electrostatic field at point N.

According to the figure, by projecting the vector dE onto
the axes, we obtain:

dE = dE, T+ dE, ]

Here, the system presents a symmetry of revolution
around the axis Ox which means that: E,, = 0

So: E = E, 1
By projection into Ox axis: dE, = dE cos a ... (*)
Knowing that:
( kd

dE = —2

r

dgq= odS
{dS =rdrdf ,we replace them in eq (*)

d= +a?+r?

y

cosa = ————

x N
rdr dé

=>dE,=koa ———
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By integration:

R TdT' 2T
oy =koa [ 2 ["ag
0 va2+r2 Jo
=>Ey = d 1 !
N_Zso /a2+RZ
Or

— c 1
: EN = [1 - ] i
2¢& [a? + R2
The electric field created by an infinite plane.
o

E =—

Infinite plane = 1%-1-5130 Ey: = 229

Exo0-4:

Symmetry of the problem: the distribution presents
a symmetry of axial revolution along Oz. Any plane
containing the Oz axis is a plane of symmetry.

So: E—M) = Ek.

Invariance: by rotation around Oz, E does not
depend on 6. So: E= E(z) .

1) The total charge Q of ring
Wehave: Q = [dq= [Adl= Alcercie
= Q = 2nRA

2) The electrostatic field at point M.
According to the figure, by projecting the vector

dE onto the axes, we obtain:

dE =dE,u, + dEg ug + dE, k

dq

X A>0
From symmetry: E, = Eg = 0
So: E = E, k
By projection onto Oz axis: dE, = dE cos a ... ... (%)
knowing that:

2

dE = —
r
dg = Adl
ldl=Rdo , we remplace them in eq(x)
r= {Z?+ R?
Z
cosa = ———
\ VZZ + R?
kARZ
> dE; =———
Ny
by projection:
kARZ (" ARZ
> E; = —3_{ d = ————
VZZ ¥ RZ Yo 2&yVZ?+ R?
. ARZ -

= 3

2 &g V ZZ + RZ
The electrostatic field at point O.
AtpointO:Z=0 = E=(_))

3) The electrostatic potential at point M
To deduce the electric potential V, we use the

formula E = — grad V. Since the field is axial
along Oz, we can write:

E = dV=>V— fEdZ
= =sv=
AR Z
>V =- f 3 dZ
2¢0) 7271 R?
>V = AR +Ct
2 gVZ2% + R2

To determine C, we use the limit conditions of the
potential: lim V = 0
7->00
> limV=0+C=0=>C=0
T->00
AR

2 g9/ 22 + R?

4) The electrostatic force

>V =

F,=qE
— ARZq -
F.(M) = K

3
2 £9+/Z2 + R?

Exo-5

By a symmetry, the field E at any point (r) in space is
radial, perpendicular to the axis of the wire, and

directed towards the exterior.

T



1) The total charge Qr

Qr=[dq=f2dl =2

2) The field E in all points of space

ﬁQT=ll

According to Gauss's theorem:

¢= #EE_S:= Qint

€o

The Gaussian surface which is suitable here is a surface
of a cylinder (7, h), where:

e The axis of the cylinder coincides with the wire.
e The two bases of the cylinder cover the
extremities of the wire.
_E
ds,
]

rsz‘f\ ds,

- = =
J 4 v infinite

E“! J’i wire
E

ds,

=l

According to the diagram, there are three surfaces:

1- Base surface Sy (disk) of d—Sl)
2- Base surface S, (disk) of Zi?;

3- Lateral surface S, (rectangular) of d—SL)

The total flux through all surfaces constituting the
Gaussian cylinder is given by:

®T=®1+®2+®L

Where:
(@1=ffE.E=ffE.dsl.cose=0; (E 1dS))
{@2=ffﬁ.ﬁ=ff5.dsz.cose=o; (E 1dS,)

¢L=ﬂﬁ.d_sL’=ﬂE.dsL.cosa=E.5L; (E 11dS))

Therefore:
Q
=E.S, =—
Dr N
SL = 2nrh
Knowing that: {QT =1l
h=1
E(r) =
) 2wy T

3) Curve E(r)

< | =

=Y

Exo-6

By a symmetry, the field E at all points in space is:
radial, perpendicular to the plane and directed towards
the exterior.

infinite E
plane
<<,
E
1) The total charge Qr
Qr=Jdq=focdS=06S =>Qr=0S

2) The field E at all points in the space

According to Gauss's theorem:

¢= #Ed_sa)= Qint

€o

The most suitable Gauss surface S which gives a
high degree of symmetry is a cylinder of (r, h).

The total flux through all surfaces constituting the
Gaussian cylinder is given by:

Or =01+ 0, + 0,
Where:
(¢1=ﬂé’.d_5{=ﬂ5.dsl.cose =E.S;
@2=ff§.d_52’=ﬂ5.dsz.cosezas; (E 11dS,)

Q)L=ﬂ§.d_sL’=ﬂE.dsL.cos90°=o; (E 14dS))

(E 11dS))

Therefore:

€)
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@r =2E.S = Qine

€o
Qint : here presents the charge of the plane inside the
cylinder (a disk of radius ).

{Qint =omr?

S=mnr?
<

E(r) =5 z

3) Curve E(r)

EJI

2g

A J

Exo-7

The field has spherical symmetry around the center
of the sphere O, under any rotation (0, @) the field
remains the same. By reason of symmetry, the
electrostatic field created by a sphere is:

> Radial E = E(r) U,

» Depends only on the radius r : E(r).

1) The total charge Q

Wehave: Q = [[dq = [[odS= 0Sspnere

= Q = 4nR%0

2) The electric field E (1)

To determine the field at any point M in space, we

use Gauss' theorem:

¢= #Ezd—sa’= Qint

€o

As the electrostatic field is radial, E and dS are

collinear (E 1dS = 6= 0°, we can then write:
= #.E.dSG cos 8 = %;(E I ds = 6 =0°)
0

rfdce de Gauss ! Surface de Gauss

“4)

> E.S; = Qune ()
€o
Due to spherical symmetry, here the suitable closed
Gauss surface S is a surface of a sphere with center

O and radius 7. (S; = 4mr?).

To determine the field at any point M in space, we
distinguish 03-regions:

Surface de Gauss

r<R r=R r>R

Region-1 r<R:
In this case the Gauss surface does not contain any

electric charge

{SG = 4mr?
Qint = 0

Region-2 r=R:

In this case all the charge ported by the sphere is

>leq(x)>E; =0

inside the Gaussian surface.

SG=47'[1'2 , 2 AmR?%c
= l'eq(*) > Ey4nrs =
{Qint=Q CI() z &o
o
r=R :Ez = —
€o

Region-3 r>R:
Likewise, all the charge ported by the sphere is

inside the Gaussian surface

— 2 2
[ 2% = reaty = Bmrt = S0
oR?
> E3 = =
Note:

We can obtain the expression of the field E, on the
surface of the sphere (r = R), by replacing with R
in the expression of E3 found outside the sphere.

2) The Electric potential V(1)

To determine the potential, we use the relation:

E = —gradV

av
Eisradial=>E=—E:V=—fEdr

Region-1 r <R :




oR? oR?

For determining C3 , we use the limit conditions of
the potential: lim V =0

7->00
700
v _aR2
37 gor
Region-2 r=R:
(2 g
VZ——szdr——fgdr——gr+C2
o
=__R+C2
€9

To determine C,, we use the condition of
continuity of the potential at the interface r = R :
Vs(r=R) =V,(r =R)

o

0 20R
oR =l =——
Va(R) =— w0
€o
=>V,= —R
2 £

Region-3 r > R:

Vlz_fEldT: —deTZ Cl

To determine C;, we use the condition of
continuity of the potential at the interface R :
Vi(R) =V, (R)

o
V,(R) =—R o
{2() & :>C1:£—R
V1(R): Cq 0
o
:>V1:_R
€o

4) Graph/curve: E(r) and V(7).
I:fl] F 3

s 4

o) R

\.*(1-] F 3

oR

A J

0 R

Discussion
The electrostatic field E(r) when crossing the
charged surface experiences a discontinuity equal to
o0 /&g, while the electrostatic potential V (r) remains
continuous.

Exo0-08:

The field has a cylindrical symmetry around the
axis Oz, under any rotation the field remains the
same. By reason of symmetry, the electrostatic field
created by a sphere is:

> Radial E = Ew,

» Depends only on the radius r : E(7).

/“"‘“‘\:
\\_’_//
N A ]
7 IN=*
N
I R
p>0

1) The electric field at any point M in space.
To determine the field E at any point in space, we
use Gauss' theorem,

d = #Ed—sa’z Qint

€o

As the electrostatic field is radial, E and dS are
collinear (E IdS = 6= 0°, we can then write:
> fE.ds; = A

0

> E.S; = Q;"t (0
0

Due to cylindrical symmetry, the suitable closed

Gauss surface Sg here is a lateral surface of a
cylinder of radius r and height h: (S; = 2nrh).

To determine the field at any point M in space, we
distinguish 03-regions:

S))
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Surface de Gauss —

p>0

r<R

The electric field in the cylinder r < R :
In this case a part of the charge ported by the cylinder is
located inside the Gaussian surface. So:

Q= fﬂpdV pV =nrihp

{G—anh o Veq(w) = Ey2nrh = nr?h p
eq(x rh =
Qine = mr2hp 1 ! €o
pr
>E; = —
1 280

The electric field on the surface of the cylinder r = R|:

In this case the Gaussian surface contains all the
electric charge of the cylinder.

{SG=2TET‘h o leq(+) = Ey2mrh R%hp
eq(* nrh =

Qine = TR*hp 1 2 €o
PR

r=R 2E, = —
280

The electric field outside the cylinder > R :
Likewise, the Gaussian surface contains all the
electric charge of the cylinder.

{SG=27TTh o leq(+) = Ey2mrh R%h p
eq(* z2nrh =
Qine = mR*hp €o
p R?
= E3 =
25T
Note:

We can obtain the expression of the field E; on the
surface of the cylinder (r = R), by replacing with
R either in the expression of E, (inside the cylinder),
or in the expression of E; (found outside the
cylinder).

2) Check that the electric field is continuous at
the surface of the cylinder.

inr = R: E{(R) = E;(R) = E3(R), the electric
field is therefore continuous across the cylinder

Ex0-09:
1) The total charge Q of the sphere.

(6)

0r = [da = [[[ oav = pv > @7 = mr

2) The expression of the electric field E(1) at any
point M in space.

Gauss' theorem:

¢= #EE= Qint
€o

As the electrostatic field is radial, E and dS are

collinear (E 1dS = 6= 0°), we can then write:

= ﬁEdSG 6059—% (ElldS = 6=0°
&

> E.Sg = QE““...(*)
0

Due to spherical symmetry, the suitable closed Gauss
surface S; here is a surface of sphere with center O and

radius 7. (SG = 47'[7"2).

To determine the field at any point M in space, we
distinguish 03-regions:

r<R r=R
Region-1 <R :
SG = 477,'7"2 p
4 =>leq(¥x) >E{ = —T71
Quue = 5rp 3 &

Region-2 r=R:

SG = 47'[7"2 R3
4 = leq(x) > E, = 2=
{Qint =§T[R3p ®) 2

3 &g 12
r=R :EZ =

PR
3¢

Region-3 r > R:

{SG = 4mr? o B

Qo =ity = 120 2 B = 5 2 B =

Remarks:

We can obtain the expression of the field E; on the
surface of the sphere (r = R), by replacing r with R in
the expression of E3 found outside the sphere or in E4
found inside the sphere.

3 &g 12



3) The electric potential V(1)

To determine the potential, we use the relation:

_—

E = —gradV
: : av
ElsradlaI:E:—E :V:—fEdr

Region-3 r <R :

v, = fEd—V— ijsd—pR3+c
3T sar=1Vv= 3gy1? r_3£0r 3

To determine C3, we use the limit conditions of the
potential:lim V = 0
100

3
>1limV;=0+C;=0= C3=0 :,VS:LR_
T30 3gg T
Region-2 r=R:
= — — _ (PR 4. _ _ PR
Vz— szdT— f3£0 dr = 3SOT+C2

To determine C, , we use the condition of continuity
of the potential at the interface (r = R) :

V;(r=R) =V,(r =R)

RZ
o(R) = =2+ C; R?
R 0 =>C2:2;
_ PR 0
Va(R) =2
RZ
=>V2—p_
380
Region-1 r>R:
_ __ [P P
vV, = J-E,dr— f3£0rdr— 3€02+C2

To determine C; , we use the condition of continuity
of the potential at the interface (r = R):

V;(R) = V>(R)

RZ
v, (R) = [3)—80

2
>c, =&
R? =3
Vi(R) = —3’;507 +Cy £
v pR* [3  1?
= =
173¢ |2 2R?

4) The variation curve of E(r) and V(r).

PR
3e

3e&,

]

@)

PR
2e_ 4

J,L}RZ
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