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ST common trunk department Year: 2025 — 2026

Tutorial n°6: Work and energy

Exercise 1 (Worked on in the tutorial and lecture sessions)/ Pour le Cours: 11 et 15/12/2025

A particle of mass (m) is released at point A without initial velocity (Figure below). We want to
know what height (H) is necessary for the particle to reach the top point of the gutter (S). the
frictions are neglected. A

1- Applying the kinetic energy theorem, calculate ?
the velocity Vg at point B. .:

2- Express the height h as a function of r and 6. i

3- Applying the mechanical energy theorem, EH
calculate the velocity V; at point C as a function
of h, gand Vp. E

4- Applying the fundamental principle of dynamics,
deduce the expression of the contact force N as a function of: m,r,8, Vg and g.
5- Show that the minimum velocity that the particle must acquire at point B to reach point S is

Vemin = 2./g7r. What is the corresponding value of H?

Exercise 2

A particle M is subjected to a force field defined in the Cartesian coordinate system as follows:
F=(x—-2y)i+ 2y - 5x)f
1- What is the value of 4 so that F derives from a potential U.
2- Find the expression of this potential energy U(x,y), knowing that U(0,0) = 2.

Exercise 3

we consider a system (block-spring), placed on a horizontal rough plane with a friction coefficient
U, (see Figure below). The block is displaced from its equilibrium position (O) by a distance x
and then released from point (A) without initial velocity.

1- Represent the forces acting on the block at the point (4). y
2- Using kinetic energy theorem, determine the expression
of the velocity Vo when it passes through its equilibrium

position, as a function of m, g, x, k, and u..
3- Determine the minimum distance x for the block to reach the equilibrium position.

Exercise 4 (Optionally/For students)
We consider two force fields: F; = 3x2yi + (x3 + xy2)J and F, = (y3 + xy?)j.

1- Calculate the work done by F;, F; and F—g) = F—l) — F—z) to go from the origin O to A(1,1) in
following paths: the path T defined by the straight line, y = x, then the path T, defined by
the parabolay = x?2.

2- Do these forces derive from potential energy?
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Solution of Tutorial

n°6: Work & energy

Exercise-04

F; = 3x2yT + (2% + x y?)j
F; = (y® +xy?)j

F3 = 3x2yi + (2% — y3)j
1) Calculate the works:

T, : y = x;straight ligne
T, : y = x% ;parabolic

y Y

o

y=x
T {dy=dx
W(ﬁ):de:fﬁ7

F-):F - -
and{_, xT+Fyj
dl=dxi+dyJ

= W(F) = Fxdx + Fydy
— _— — 1 5
Wi, (F) = [ F.dl = [ 5xdx=3J
0
— —_ — 1 1
Wi, (F7) = [Fodl = [ 2x0dx=5)
0

— —_ — — 3
W, (F3) = ng.dl = Wr,(F) =W, (F2) = 7J

For trajectory T,

— 2
y=x
T2 {dy=2xdx

W(ﬁ):de:jﬁ.Ei

= W(F) = Fxdx + Fy 2x dx

—_. _— 9
WTz(Fl)ZfFl'dl :7]

. —— 15
Wr,(F;) = fFZ.dl =58

N . N 3
Wr,(F3) = Wr,(F1) = Wr,(F;) = i

If the force is conservative, i.e., does not depend on the
followed path, it derives from a potential energy.

We observe that:

Wr, (F;) # Wr, (F;): F, non — conservative
Wr, (F2) # Wy, (F): F, non — conservative
Wr, (FQ) = Wr, (FQ) 1_7; conservative
Therefore, F?: is conservative

To verify that 73) is derived from a potential energy U,

we mut verify the relationship: F:): = —grad U
- ou, adu
axl dy
ou
( E. = = 3x%y
=
y - dy - y
0F, 0%U
= =3 x?
]9 dxdy
0F, 02U _ 342
L x  Odydx x
02U 02U — _—
Aslong as _6x6y= —m > F;=—grad U

Therefore, Fj derives from a potential energy U.
Exercise-01

1/ Calculate the velocity Vp

By applying the kinetic energy theorem between
two positions A and B, we obtain:

AE, = ZWAB(ﬁ)
= E.(B) — E.(A) = Wy(P) + Wy(N)

H

5
1
1
i
i
1
1
1
i
i
i
:
M

where :
Wap(P) = fdw = [P.dl =[] PdlcosG - a)
Was(N) = faw = [N.dl = [ N dlcos 90

Knowing that: cos(g —a) =sina

2) Forces that derive from potential energy

1)
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{WAB(ﬁ) = P ABsina = mgH
WAB(IV) =0, car N L AB
1

1
:>§mVBZ—§mVAZ =mgH + 0

1 2
zzm Vg =mgH

= Vg =/2gH
2/ Expression of the height h as function of 1, 8
According to the figure: h = r — rcos@
=>h =r(1—-cos0)
3/ The velocity V- as function of h and Vp.

by applying the mechanical energy theorem
between two positions B and C, we obtain:

S

En(C) = En(B)
= E.(C) + Ep(C) = E.(B) + Ep(B)
= E.(C) — E.(B) = Ep(B) — Ep(C)
1

1
:Eml/'cz—szBz =0 —mgh

= V2 =V2-2gh

>V, = fV%—Zgh

4/ The contact force N as function of:
m,r.0,Vgandg.

By applying the fundamental principle of
dynamics (Newton's 2nd law) at C:

Zﬁextzm)_;

P+N=my
By projecting the forces
onto the normal and the
tangential
deduce the contact force:
—Psin0+0=myyp
{—Pcos@ +N=myy

axes, Wwe

vé
=>—mgcost9+N=m7

m
=>N=— (VZ — 2gh) + mg cos 8

m
$N=7V,§—2mg(1—cos@)+mgcos@

m ..
:>N:7VB—2mg+3mgcose

5/ The minimum velocity to reach point S

For the particle to move from point B with
minimum velocity, it must reach point S with
zero velocity.
By applying the mechanical energy theorem
between two positions B and S, we obtain:
En(S) = En(B)
= E.(S) — E.(B) = Ep(B) — Ep(S)
1
:—mVSZ—Eng =0—mgh

2
Knowing that: {ZS: Zor

= Vpmin = 2497
*The height (H) for the particle to reach point

= %m Vz = 2mgr

Sis:
Vemin = 2\/ gr =+ 2g9H
H =2r
Exercise 2
1/ The value of 4
F derives from a potential, e F = —grad U
- ou, aduU ,
>F =——1— —
d0x ' dy
and: F =FE 1+ F,J
ou
FE=——=x—1y........ (D
d0x
therfore: = aU
kFy = —E =2y —5x......(2)

To get rid of the potential U we derive eq (1) with
respect to dy and eq (2) with respect to ox:

O OV )
R 3y axay - A
0, 02U _
ka = _ayax =-5.....(2
Aslong as: — o°U = — o°U =>A=5
0xdy dyodx

2/ Expression of the potential energy U (x,y)
We have:

2



. _a:x—Sy ......... (1)
au

ou
By integrating the eq(1) : Pl 5y —x
=dU=Gy—-x)dx= [dU = [(5y —x) dx
x2
> U= <5yx - 7) +C(Y) v eq ()

To determine the integral constant C(y), we
derive the potential obtained with respect to dy:

ou dC(y)
= 3y =5x + dy
knowing that : E = 5x — 2y
dC(y) _ dC(y) _
= 5x + dy 5x -2y = D -2y
By integrating C(y)

= [dC(y)= [—2ydy=C(y)= —y*’+c
2

2
By determining the constant ¢ : U(0,0) = ¢ = 2
x2
=> U= 5yx—7—y2+2

= U = 5yx — y2+c¢

Exercise 3

1/ Forces acting on the block at (A)

2/ Calculate the velocity V,

By applying the kinetic energy theorem between
two positions A and O, we obtain:

AE = ) Wio(F)
E.(0)-E.(A) = WAO(T))) + WAO(I_:E) + WAo(f)

©))

where :
Wyo(P) = B.AO = P x cos(—=90°) = 0
Wyo(R) = R. 4G = R x cos(+90°) = 0
WAO(f) = f.40 = f x cos(180°) = —f x
W0 (T) %kx2

Knowing that:
R =P (Newton's laws)

f=ucR=f=pn-mg
VA=0
1

=>-mV§ -
2o

—mV}E =

1, 5
> Ekx —U.mgx

2_ 1,
:EmVO=Ekx —Umgx

k
= Vo=jax2—2uch

3/ Minimum distance x

The minimum distance x for the block to reach the
equilibrium position O (i.e., not stop before it),

it should be Vy = 0

£ 2u >0
=>—x° —
x cgx

k
—x =2 >0
=>x(mx Uc G ) =

S2pcmy

=>X =2 K



