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Chapter IV: Relative movement 

Summary 

1. Relative movement 

4.1. Definition 

     4.2. Calculation of velocity and acceleration (Direct and composition methods) 
 

1. Relative movement 

1.1. Definition 

We consider a reference frame (𝑅) provided with a fixed orthonormal basis 𝑅 (𝑂, 𝑖, 𝑗, 𝑘⃗⃗). 

This fixed reference frame will be called an absolute reference frame. On the other hand, 

we consider another reference frame (𝑅′) provided with an orthonormal basis 𝑅′(𝑂′, 𝑖′⃗⃗⃗ , 𝑗′⃗⃗⃗, 𝑘′⃗⃗⃗⃗ ) 

in motion with respect to (𝑅), this moving reference frame will be called a relative 

reference frame. 

 

 

 

 

 

 

 

Let M be a point moving in (R), we will call: 

➢ Absolute movement, the movement of M with respect to (𝑅) 

➢ Relative movement, the movement of M with respect to (𝑅’) 

➢ Training movement, the movement of (𝑅’) with respect to (𝑅) 

 

1.2. Calculation of velocity and acceleration 

𝑿 

𝒀 

𝒁 

𝒊 

𝒋 

𝒌⃗⃗⃗ 

𝑶 

𝑴(𝒕) 
(𝑹′) (𝑹) 
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The calculation of the absolute velocity as well as the absolute acceleration of the mobile 

M with respect to the fixed reference frame (𝑅) is carried out by two methods: the direct 

method (or direct derivative) and the compositios of velocities and accelerations method.  

1.2.1.  Direct method 

The velocity and acceleration of the mobile M with respect to the absolute reference 

(𝑅) and the relative reference (𝑅’) are given by:   

 

a) Absolute quantities: 

 The movement of 𝑀 with respect to the absolute reference frame (R) is characterized by:  

Position vector:   𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗ = x 𝑖 + y 𝑗 + z 𝑘⃗⃗ 

Absolute velocity ∶    𝑉𝑎⃗⃗⃗⃗ (𝑀) =
𝑑𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗

𝑑𝑡
|
𝑅

=
𝑑𝑥

𝑑𝑡
 𝑖 +

𝑑𝑦

𝑑𝑡
 𝑗 +

𝑑𝑧

𝑑𝑡
 𝑘⃗⃗ 

Absolute acceleration ∶    𝛾𝑎⃗⃗ ⃗⃗ (𝑀)  =
𝑑𝑉𝑎⃗⃗⃗⃗

𝑑𝑡
|
𝑅

=
𝑑2𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗

𝑑𝑡2
|
𝑅

=
𝑑2𝑥

𝑑𝑡2
 𝑖 +

𝑑2𝑦

𝑑𝑡2
 𝑗 +

𝑑2𝑧

𝑑𝑡2
 𝑘⃗⃗ 

 

b)  Relative quantities: 

The movement of M with respect to the relative reference frame (𝑅’) is characterized by:   

Position vectory:   𝑂𝑀′⃗⃗⃗⃗ ⃗⃗ ⃗⃗⃗ = x ′𝑖′⃗⃗⃗ + y′ 𝑗′⃗⃗⃗ + z′ 𝑘′⃗⃗⃗⃗  

Relative velocity ∶    𝑉𝑟⃗⃗⃗⃗ (𝑀) =
𝑑𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗

𝑑𝑡
|

𝑅′

=
𝑑𝑥′

𝑑𝑡
 𝑖′⃗⃗⃗ +

𝑑𝑦′

𝑑𝑡
 𝑗′⃗⃗⃗ +

𝑑𝑧′

𝑑𝑡
 𝑘′⃗⃗⃗⃗  

Relative 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 ∶    𝛾𝑟⃗⃗⃗⃗ (𝑀)  =
𝑑𝑉𝑟⃗⃗⃗⃗

𝑑𝑡
|
𝑅′

=
𝑑2𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗

𝑑𝑡2
|

𝑅′

=
𝑑2𝑥′

𝑑𝑡2
𝑖′⃗⃗⃗ +

𝑑2𝑦′

𝑑𝑡2
 𝑗′⃗⃗⃗ +

𝑑2𝑧′

𝑑𝑡2
 𝑘′⃗⃗⃗⃗  

 

1.2.2. Composition of velocities and accelerations 

1/ Composition of velocities 

The composition of the absolute velocity vector 𝑉𝑎⃗⃗⃗⃗   is expressed as a function of the 

relative velocity vector 𝑉𝑟⃗⃗⃗⃗ , as follows.  

 We have:  
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𝑉𝑎⃗⃗⃗⃗ =
𝑑𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗

𝑑𝑡
|
𝑅

= 
𝑑

𝑑𝑡
 (𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ + 𝑂′𝑀⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗) =  

𝑑𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|
𝑅

+ 
𝑑𝑂′𝑀⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗

𝑑𝑡
|
𝑅

 

𝑉𝑎⃗⃗⃗⃗ =  
𝑑𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|
𝑅

+ [
𝑑x′

𝑑𝑡
 𝑖′⃗⃗⃗ +

𝑑𝑦′

𝑑𝑡
 𝑗′⃗⃗⃗ +

𝑑𝑧′

𝑑𝑡
 𝑘′⃗⃗⃗⃗ ] +  [

𝑑𝑖′⃗⃗⃗

𝑑𝑡
 𝑥′ +

𝑑𝑗′⃗⃗⃗

𝑑𝑡
 𝑦′ +

𝑑𝑘′⃗⃗⃗⃗

𝑑𝑡
 𝑧′]  

The reference frame (𝑅’) is mobile, the unit vectors (𝑖′⃗⃗⃗ ,  𝑗′⃗⃗⃗⃗ , 𝑘′⃗⃗⃗⃗ ) are therefore not constant over 

time. 

The composition of the absolute velocity is therefore written: 

𝑉𝑎⃗⃗⃗⃗  =   𝑉𝑟⃗⃗⃗⃗  +  [
𝑑𝑂𝑂′⃗⃗⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|

𝑅

+ [
𝑑𝑖′⃗⃗⃗

𝑑𝑡
 𝑥′ +

𝑑𝑗′⃗⃗⃗

𝑑𝑡
 𝑦′ +

𝑑𝑘′⃗⃗⃗⃗

𝑑𝑡
 𝑧′]] 

The term in the square brackets describes the movement of the reference 𝑅′(𝑂′, 𝑖′⃗⃗⃗ , 𝑗′⃗⃗⃗, 𝑘′⃗⃗⃗⃗ ) with 

respect to the reference (𝑅) and we call it the training velocity of (𝑅’) with respect to (𝑅), 

denoted 𝑉𝑒⃗⃗⃗⃗ , and we write: 

𝑣𝑒⃗⃗ ⃗⃗ =  
𝑑𝑂𝑂′⃗⃗⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|

𝑅

+ [
𝑑𝑖′⃗⃗⃗

𝑑𝑡
 𝑥′ +

𝑑𝑗′⃗⃗⃗

𝑑𝑡
 𝑦′ +

𝑑𝑘′⃗⃗⃗⃗

𝑑𝑡
 𝑧′] 

Then, the absolute velocity is written by the law of composition of velocities, as follows:  

𝑽𝒂⃗⃗ ⃗⃗ ⃗  =   𝑽𝒓⃗⃗⃗⃗⃗  + 𝑽𝒆⃗⃗ ⃗⃗⃗  

Discussion on training velocity 𝑽𝒆⃗⃗ ⃗⃗⃗: 

The term between the square brackets of the training velocity 𝑉𝑒⃗⃗⃗⃗   contains the derivative of 

the unit vectors (𝑖′⃗⃗⃗ , 𝑗′⃗⃗⃗, 𝑘′⃗⃗⃗⃗ ) of the moving frame (𝑅′). So, to identify this term we distinguish 

two following cases: 

•  (𝑹’) in translation with respect to (𝑹): 

(𝑅’) in translation with respect to (𝑅), i.e.: 𝑖 = 𝑖′⃗⃗⃗ , 𝑗 = 𝑗′⃗⃗⃗, 𝑘⃗⃗ = 𝑘′⃗⃗⃗⃗  

[
𝑑𝑖′⃗⃗⃗

𝑑𝑡
 𝑥′ +

𝑑𝑗′⃗⃗⃗

𝑑𝑡
 𝑦′ +

𝑑𝑘′⃗⃗⃗⃗

𝑑𝑡
 𝑧′] = 0⃗⃗ 

The training velocity will then write: 
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𝑉𝑒⃗⃗⃗⃗ =  
𝑑𝑂𝑂′⃗⃗⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|

𝑅

 

•  (𝑹’) in rotation with respect to (𝑹): 

We consider that the axis of rotation of (𝑅’) with respect to (𝑅) is 𝑂𝑧 (𝑘 = 𝑘’). The 

angular velocity vector (rotation) is therefore: 𝜔⃗⃗⃗ =  
𝑑𝜃

𝑑𝑡
 𝑘⃗⃗,  or : 𝜔⃗⃗⃗ =  ω 𝑘⃗⃗. We know that:  

𝑉𝑒⃗⃗⃗⃗ =  
𝑑𝑂𝑂′⃗⃗⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|

𝑅

+ [
𝑑𝑖′⃗⃗⃗

𝑑𝑡
 𝑥′ +

𝑑𝑗′⃗⃗⃗

𝑑𝑡
 𝑦′ +

𝑑𝑘′⃗⃗⃗⃗

𝑑𝑡
 𝑧′] 

The unit vectors of the moving reference frame (𝑅’) can be given as a function of that 

of the absolute reference frame according to the following relations:  

{
𝑖′⃗⃗⃗ = cos 𝜃 𝑖 + sin 𝜃 𝑗 

𝑗′⃗⃗⃗ =  − sin 𝜃 𝑖 + cos 𝜃 𝑗
 ,   where ∶   

{
  
 

  
 𝑑𝑖′⃗⃗⃗

𝑑𝑡
=  
𝑑𝑖′⃗⃗⃗

𝑑𝜃

𝑑𝜃

𝑑𝑡
=  𝜔𝑗′⃗⃗⃗

𝑑𝑗′⃗⃗⃗

𝑑𝑡
=
𝑑𝑗′⃗⃗⃗

𝑑𝜃

𝑑𝜃

𝑑𝑡
= − 𝜔𝑖′⃗⃗⃗

𝑑𝑘′⃗⃗⃗⃗

𝑑𝑡
= 0⃗⃗

 

We replace them in the expression of the 

training velocity: 

𝑉𝑒⃗⃗⃗⃗ =  
𝑑𝑂𝑂′⃗⃗⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|

𝑅

+ [𝜔𝑗′⃗⃗⃗ 𝑥′ −𝜔𝑖′⃗⃗⃗  𝑦′ + 0⃗⃗. 𝑧′] 

⟹    𝑉𝑒⃗⃗⃗⃗ =  
𝑑𝑂𝑂′⃗⃗⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|

𝑅

+  𝜔 [𝑥′𝑗′⃗⃗⃗  − 𝑦′𝑖′⃗⃗⃗ ] 

The expression in parentheses can be determined by the vector product between the angular 

velocity vector 𝜔⃗⃗⃗ and the position vector 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗ : 

⟹ 𝑽𝒆⃗⃗ ⃗⃗⃗ =  
𝒅𝑶𝑶′⃗⃗⃗⃗ ⃗⃗⃗⃗⃗

𝒅𝒕
|
𝑹

+ 𝝎⃗⃗⃗⃗ ⋀ 𝑶′𝑴⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

We summarize: 

𝑽𝒂⃗⃗ ⃗⃗ ⃗  =  𝑽𝒓⃗⃗⃗⃗⃗ +  𝑽𝒆⃗⃗ ⃗⃗⃗ 

𝜽 
𝑿 

𝒀 

𝒊 

𝒋 

𝒌⃗⃗⃗ =  𝒌′⃗⃗⃗⃗  

𝑶 ≡ 𝟎′ 

(𝑹) 

(𝑹) 
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𝑉𝑟⃗⃗⃗⃗ =
𝑑𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗

𝑑𝑡
|

𝑅′

=
𝑑𝑥′

𝑑𝑡
 𝑖′⃗⃗⃗ +

𝑑𝑦′

𝑑𝑡
𝑗′⃗⃗⃗ +

𝑑𝑧′

𝑑𝑡
 𝑘′⃗⃗⃗⃗  

 𝑉𝑒⃗⃗⃗⃗ =  
𝑑𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|
𝑅

+ 𝜔⃗⃗⃗ ⋀ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗ 

To determine the derivative of a vector which belongs to the moving reference frame (𝑅′) with 

respect to the fixed reference frame (𝑅), we use the following procedure:  

𝑑𝑂′𝑀⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗

𝑑𝑡
|
𝑅

= [
𝑑x′

𝑑𝑡
 𝑖′⃗⃗⃗ +

𝑑𝑦′

𝑑𝑡
 𝑗′⃗⃗⃗ +

𝑑𝑧′

𝑑𝑡
 𝑘′⃗⃗⃗⃗ ] + [

𝑑𝑖′⃗⃗⃗

𝑑𝑡
 𝑥′ +

𝑑𝑗′⃗⃗⃗

𝑑𝑡
 𝑦′ +

𝑑𝑘′⃗⃗⃗⃗

𝑑𝑡
 𝑧′] 

We finally write:  

𝒅𝑶′𝑴⃗⃗⃗⃗⃗⃗⃗⃗ ⃗⃗

𝒅𝒕
|
𝑹

= 
𝒅𝑶′𝑴⃗⃗⃗⃗⃗⃗⃗⃗ ⃗⃗

𝒅𝒕
|
𝑹′

+ 𝝎⃗⃗⃗⃗ ⋀ 𝑶′𝑴⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

 

2/ Composition of accelerations 

The composition of the absolute acceleration vector 𝛾𝑎⃗⃗ ⃗⃗  is expressed as a function of the 

relative acceleration vector  𝛾𝑟⃗⃗⃗⃗  : 

we have ∶                           𝛾𝑎⃗⃗ ⃗⃗  =
𝑑𝑉𝑎⃗⃗⃗⃗

𝑑𝑡
|
𝑅

=  
𝑑(𝑉𝑟⃗⃗⃗⃗ + 𝑉𝑒⃗⃗⃗⃗  )

𝑑𝑡
|
𝑅

= 
𝑑𝑉𝑟⃗⃗⃗⃗

𝑑𝑡
|
𝑅

+ 
𝑑𝑉𝑒⃗⃗⃗⃗

𝑑𝑡
|
𝑅

  

We will now search to    
𝑑𝑉𝑟⃗⃗⃗⃗⃗

𝑑𝑡
|
𝑅
𝑎𝑛𝑑 

𝑑𝑉𝑒⃗⃗⃗⃗⃗

𝑑𝑡
|
𝑅
 : 

𝑉𝑟⃗⃗⃗⃗  : is a vector defined in the frame (𝑅’), therefore its derivative with respect to (𝑅) takes the form: 

𝑑𝑉𝑟⃗⃗⃗⃗

𝑑𝑡
|
𝑅

=
𝑑𝑉𝑟⃗⃗⃗⃗

𝑑𝑡
|
𝑅′
+ 𝜔⃗⃗⃗ ⋀𝑉𝑟⃗⃗⃗⃗ ; 

𝑑𝑉𝑒⃗⃗⃗⃗

𝑑𝑡
|
𝑅

= 
𝑑

𝑑𝑡
[
𝑑𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
|
𝑅

+  𝜔 ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗]

𝑅

=   
𝑑2𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡2
|
𝑅

+ 
𝑑

𝑑𝑡
( 𝜔⃗⃗⃗ ∧ 𝑂′𝑀)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗|

𝑅
 

𝑑𝑉𝑒⃗⃗⃗⃗

𝑑𝑡
|
𝑅

=  
𝑑2𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡2
|
𝑅

+ 
𝑑𝜔⃗⃗⃗

𝑑𝑡
 ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗|

𝑅

+ 𝜔⃗⃗⃗  ∧  
𝑑𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗

𝑑𝑡
|

𝑅
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𝑑𝑉𝑒⃗⃗⃗⃗

𝑑𝑡
|
𝑅

=  
𝑑2𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡2
|
𝑅

+ 
𝑑𝜔⃗⃗⃗

𝑑𝑡
 ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗|

𝑅

+ 𝜔⃗⃗⃗  ∧  [
𝑑𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗

𝑑𝑡
|

𝑅′

+ 𝜔⃗⃗⃗  ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗] 

𝑑𝑉𝑒⃗⃗⃗⃗

𝑑𝑡
|
𝑅

=  
𝑑2𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡2
|
𝑅

+ 
𝑑𝜔⃗⃗⃗

𝑑𝑡
 ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗|

𝑅

+ 𝜔⃗⃗⃗  ∧  [𝑉𝑟⃗⃗⃗⃗ + 𝜔⃗⃗⃗  ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗] 

𝑑𝑉𝑒⃗⃗⃗⃗

𝑑𝑡
|
𝑅

=  
𝑑2𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡2
|
𝑅

+ 
𝑑𝜔⃗⃗⃗

𝑑𝑡
 ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗|

𝑅

+ 𝜔⃗⃗⃗  ∧  𝑣𝑟⃗⃗ ⃗⃗ + 𝜔⃗⃗⃗  ∧  (𝜔⃗⃗⃗  ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗) 

We do now the sum between 
𝑑𝑉𝑟⃗⃗⃗⃗⃗

𝑑𝑡
|
𝑅
𝑎𝑛𝑑 

𝑑𝑉𝑒⃗⃗⃗⃗⃗

𝑑𝑡
|
𝑅
∶ 

𝛾𝑎⃗⃗ ⃗⃗  =
𝑑𝑉𝑟⃗⃗⃗⃗

𝑑𝑡
|
𝑅

+ 
𝑑𝑉𝑒⃗⃗⃗⃗

𝑑𝑡
|
𝑅

 

 𝛾𝑎⃗⃗ ⃗⃗ =
𝑑𝑉𝑟⃗⃗⃗⃗

𝑑𝑡
|
𝑅′
+ 𝜔⃗⃗⃗ ⋀𝑉𝑟⃗⃗⃗⃗ +  

𝑑2𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡2
|
𝑅

+ 
𝑑𝜔⃗⃗⃗

𝑑𝑡
 ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗ +  𝜔⃗⃗⃗  ∧  𝑉𝑟⃗⃗⃗⃗ + 𝜔⃗⃗⃗  ∧  (𝜔⃗⃗⃗  ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗⃗) 

𝜸𝒂⃗⃗ ⃗⃗⃗  =
𝒅𝑽𝒓⃗⃗⃗⃗⃗

𝒅𝒕
|
𝑹′
+  𝟐𝝎⃗⃗⃗⃗ ⋀𝑽𝒓⃗⃗⃗⃗⃗ + [

𝒅𝟐𝑶𝑶′⃗⃗⃗⃗ ⃗⃗⃗⃗⃗

𝒅𝒕𝟐
|
𝑹

+ 
𝒅𝝎⃗⃗⃗⃗

𝒅𝒕
 ∧ 𝑶′𝑴⃗⃗⃗⃗⃗⃗⃗⃗ ⃗⃗ + 𝝎⃗⃗⃗⃗ ∧ (𝝎⃗⃗⃗⃗  ∧ 𝑶′𝑴⃗⃗⃗⃗⃗⃗⃗⃗ ⃗⃗ )] 

We define:   

➢ Relative acceleration: 𝛾𝑟⃗⃗⃗⃗ =  
𝑑𝑉𝑟⃗⃗⃗⃗⃗

𝑑𝑡
|
𝑅′

 

➢ Coriolis acceleration: 𝛾𝑐⃗⃗⃗⃗ =  2𝜔⃗⃗⃗ ⋀𝑉𝑟⃗⃗⃗⃗  

➢ Training acceleration: 𝛾𝑒⃗⃗⃗⃗ =  
𝑑2𝑂𝑂′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗

𝑑𝑡2
|
𝑅
+ 

𝑑𝜔⃗⃗⃗⃗

𝑑𝑡
 ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗ ⃗ + 𝜔⃗⃗⃗ ∧ (𝜔⃗⃗⃗  ∧ 𝑂′𝑀⃗⃗⃗⃗⃗⃗ ⃗⃗ ⃗). 

Then, the absolute acceleration is written by the law of composition of accelerations, as follows:   

𝜸𝒂⃗⃗ ⃗⃗⃗  =  𝜸𝒓⃗⃗⃗⃗⃗  + 𝜸𝒄⃗⃗⃗⃗⃗ +  𝜸𝒆⃗⃗⃗⃗⃗ 

 


