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Exercise 1 (Worked on in the tutorial and lecture sessions)/ Pour le Cours: 11 et 15/12/2025 

A particle of mass (𝑚) is released at point 𝐴 without initial velocity (Figure below). We want to 

know what height (H) is necessary for the particle to reach the top point of the gutter (𝑆). the 

frictions are neglected.   

1- Applying the kinetic energy theorem, calculate 

the velocity 𝑉𝐵 at point B. 

2- Express the height ℎ as a function of 𝑟 and 𝜃.   

3- Applying the mechanical energy theorem, 

calculate the velocity 𝑉𝐶 at point 𝐶 as a function 

of ℎ , g and 𝑉𝐵. 

4- Applying the fundamental principle of dynamics, 

deduce the expression of the contact force N as a function of: 𝑚, 𝑟, 𝜃, 𝑉𝐵 𝑎𝑛𝑑 𝑔.    

5- Show that the minimum velocity that the particle must acquire at point 𝐵 to reach point 𝑆 is 

𝑽𝑩,𝒎𝒊𝒏   =  𝟐√𝒈𝒓. What is the corresponding value of H? 

 

Exercise 2 

A particle 𝑀 is subjected to a force field defined in the Cartesian coordinate system as follows: 

𝑭⃗⃗ = (𝒙 − 𝝀𝒚)𝒊 + (𝟐𝒚 − 𝟓𝒙)𝒋  

1- What is the value of 𝜆 so that 𝐹  derives from a potential 𝑈. 

2- Find the expression of this potential energy 𝑈(𝑥, 𝑦), knowing that 𝑈(0,0) = 2. 

 

Exercise 3 

we consider a system (block-spring), placed on a horizontal rough plane with a friction coefficient 

𝝁𝒄 (see Figure below). The block is displaced from its equilibrium position (𝑶) by a distance 𝒙 

and then released from point (A) without initial velocity. 
 

 

1- Represent the forces acting on the block at the point (𝑨). 

2- Using kinetic energy theorem, determine the expression 

of the velocity 𝑽𝑶 when it passes through its equilibrium 

position, as a function of 𝒎,𝒈, 𝒙, 𝒌, and 𝝁𝒄. 

3- Determine the minimum distance 𝒙 for the block to reach the equilibrium position.   

 

Exercise 4 (Optionally/For students) 

We consider two force fields: 𝑭𝟏⃗⃗ ⃗⃗ = 𝟑𝒙
𝟐𝒚𝒊 + (𝒙𝟑 + 𝒙 𝒚𝟐)𝒋   and  𝑭𝟐⃗⃗ ⃗⃗ = (𝒚𝟑 + 𝒙𝒚𝟐)𝒋 . 

1- Calculate the work done by 𝑭𝟏⃗⃗ ⃗⃗ ,  𝑭𝟐⃗⃗ ⃗⃗  and 𝑭𝟑⃗⃗ ⃗⃗ =  𝑭𝟏⃗⃗ ⃗⃗ − 𝑭𝟐⃗⃗ ⃗⃗   to go from the origin 𝑶 to 𝑨(𝟏, 𝟏) in 

following paths: the path 𝑻𝟏 defined by the straight line, 𝒚 =  𝒙, then the path 𝑻𝟐 defined by 

the parabola 𝒚 =  𝒙𝟐. 

2- Do these forces derive from potential energy? 



Dr. BENZITOUNI.S 

Exercise-04 

 

𝑭𝟏⃗⃗ ⃗⃗  = 𝟑𝒙
𝟐𝒚𝒊 + (𝒙𝟑 + 𝒙 𝒚𝟐)𝒋  

𝑭𝟐⃗⃗ ⃗⃗  = (𝒚
𝟑 + 𝒙𝒚𝟐)𝒋  

𝑭𝟑⃗⃗ ⃗⃗  = 𝟑𝒙
𝟐𝒚𝒊 + (𝒙𝟑 − 𝒚𝟑)𝒋  

1) Calculate the works: 

𝑇1 ∶ 𝑦 = 𝑥 ; 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑔𝑛𝑒 

𝑇2 ∶ 𝑦 = 𝑥
2 ; 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑖𝑐     

 

For trajectory T1 

𝑇1  {
𝑦 = 𝑥    
𝑑𝑦 = 𝑑𝑥    

𝑊(𝐹 ) = ∫𝑑𝑊 = ∫𝐹 . 𝑑𝑙⃗⃗  ⃗  

𝑎𝑛𝑑 {
𝐹 = 𝐹𝑥 𝑖 + 𝐹𝑦 𝑗 

𝑑𝑙⃗⃗  ⃗ = 𝑑𝑥 𝑖 + 𝑑𝑦 𝑗 
   

⟹𝑊(𝐹 ) =  𝐹𝑥 𝑑𝑥 + 𝐹𝑦 𝑑𝑦 

𝑾𝑻𝟏(𝑭𝟏
⃗⃗ ⃗⃗  ) = ∫𝐹1⃗⃗  ⃗. 𝑑𝑙⃗⃗  ⃗ = ∫ 5 𝑥3 𝑑𝑥

1

0

=
𝟓

𝟒
𝑱 

𝑾𝑻𝟏(𝑭𝟐
⃗⃗ ⃗⃗  ) = ∫𝐹2⃗⃗⃗⃗ . 𝑑𝑙⃗⃗  ⃗ = ∫ 2 𝑥3 𝑑𝑥

1

0

=
𝟏

𝟐
𝑱 

𝑾𝑻𝟏(𝑭𝟑
⃗⃗ ⃗⃗  ) = ∫𝐹3⃗⃗⃗⃗ . 𝑑𝑙⃗⃗  ⃗ = 𝑊𝑇1(𝐹1

⃗⃗  ⃗) −𝑊𝑇1(𝐹2
⃗⃗⃗⃗ ) =

𝟑

𝟒
𝑱 

For trajectory T2 

𝑇2  {
𝑦 = 𝑥2    
𝑑𝑦 = 2𝑥 𝑑𝑥

    

𝑊(𝐹 ) = ∫𝑑𝑊 = ∫𝐹 . 𝑑𝑙⃗⃗  ⃗  

 ⟹ 𝑊(𝐹 ) =  𝐹𝑥 𝑑𝑥 + 𝐹𝑦 2𝑥 𝑑𝑥 

𝑾𝑻𝟐(𝑭𝟏
⃗⃗ ⃗⃗  ) = ∫𝐹1⃗⃗  ⃗. 𝑑𝑙⃗⃗  ⃗ =

𝟗

𝟕
𝑱 

𝑾𝑻𝟐(𝑭𝟐
⃗⃗ ⃗⃗  ) = ∫𝐹2⃗⃗⃗⃗ . 𝑑𝑙⃗⃗  ⃗ =

𝟏𝟓

𝟐𝟖
𝑱 

𝑾𝑻𝟐(𝑭𝟑
⃗⃗ ⃗⃗  ) = 𝑊𝑇1(𝐹1

⃗⃗  ⃗) − 𝑊𝑇1(𝐹2
⃗⃗⃗⃗ ) =

𝟑

𝟒
𝑱 

2) Forces that derive from potential energy 

If the force is conservative, i.e., does not depend on the 

followed path, it derives from a potential energy. 

We observe that:  

𝑊𝑇1(𝐹1
⃗⃗  ⃗) ≠ 𝑊𝑇2(𝐹1

⃗⃗  ⃗):  𝐹1⃗⃗  ⃗  𝑛𝑜𝑛 − 𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑣𝑒 

𝑊𝑇1(𝐹2
⃗⃗⃗⃗ ) ≠ 𝑊𝑇2(𝐹2

⃗⃗⃗⃗ ):  𝐹2⃗⃗⃗⃗   𝑛𝑜𝑛 − 𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑣𝑒 

𝑊𝑇1(𝐹3
⃗⃗⃗⃗ ) = 𝑊𝑇2(𝐹3

⃗⃗⃗⃗ ):  𝐹3⃗⃗⃗⃗   𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑣𝑒 

Therefore, 𝐹3⃗⃗⃗⃗  is conservative 

To verify that 𝐹3⃗⃗⃗⃗  is derived from a potential energy U, 

we mut verify the relationship:  𝐹3⃗⃗⃗⃗ = −𝑔𝑟𝑎𝑑 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗𝑈 

⇒ 𝐹  = −
𝜕𝑈

𝜕𝑥
𝑖 − 

𝜕𝑈

𝜕𝑦
𝑗  

⇒

{
 

 𝐹𝑥 = −
𝜕𝑈

𝜕𝑥
= 3 𝑥2 𝑦

𝐹𝑦 = −
𝜕𝑈

𝜕𝑦
= 𝑥3 − 𝑦3

 

⇒

{
 
 

 
 𝜕𝐹𝑥
𝜕𝑦

= −
𝜕2𝑈

𝜕𝑥𝜕𝑦
= 3 𝑥2

𝜕𝐹𝑦

𝜕𝑥
= −

𝜕2𝑈

𝜕𝑦𝜕𝑥
= 3 𝑥2

 

As long as:−
𝜕2𝑈

𝜕𝑥𝜕𝑦
=  −

𝜕2𝑈

𝜕𝑦𝜕𝑥
 ⇒ 𝐹3⃗⃗⃗⃗ = −𝑔𝑟𝑎𝑑 ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗𝑈 

Therefore, 𝐹3⃗⃗⃗⃗  derives from a potential energy U. 

 
 

Exercise-01 

1/ Calculate the velocity 𝑽𝑩  

By applying the kinetic energy theorem between 

two positions A and B, we obtain: 

Δ𝐸𝑐 = ∑𝑊𝐴𝐵(𝐹 ) 

⇒ 𝐸𝑐(𝐵) − 𝐸𝑐(𝐴)  = 𝑊𝐴𝐵(𝑃⃗ ) + 𝑊𝐴𝐵(𝑁⃗⃗ ) 

 

 

 

 

 

 
 

where :

{
𝑊𝐴𝐵(𝑃⃗ ) = ∫𝑑𝑊 = ∫ 𝑃⃗ . 𝑑𝑙⃗⃗  ⃗ = ∫ 𝑃 𝑑𝑙 cos(

𝜋

2
− 𝛼)

𝐵

𝐴
    

𝑊𝐴𝐵(𝑁⃗⃗ ) = ∫𝑑𝑊 = ∫ 𝑁⃗⃗ . 𝑑𝑙⃗⃗  ⃗ = ∫ 𝑁 𝑑𝑙 cos 90
𝐵

𝐴
           

 

Knowing that: 𝐜𝐨𝐬(
𝝅

𝟐
− 𝜶) = 𝐬𝐢𝐧𝜶 

Solution of Tutorial n°6: Work & energy 

 

 

(1) 



 ⇒ {
𝑊𝐴𝐵(𝑃⃗ ) = 𝑃 𝐴𝐵 sin𝛼 = 𝑚𝑔𝐻              

𝑊𝐴𝐵(𝑁⃗⃗ ) = 0, 𝑐𝑎𝑟 𝑁⃗⃗ ⊥ 𝐴𝐵⃗⃗⃗⃗  ⃗                     
 

⇒
1

2
𝑚 𝑉𝐵

2 −
1

2
𝑚 𝑉𝐴

2  = 𝑚𝑔𝐻 + 0 

⇒
1

2
𝑚 𝑉𝐵

2 = 𝑚𝑔𝐻 

⇒ 𝑽𝑩 = √𝟐𝒈𝑯 

2/ Expression of the height h as function of 𝒓, 𝜽 

According to the figure: ℎ =  𝑟 −  𝑟 cos 𝜃   

⇒ 𝒉 =  𝒓 (𝟏 − 𝐜𝐨𝐬𝜽) 

3/ The velocity 𝑽𝑪 as function of 𝒉 and 𝑽𝑩. 

by applying the mechanical energy theorem 

between two  positions B and C, we obtain: 

 

 

 

 

 

 

 

 

𝐸𝑚(𝐶) =  𝐸𝑚(𝐵) 

⇒ 𝐸𝑐(𝐶) + 𝐸𝑃(𝐶) = 𝐸𝑐(𝐵) + 𝐸𝑃(𝐵) 

⇒ 𝐸𝑐(𝐶) − 𝐸𝑐(𝐵) = 𝐸𝑃(𝐵) − 𝐸𝑃(𝐶) 

⇒
1

2
𝑚 𝑉𝑐

2 −
1

2
𝑚 𝑉𝐵

2  = 0 −𝑚𝑔ℎ 

⇒ 𝑉𝑐
2   = 𝑉𝐵

2 − 2𝑔ℎ 

⇒ 𝑽𝒄   = √𝑽𝑩
𝟐 − 𝟐𝒈𝒉 

4/ The contact force N as  function of :  

𝒎,𝒓, 𝜽, 𝑽𝑩 𝒂𝒏𝒅 𝒈 . 

 By applying the fundamental principle of 

dynamics (Newton's 2nd law) at C: 

∑𝐹 𝑒𝑥𝑡 = 𝑚 𝛾  

𝑃⃗ + 𝑁⃗⃗ = 𝑚 𝛾  

By projecting the forces 

onto the normal and the 

tangential axes, we 

deduce the contact force: 

{
−𝑃 sin 𝜃 + 0 = 𝑚 𝛾𝑇
−𝑃 cos 𝜃 + 𝑁 = 𝑚 𝛾𝑁

 

⇒ −𝑚𝑔 cos 𝜃 + 𝑁 = 𝑚 
𝑉𝐶
2

𝑟
 

⇒ 𝑁 =
𝑚

𝑟
 (𝑉𝐵

2 − 2𝑔ℎ) +𝑚𝑔 cos 𝜃 

⇒ 𝑁 =
𝑚

𝑟
 𝑉𝐵

2 − 2𝑚𝑔(1 − cos 𝜃) + 𝑚𝑔 cos 𝜃 

⇒ 𝑵 =
𝒎

𝒓
 𝑽𝑩
𝟐 − 𝟐𝒎𝒈 + 𝟑𝒎𝒈𝐜𝐨𝐬 𝜽 

5/ The minimum velocity to reach point  𝑺 

 

For the particle to move from point B with 

minimum velocity, it must reach point S with 

zero velocity. 

By applying the mechanical energy theorem 

between two positions B and S, we obtain: 

𝐸𝑚(𝑆) =  𝐸𝑚(𝐵) 

⇒ 𝐸𝑐(𝑆) − 𝐸𝑐(𝐵) = 𝐸𝑃(𝐵) − 𝐸𝑃(𝑆) 

⇒
1

2
𝑚 𝑉𝑆

2 −
1

2
𝑚 𝑉𝐵

2  = 0 −𝑚𝑔ℎ 

Knowing that: {
𝑉𝑠 = 0 
ℎ = 2𝑟

   ⇒
1

2
𝑚 𝑉𝐵

2  = 2𝑚𝑔𝑟 

⇒ 𝑽𝑩,𝒎𝒊𝒏   = 𝟐√𝒈𝒓 

*The height (H) for the particle to reach point 

S is: 

𝑉𝐵,𝑚𝑖𝑛   = 2√𝑔𝑟 = √2𝑔𝐻 

𝑯 = 𝟐𝒓 

 

 

Exercise 2 

1/ The value of 𝝀 

𝐹  derives from a potential, i.e.:𝐹  =  −𝑔𝑟𝑎𝑑⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝑈 

⇒ 𝐹  = −
𝜕𝑈

𝜕𝑥
𝑖 −  

𝜕𝑈

𝜕𝑦
𝑗  

and:   𝐹  = 𝐹𝑥 𝑖 +  𝐹𝑦 𝑗  

therfore: ⇒

{
 

 𝐹𝑥 = −
𝜕𝑈

𝜕𝑥
= 𝑥 − 𝜆𝑦……… (1)

𝐹𝑦 = −
𝜕𝑈

𝜕𝑦
= 2𝑦 − 5𝑥 …… . . (2)

 

To get rid of the potential U we derive eq (1) with 

respect to ∂y and eq (2) with respect to ∂x: 

⇒

{
 
 

 
 𝜕𝐹𝑥
𝜕𝑦

= −
𝜕2𝑈

𝜕𝑥𝜕𝑦
= −𝜆………(1)

𝜕𝐹𝑦

𝜕𝑥
= −

𝜕2𝑈

𝜕𝑦𝜕𝑥
= −5…… . . (2)

 

As long as: −
𝜕2𝑈

𝜕𝑥𝜕𝑦
=  −

𝜕2𝑈

𝜕𝑦𝜕𝑥
 ⇒ 𝝀 = 𝟓  

2/ Expression of the potential energy 𝑼 (𝒙, 𝒚) 
We have:  

  

 

 

(2) 



⇒

{
 

 −
𝜕𝑈

𝜕𝑥
= 𝑥 − 5𝑦………(1)

−
𝜕𝑈

𝜕𝑦
= 2𝑦 − 5𝑥 …… . (2)

 

By integrating the eq(1) : 
𝜕𝑈

𝜕𝑥
= 5𝑦 − 𝑥 

⇒ 𝑑𝑈 = (5𝑦 − 𝑥) 𝑑𝑥 ⇒ ∫𝑑𝑈 = ∫(5𝑦 − 𝑥) 𝑑𝑥 

⇒ 𝑈 = (5𝑦𝑥 −
𝑥2

2
) + 𝐶(𝑦)……… . 𝑒𝑞(∗) 

To determine the integral constant C(y), we 

derive the potential obtained with respect to ∂y: 

⇒
𝜕𝑈

𝜕𝑦
= 5𝑥 +

𝑑𝐶(𝑦)

𝑑𝑦
 

knowing that :  
𝜕𝑈

𝜕𝑦
= 5𝑥 − 2𝑦 

⇒ 5𝑥 +
𝑑𝐶(𝑦)

𝑑𝑦
=  5𝑥 − 2𝑦 ⇒

𝑑𝐶(𝑦)

𝑑𝑦
=  −2𝑦 

By integrating 𝐶(𝑦) 

⇒ ∫𝑑𝐶(𝑦) =  ∫−2𝑦 𝑑𝑦 ⇒ 𝐶(𝑦) =  −𝑦2 + 𝑐 

⇒ 𝑈 = 5𝑦𝑥 −
𝑥2

2
− 𝑦2 + 𝑐 

By determining the constant c : 𝑈(0,0) = 𝑐 = 2 

⇒ 𝑼 = 𝟓𝒚𝒙 −
𝒙𝟐

𝟐
− 𝒚𝟐 + 𝟐 

 

Exercise 3 

1/ Forces acting on the block at (A) 
 

 

2/ Calculate the velocity 𝑽𝑶  

By applying the kinetic energy theorem between 

two positions A and O, we obtain: 

Δ𝐸𝑐 = ∑𝑊𝐴𝑂(𝐹 ) 

𝑬𝒄(𝑶) − 𝑬𝒄(𝑨)  = 𝑾𝑨𝑶(𝑷⃗⃗ ) + 𝑾𝑨𝑶(𝑹⃗⃗ ) + 𝑾𝑨𝑶(𝒇⃗ ) 

 

 

 
 

where :

{
 
 

 
 𝑊𝐴𝑂(𝑃⃗

 ) = 𝑃⃗ . 𝐴𝑂⃗⃗⃗⃗  ⃗ = 𝑃 𝑥 cos(−90°) = 0        

𝑊𝐴𝑂(𝑅⃗ ) = 𝑅⃗ . 𝐴𝑂⃗⃗⃗⃗  ⃗ = 𝑅 𝑥 cos(+90°) = 0       

  𝑊𝐴𝑂(𝑓 ) = 𝑓 . 𝐴𝑂⃗⃗⃗⃗  ⃗ = 𝑓 𝑥 cos(180°) = −𝑓 𝑥   

𝑊𝐴𝑂(𝑇⃗ ) =
1

2
𝑘𝑥2                                                  

 

Knowing that:  

 {
𝑅 = 𝑃      (𝑁𝑒𝑤𝑡𝑜𝑛′𝑠 𝑙𝑎𝑤𝑠) 
𝑓 = 𝜇𝑐 𝑅 ⇒ 𝒇 = 𝝁𝒄 𝒎𝒈        
𝑽𝑨 = 𝟎                                       

 

⇒
1

2
𝑚 𝑉𝑂

2 −
1

2
𝑚 𝑉𝐴

2  =
1

2
𝑘𝑥2 − 𝜇𝑐 𝑚 𝑔 𝑥 

⇒
1

2
𝑚 𝑉𝑂

2 =
1

2
𝑘𝑥2 − 𝜇𝑐 𝑚 𝑔 𝑥 

⇒ 𝑽𝑶 = √
𝒌

𝒎
𝒙𝟐 − 𝟐 𝝁𝒄 𝒈 𝒙 

 

 

3/ Minimum distance 𝒙 
 

The minimum distance 𝒙 for the block to reach the 

equilibrium position O (i.e., not stop before it),  

it should be 𝑉𝑂 ≥ 0  

⇒
𝑘

𝑚
𝑥2 − 2 𝜇𝑐 𝑔 𝑥 ≥ 0  

⇒ 𝑥(
𝑘

𝑚
𝑥 − 2 𝜇𝑐 𝑔 ) ≥ 0 

⇒ 𝒙 ≥
𝟐 𝝁𝒄 𝒎 𝒈

𝒌
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(3) 


