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TD — Physics — 2

Tutorial n°® 0: Vector calculus operators

Exercise 1
Calculate by integration the following quantities:

1- The circumference of a circle of radius R.
2- The area of a disk of radius R.

3- The lateral surface area of a cylinder of radius R and height H.
4- The volume of a cylinder of radius R and height H.

5- The surface area of a sphere and hemisphere of radius R.

6- The volume of a sphere of radius R.

Exercise 2

1- Calculate the gradient of the function f(x,y,z) = x2yz.
2- Calculate the divergence of the vector 4 = 2xyi +xy3] — 3yz%k.
3- Calculate the rotational of the vector B = 2xyi — 3yz27J.

Exercise 3

Module: Electricity and magnetism
Academic year: 2025 — 2026

1- In a Cartesian reference frame, a point M (x, y, z) is identified by the following position vector:

OM=7=xi+yj+zk where:r = |22 +y? + 22

Calculate: grad r, grad (%) ,grad (Inr), div# and rot #

2- In a spherical reference frame, let f (r, 0, ¢ ) be a scalar function, its gradient is given by:

r = — —— — —
grad f ar ur+r60 Uo T Sino dp Uy

cos 6

Calculate grad f for these cases: f; =71, f, =% and f3 =

Table.1. Elements of length El), surface dS and volume dV in different coordinate systems

Cartesian coordinate system (x,y, z) Polar coordinate system (p, 0)

di=dxi+dyj+dzk di=dru +rdoug
dS = dxdy dS =drrdf
dV =dxdydz

Cylindrical coordinate system (p, 0, z)

Spherical coordinate system (7, 6, @)

dl =dpw + pd6ug + dz k

dS, = pdfdz; (lateral Surface element)
dS, = dppdf.(Surface element of Base)
dV =dppdf dz

di = dru,; +rdfug +rsin6 dou,
dS = r2sinfdfde
dV =r2drsin6do de




Table.2. Differential operators.

Operator of “Nabla”
In the Cartesian coordinate system: - Jd, 0, 0 -
V=x=—I1+—J+—k
dx dy 0z
— : : S 10 7 -
In the cylindrical /polar coordinate system (p or r) P o= ot g+ — &
dp pdo 0z
In the spherical coordinate system: . d _, 10 _, 1 0J0 _,
V= — i+ —
or r a6 rsin 6 dp
Gradient operator
In the Cartesian coordinate system f (x,y, z): gradf = Pf = of . of i+ _f
ox " Tay’ "5z
- . ; _, 10 -
In the cylindrical /polar coordinate system f (p, 8, z): grad f = of T+ __f o _f p
dp p 26 " 6
In the spherical coordinate system f (7, 8, ¢): _ af o 1 af o 1 f

gmdf:ﬁ t a8t 7 sin 6 ¢ Yo

Divergence operator

In the Cartesian coordinate system A (Ax, Ay, Ay): 04, % 04,

6x+6y+62

divA = V.4 =
In the cylindrical /polar coordinate system 4 (4,,4g, 4,) divd = 94, 4 104¢ 4 04,
dp p 06 0z

In the spherical coordinate system A (Ar,Ag,Ayp):

divid = 04, 16A9 4 1 04,
WA= Gy T8 Trsine dp
Rotational operator
In the Cartesian coordinate system A (Ax, Ay, AL)
- k|
s o g o0 0 04, O0A,\, (0A, O0A,\, (04, 0A,\-
rTotA=VAA = |— — —|= Z——yl+( = — Z)]+ e |
ox 0dy 0z dy 0z oz  0x ox  dy
A, A, A,

In the cylindrical/Polar coordinate system A (45,46, 4;)

7£—ﬁAﬁ—(1aA 6A9)
rora= ~\poe oz

04, 0A 0A 104,\-
+ =L —Lug+ (oo —==L )k
dz Odp dp p 06
In the spherical coordinate system A (A, Ag, Ay)

i (e 1 04\ (1 04, 04, _,+(aA9 16Ar>_,
rota= “\r 90 rsin dgp r rsin@ dp  Or u ar r o6 )%

Laplacian operator

In the Cartesian coordinate system: P2 A 02 N 02 N 02
T 0x?  dy? | 0z2
AL = 0?4 +62£ +62'LT tor field
= 322 3y 372 (vector field)
o*f | 9*f f
Af=—= +—= +— (scalar fiel
f 3x2 + 3y? + (scalar field)
. 024, 1024, 0%4,
In the cylindrical /polar coordinate system: AA = ap? +[7 902 + 922
In the spherical coordinate system : Ad 0%A, N 1 0%4, N 1 0%4,
~9r2 ' p? 902 ' p? sin?6 0?2

Properties

grad(f +g) = grad f+ gradg; grad(f.g)= g.gradf+ f.gradg
div (grad f) = laplacien f = Af; div (féf) = Agrad f + f.divA;, div (Wﬁ) =70t (grad A) =0




Solution of Tutorial n°0

Exercise-01
1- The perimeter of a circle (simple integral).
Wehave:dl = rdf and r = R

2T
C =f Rd6 = R2m — 0) = 2R
0

2- Area of a disk (double integral).
We have: dS = drrdf et r = R = cte

R 2T r2
Scercle = _U drrdf =.f T dr.f do = [7] [6]3™ = nR?
S 0 0 0

3- Lateral surface of a cylinder (double integral).

Wehave: dS = pdfdz etp =R = cte

2T H
Veyt =ff pdezzpf d9f dz == 2nRH
s 0 0

4- Volume of a cylinder V (triple integral).

We have: dV = dp p d6 dz
R 2n H r21R

Veyt =ﬂ dp p d6 dz =f pdpf d@f dz = [—] (0137 [z]H = nR?H
4 0 0 0 2],

5- Area of a hemisphere S (double integral).
Wehave:dS = rdfrsinfde etr =R = cte

Ssphere =ff rdlrsinfdz =
s

— 2
Sdemi—sphére = 21R

s 21
r? f sin 0 dé?f de == 4mR?
0 0

6- Volume of a sphere V (triple integral).

Wehave: dV = rdfrsinfde
R b3 21 4
Vsphere = ff drrdfrsinfdz = f r? drf sin@d@f dep == -nR3

4 0 0 0 3

Exercise-02

1- gradf= Vf = 2xyzi+x%zj+x*yk

2- divA = V.A = 2y +3xy? —6yz

7 j ok
3- rotB=VAB = P 3y 5 6yzi —2xk
2xy —3yzZ 0

Exercise-03

F=xl+yj+zk

We have {
r= x% +y* + 2?2
1) Calculations
r or_, O0r—

d
xgradr= —1+—7+—
g ox ' Tay! "oz )




% 3 2x - 2y - 2z - 7
gradr = I+ j+ k= -
2JxZ +y2 422 2/x% +y2 422 2% +y2 422 r
1 1 1
oy _0(5). ). ) _ 7
*gmd(_)_ ax Yoy It KT s
-, dlnr)_, d(nr)_ dlnr)— T
* grad (Inr) = 9% I+ 3y 7+ EE k—r—2
or, 0dr, Odr, O0x Ody 0z
d. ->:_ _ Y - v _=3
T 6x+ay+c')z (')x+(')y+az
T ]k
ey = dz dy\, (0x 0z\,
srotr =VAr = i i i:(___y)H_(___)]
dx dy 0z dy 0z Jz 0x
X y z

2) Calculating: grad f,, grad f, et grad f3
grad fi = u;

grad f, = -
2kcosf __, ksinf__
grad f3 = - 73 Uy — 73 Ug

2



