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Tutorial n° 0: Vector calculus operators 
Exercise 1 

Calculate by integration the following quantities: 

1- The circumference of a circle of radius 𝑅. 

2- The area of a disk of radius R. 

3- The lateral surface area of a cylinder of radius 𝑅 and height 𝐻. 

4- The volume of a cylinder of radius 𝑅 and height 𝐻. 

5- The surface area of a sphere and hemisphere of radius 𝑅. 

6- The volume of a sphere of radius 𝑅. 
 

Exercise 2 

1- Calculate the gradient of the function 𝑓(𝑥, 𝑦, 𝑧) =  𝑥2𝑦𝑧. 

2- Calculate the divergence of the vector  𝐴 =  2𝑥𝑦 𝑖⃗⃗  + 𝑥𝑦3 𝑗  −  3𝑦𝑧2 𝑘⃗⃗ . 

3- Calculate the rotational of the vector 𝐵⃗⃗ =  2𝑥𝑦 𝑖⃗⃗  −  3𝑦𝑧2 𝑗 . 

 

Exercise 3 

1- In a Cartesian reference frame, a point M (x, y, z) is identified by the following position vector: 

𝑶𝑴⃗⃗⃗⃗⃗⃗ ⃗⃗ =  𝒓⃗⃗ =  𝒙 𝒊  + 𝒚 𝒋 + 𝒛 𝒌⃗⃗⃗, where: 𝒓 =  √𝒙𝟐  + 𝒚𝟐  + 𝒛𝟐  

Calculate: 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ 𝑟, 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗  (
1

𝑟
) , 𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ (𝑙𝑛 𝑟), 𝑑𝑖𝑣 𝑟 𝑎𝑛𝑑  𝑟𝑜𝑡⃗⃗⃗⃗⃗⃗⃗ 𝑟   

2- In a spherical reference frame, let  𝑓 (𝑟, 𝜃, 𝜑 ) be a scalar function, its gradient is given by:  

𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ 𝑓= 
𝜕𝑓

𝜕𝑟
 𝑢𝑟⃗⃗⃗⃗⃗ +

1

𝑟

𝜕𝑓

𝜕𝜃
 𝑢𝜃⃗⃗ ⃗⃗⃗ +

1

𝑟 𝑠𝑖𝑛 𝜃
 
𝜕𝑓

𝜕𝜑
 𝑢𝜑⃗⃗⃗⃗⃗⃗  

     Calculate 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ 𝑓 for these cases:  𝑓1  = 𝑟, 𝑓2  =
1

𝑟
  𝑎𝑛𝑑  𝑓3  =k 

𝑐𝑜𝑠𝜃

𝑟2
 

 

 
 

Table.1.  Elements of length 𝑑𝑙⃗⃗⃗⃗ , surface 𝑑𝑆 and volume 𝑑𝑉 in different coordinate systems 
 

Cartesian coordinate system (𝒙,𝒚, 𝒛) Polar coordinate system (𝝆,𝜽) 

𝑑𝑙⃗⃗⃗⃗ = 𝑑𝑥 𝑖 + 𝑑𝑦 𝑗⃗⃗⃗ + 𝑑𝑧 𝑘⃗⃗ 

𝑑𝑆 = 𝑑𝑥𝑑𝑦 

𝑑𝑉 = 𝑑𝑥 𝑑𝑦 𝑑𝑧 

𝑑𝑙⃗⃗⃗⃗ = 𝑑𝑟 𝑢𝑟⃗⃗⃗⃗⃗ + 𝑟 𝑑𝜃 𝑢𝜃⃗⃗ ⃗⃗ ⃗  

𝑑𝑆 = 𝑑𝑟 𝑟 𝑑𝜃 

 

Cylindrical coordinate system (𝝆, 𝜽, 𝒛) Spherical coordinate system (𝒓, 𝜽,𝝋) 

𝑑𝑙⃗⃗⃗⃗ = 𝑑𝜌 𝑢𝜌⃗⃗⃗⃗⃗ + 𝜌𝑑𝜃 𝑢𝜃⃗⃗ ⃗⃗ ⃗ + 𝑑𝑧 𝑘⃗⃗ 

𝑑𝑆𝜌 = 𝜌𝑑𝜃𝑑𝑧;   (lateral Surface element)   

𝑑𝑆𝑧 = 𝑑𝜌𝜌𝑑𝜃.(Surface element of Base) 

𝑑𝑉 = 𝑑𝜌 𝜌 𝑑𝜃 𝑑𝑧 

𝑑𝑙⃗⃗⃗⃗ = 𝑑𝑟 𝑢𝑟⃗⃗⃗⃗⃗ + 𝑟 𝑑𝜃 𝑢𝜃⃗⃗ ⃗⃗ ⃗ + 𝑟 𝑠𝑖𝑛 𝜃 𝑑𝜑 𝑢𝜑⃗⃗⃗⃗⃗⃗  

𝑑𝑆 = 𝑟2𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝜑    

𝑑𝑉 = 𝑟2 𝑑𝑟 𝑠𝑖𝑛 𝜃 𝑑𝜃 𝑑𝜑 

 



 

Table.2.  Differential operators. 

Operator of “Nabla” 

In the Cartesian coordinate system: 
 

𝛻⃗⃗  =  
𝜕

𝜕𝑥
 𝑖 +

𝜕

𝜕𝑦
 𝑗 +

𝜕

𝜕𝑧
 𝑘⃗⃗ 

In the cylindrical/polar coordinate system (𝜌 𝑜𝑟 𝑟) ∶ 
 

𝛻⃗⃗  =  
𝜕

𝜕𝜌
 𝑢𝜌⃗⃗⃗⃗⃗ +

1

𝜌

𝜕

𝜕𝜃
 𝑢𝜃⃗⃗ ⃗⃗ ⃗ +

𝜕

𝜕𝑧
 𝑘⃗⃗ 

In the spherical coordinate system: 
𝛻⃗⃗  =  

𝜕

𝜕𝑟
 𝑢𝑟⃗⃗⃗⃗⃗ +

1

𝑟

𝜕

𝜕𝜃
 𝑢𝜃⃗⃗ ⃗⃗ ⃗ +

1

𝑟 𝑠𝑖𝑛 𝜃

𝜕

𝜕𝜑
 𝑢𝜑⃗⃗⃗⃗⃗⃗  

  Gradient operator 

In the Cartesian coordinate system 𝑓 (𝑥, 𝑦, 𝑧):  
 

𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓 =  𝛻⃗⃗𝑓 =  
𝜕𝑓

𝜕𝑥
 𝑖 +

𝜕𝑓

𝜕𝑦
 𝑗 +

𝜕𝑓

𝜕𝑧
 𝑘⃗⃗ 

In the cylindrical/polar coordinate system 𝑓 (𝜌, 𝜃, 𝑧):    
 

𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓 =  
𝜕𝑓

𝜕𝜌
 𝑢𝜌⃗⃗⃗⃗⃗ +

1

𝜌

𝜕𝑓

𝜕𝜃
 𝑢𝜃⃗⃗ ⃗⃗ ⃗ +

𝜕𝑓

𝜕𝑧
 𝑘⃗⃗ 

In the spherical coordinate system 𝑓 (𝑟, 𝜃, 𝜑):  
𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓 =  

𝜕𝑓

𝜕𝑟
 𝑢𝑟⃗⃗⃗⃗⃗ +

1

𝑟

𝜕𝑓

𝜕𝜃
 𝑢𝜃⃗⃗ ⃗⃗ ⃗ +

1

𝑟 𝑠𝑖𝑛 𝜃

𝜕𝑓

𝜕𝜑
 𝑢𝜑⃗⃗⃗⃗⃗⃗  

Divergence operator 

In the Cartesian coordinate system  𝐴 (𝐴𝑥 , 𝐴𝑦, 𝐴𝑧): 

 
𝑑𝑖𝑣𝐴  =  𝛻⃗⃗. 𝐴  =  

𝜕𝐴𝑥
𝜕𝑥

 +
𝜕𝐴𝑦
𝜕𝑦

 +
𝜕𝐴𝑧
𝜕𝑧

 

In the cylindrical/polar coordinate system  𝐴 (𝐴𝜌 , 𝐴𝜃, 𝐴𝑧): 

 
𝑑𝑖𝑣𝐴  =  

𝜕𝐴𝜌

𝜕𝜌
 +
1

𝜌

𝜕𝐴𝜃
𝜕𝜃

 +
𝜕𝐴𝑧
𝜕𝑧

 

In the spherical coordinate system  𝐴 (𝐴𝑟 , 𝐴𝜃, 𝐴𝜑): 𝑑𝑖𝑣𝐴  =  
𝜕𝐴𝑟
𝜕𝑟

 +
1

𝑟

𝜕𝐴𝜃
𝜕𝜃

 +
1

𝑟 𝑠𝑖𝑛 𝜃

𝜕𝐴𝜑

𝜕𝜑
 

Rotational operator 

In the Cartesian coordinate system 𝐴 (𝐴𝑥 , 𝐴𝑦, 𝐴𝑧) 

𝑟𝑜𝑡⃗⃗⃗⃗⃗⃗⃗ 𝐴 = 𝛻⃗⃗ ⋀ 𝐴  =  |
|

𝑖 −𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐴𝑥 𝐴𝑦 𝐴𝑧

|
| =  (

∂𝐴𝑧
∂y

−
∂𝐴𝑦
∂z
) 𝑖 + (

∂𝐴𝑥
∂z

−
∂𝐴𝑧
∂x
) 𝑗 + (

∂𝐴𝑦
∂x

−
∂𝐴𝑥
∂y

) 𝑘⃗⃗ 

In the cylindrical/Polar coordinate system 𝐴 (𝐴𝜌 , 𝐴𝜃, 𝐴𝑧) 

𝑟𝑜𝑡⃗⃗⃗⃗⃗⃗⃗ 𝐴 = 𝛻⃗⃗ ⋀ 𝐴  =  (
1

𝜌

𝜕𝐴𝑧
𝜕𝜃

−
𝜕𝐴𝜃
𝜕𝑧

) 𝑢𝜌⃗⃗⃗⃗⃗ + (
𝜕𝐴𝜌

𝜕𝑧
−
𝜕𝐴𝑧
𝜕𝜌

)𝑢𝜃⃗⃗ ⃗⃗ ⃗ + (
𝜕𝐴𝜃
𝜕𝜌

−
1

𝜌 

𝜕𝐴𝜌

𝜕𝜃
) 𝑘⃗⃗ 

In the spherical coordinate system 𝐴 (𝐴𝑟, 𝐴𝜃, 𝐴𝜑) 

𝑟𝑜𝑡⃗⃗⃗⃗⃗⃗⃗ 𝐴 = 𝛻⃗⃗ ⋀ 𝐴  =  (
1

𝑟

𝜕𝐴𝜑

𝜕𝜃
−

1

𝑟 𝑠𝑖𝑛 𝜃

𝜕𝐴𝜃
𝜕𝜑

)𝑢𝑟⃗⃗⃗⃗⃗ + (
1

𝑟 𝑠𝑖𝑛 𝜃

𝜕𝐴𝑟
𝜕𝜑

−
𝜕𝐴𝜑

𝜕𝑟
)𝑢𝜃⃗⃗ ⃗⃗ ⃗ + (

𝜕𝐴𝜃
𝜕𝑟

−
1

𝑟 

𝜕𝐴𝑟
𝜕𝜃

)𝑢𝜑⃗⃗⃗⃗⃗⃗  

Laplacian operator 

In the Cartesian coordinate system: 
 

 

 

 

 

 

 

𝛻⃗⃗ . 𝛻⃗⃗  =  𝛻⃗⃗2 = ∆ =  
𝜕2

𝜕𝑥2
 +

𝜕2

𝜕𝑦2
 +

𝜕2

𝜕𝑧2
 

∆ 𝐴  =  
𝜕2𝐴 

𝜕𝑥2
 +
𝜕2𝐴 

𝜕𝑦2
 +
𝜕2𝐴 

𝜕𝑧2
 (vector field) 

∆ 𝑓 =  
𝜕2𝑓

𝜕𝑥2
 +
𝜕2𝑓

𝜕𝑦2
 +
𝜕2𝑓

𝜕𝑧2
   (scalar field) 

 

 

In the cylindrical/polar coordinate system:  ∆ 𝐴  =  
𝜕2𝐴𝜌

𝜕𝜌2
 +

1

𝜌2
𝜕2𝐴𝜃
𝜕𝜃2

 +
𝜕2𝐴𝑧
𝜕𝑧2

 

In the spherical coordinate system ∶ 
 ∆ 𝐴  =  

𝜕2𝐴𝑟
𝜕𝑟2

 +
1

𝜌2
𝜕2𝐴𝜃
𝜕𝜃2

 +
1

𝜌2 𝑠𝑖𝑛2𝜃

𝜕2𝐴𝜑

𝜕𝜑2
 

Properties 

𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗(𝑓 + 𝑔) =  𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓 + 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑔;      𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ (𝑓. 𝑔) =  𝑔. 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓 + 𝑓. 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑔 

𝑑𝑖𝑣 (𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓) = 𝑙𝑎𝑝𝑙𝑎𝑐𝑖𝑒𝑛 𝑓 =  ∆𝑓;      𝑑𝑖𝑣 (𝑓. 𝐴) =  𝐴. 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓 + 𝑓. 𝑑𝑖𝑣 𝐴;     𝑑𝑖𝑣 (𝑟𝑜𝑡⃗⃗⃗⃗⃗⃗⃗ 𝐴) = 𝑟𝑜𝑡⃗⃗⃗⃗⃗⃗⃗ (𝑔𝑟𝑎𝑑 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ 𝐴) = 0  

 

 



 

Exercise-01 

1- The perimeter of a circle (simple integral). 

We have: 𝑑𝑙 =  𝑟 𝑑𝜃  and  𝑟 =  𝑅 

𝐶 =  ∫ 𝑅 𝑑𝜃
2𝜋

0

= 𝑅(2𝜋 − 0) = 2𝜋𝑅 

2- Area of a disk (double integral). 

We have: 𝑑𝑆 =  𝑑𝑟 𝑟 𝑑𝜃  et  𝑟 =  𝑅 = 𝑐𝑡𝑒 

𝑆𝑐𝑒𝑟𝑐𝑙𝑒  = ∬  𝑑𝑟 𝑟 𝑑𝜃
𝑆

 = ∫ 𝑟 𝑑𝑟
𝑅

0

∫ 𝑑𝜃
2𝜋

0

= [
𝑟2

2
]
0

𝑅

[𝜃]0
2𝜋 = 𝜋𝑅2 

3- Lateral surface of a cylinder (double integral). 

We have: 𝑑𝑆 =   𝜌 𝑑𝜃 𝑑𝑧  et 𝜌 = 𝑅 = 𝑐𝑡𝑒 

𝑉𝑐𝑦𝑙  = ∬ 𝜌 𝑑𝜃 𝑑𝑧
𝑆

 = 𝜌∫ 𝑑𝜃
2𝜋

0

∫ 𝑑𝑧
𝐻

0

== 2𝜋𝑅𝐻 

4- Volume of a cylinder V (triple integral). 

We have: 𝑑𝑉 =  𝑑𝜌 𝜌 𝑑𝜃 𝑑𝑧 

𝑉𝑐𝑦𝑙  =∭ 𝑑𝜌 𝜌 𝑑𝜃 𝑑𝑧
𝑉

 = ∫ 𝜌 𝑑𝜌
𝑅

0

∫ 𝑑𝜃
2𝜋

0

∫ 𝑑𝑧
𝐻

0

= [
𝑟2

2
]
0

𝑅

[𝜃]0
2𝜋[𝑧]0

𝐻 = 𝜋𝑅2𝐻 

5- Area of a hemisphere S (double integral). 

We have: 𝑑𝑆 =  𝑟 𝑑𝜃 𝑟 𝑠𝑖𝑛 𝜃 𝑑𝜑  et 𝑟 = 𝑅 = 𝑐𝑡𝑒 

𝑆𝑠𝑝ℎè𝑟𝑒  = ∬ 𝑟 𝑑𝜃 𝑟 𝑠𝑖𝑛 𝜃 𝑑𝑧
𝑆

 =   𝑟2  ∫ 𝑠𝑖𝑛 𝜃 𝑑𝜃
𝜋

0

∫ 𝑑𝜑
2𝜋

0

== 4𝜋𝑅2 

𝑆𝑑𝑒𝑚𝑖−𝑠𝑝ℎè𝑟𝑒  = 2𝜋𝑅2 

6- Volume of a sphere V (triple integral). 

We have: 𝑑𝑉 =  𝑟 𝑑𝜃 𝑟 𝑠𝑖𝑛 𝜃 𝑑𝜑 

𝑉𝑠𝑝ℎè𝑟𝑒  = ∬ 𝑑𝑟 𝑟 𝑑𝜃 𝑟 𝑠𝑖𝑛 𝜃 𝑑𝑧
𝑉

 =  ∫  𝑟2 𝑑𝑟
𝑅

0

∫ 𝑠𝑖𝑛 𝜃 𝑑𝜃
𝜋

0

∫ 𝑑𝜑
2𝜋

0

==
4

3
𝜋𝑅3 

 

Exercise-02 

1- 𝒈𝒓𝒂𝒅⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝒇 =  𝛻⃗⃗𝑓 =  2𝑥𝑦𝑧 𝑖 + 𝑥2𝑧 𝑗 + 𝑥2𝑦 𝑘⃗⃗ 

2- 𝒅𝒊𝒗𝑨⃗⃗⃗  =  𝛻⃗⃗. 𝐴  =  2𝑦 + 3𝑥𝑦2  − 6𝑦𝑧 

3- 𝒓𝒐𝒕⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑩⃗⃗⃗ = 𝛻⃗⃗ ⋀ 𝐵⃗⃗  =  |

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

2𝑥𝑦 − 3𝑦𝑧2 0

| =   6𝑦𝑧 𝑖⃗⃗  − 2𝑥 𝑘⃗⃗  

Exercise-03 

We have {
𝒓⃗⃗ =  𝒙 𝒊  + 𝒚 𝒋 + 𝒛 𝒌⃗⃗⃗

𝒓 =  √𝒙𝟐  + 𝒚𝟐  + 𝒛𝟐 
 

1) Calculations 

 ∗ 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑟 =  
𝜕𝑟

𝜕𝑥
 𝑖⃗⃗ +

𝜕𝑟

𝜕𝑦
 𝑗⃗⃗⃗ +

𝜕𝑟

𝜕𝑧
 𝑘⃗⃗⃗ ⃗ 

Solution of Tutorial n°0 

 
 

(1) 



 

 

* 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑟 =  
2𝑥

𝟐√𝒙𝟐 +𝒚𝟐 +𝒛𝟐 

 𝑖⃗⃗ +
2𝑦

2√𝒙𝟐 +𝒚𝟐 +𝒛𝟐 

 𝑗⃗⃗⃗ +
2𝑧

2√𝒙𝟐 +𝒚𝟐 +𝒛𝟐 

 𝑘⃗⃗⃗ ⃗ =  
𝒓⃗⃗

𝒓
 

∗ 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗  (
1

𝑟
) =  

𝜕 (
1
𝑟)

𝜕𝑥
 𝑖⃗⃗ +

𝜕 (
1
𝑟)

𝜕𝑦
 𝑗⃗⃗⃗ +

𝜕 (
1
𝑟)

𝜕𝑧
 𝑘⃗⃗⃗ ⃗  = − 

𝒓⃗⃗

𝒓𝟑
 

∗ 𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ (𝑙𝑛 𝑟) =
𝜕(𝑙𝑛 𝑟)

𝜕𝑥
 𝑖⃗⃗ +

𝜕(𝑙𝑛 𝑟)

𝜕𝑦
 𝑗⃗⃗⃗ +

𝜕(𝑙𝑛 𝑟)

𝜕𝑧
 𝑘⃗⃗⃗ ⃗ =  

𝒓⃗⃗

𝒓𝟐
 

∗ 𝑑𝑖𝑣 𝑟 =  
𝜕𝑟𝑥
𝜕𝑥
 +
𝜕𝑟𝑦

𝜕𝑦
 +
𝜕𝑟𝑧
𝜕𝑧

=
𝜕𝑥

𝜕𝑥
 +
𝜕𝑦

𝜕𝑦
 +
𝜕𝑧

𝜕𝑧
= 𝟑 

∗ 𝑟𝑜𝑡⃗⃗⃗⃗⃗⃗⃗ 𝑟 = 𝛻⃗⃗⋀𝑟 =  ||

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
x y z

|| =  (
∂z

∂y
−
∂y

∂z
) 𝑖 + (

∂x

∂z
−
∂z

∂x
) 𝑗 + (

∂y

∂x
−
∂x

∂y
) 𝑘⃗⃗ = 𝟎⃗⃗⃗ 

 

 

2) Calculating: 𝒈𝒓𝒂𝒅⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝒇𝟏, 𝒈𝒓𝒂𝒅⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝒇𝟐 𝒆𝒕  𝒈𝒓𝒂𝒅⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝒇𝟑    

{
 
 

 
 𝑔𝑟𝑎𝑑
⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓1 = 𝑢𝑟⃗⃗⃗⃗⃗                                           

𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓2 = −
1

𝑟2
𝑢𝑟⃗⃗⃗⃗⃗                                   

𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 𝑓3 = −
2𝑘 cos 𝜃

𝑟3
𝑢𝑟⃗⃗⃗⃗⃗ −

𝑘 sin 𝜃

𝑟3
𝑢𝜃⃗⃗ ⃗⃗⃗

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(2) 


