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1. Relative movement

1.1. Definition

We consider a reference frame (R) provided with a fixed orthonormal basis R (0,7, ], E).

This fixed reference frame will be called an absolute reference frame. On the other hand,
we consider another reference frame (R") provided with an orthonormal basis R’ (0, 7, 7, ?)
in motion with respect to (R), this moving reference frame will be called a relative

reference frame.

Let M be a point moving in (R), we will call:
» Absolute movement, the movement of M with respect to (R)
> Relative movement, the movement of M with respect to (R’)

» Training movement, the movement of (R") with respect to (R)

1.2. Calculation of velocity and acceleration
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The calculation of the absolute velocity as well as the absolute acceleration of the mobile

M with respect to the fixed reference frame (R) is carried out by two methods: the direct

method (or direct derivative) and the compositios of velocities and accelerations method.
1.2.1. Direct method

The velocity and acceleration of the mobile M with respect to the absolute reference

(R) and the relative reference (R") are given by:

a) Absolute quantities:

The movement of M with respect to the absolute reference frame (R) is characterized by:

Position vector: OM =xT+yJ+zk

Absolute velocity : 7, (M) dOM)  odx , N Wz ¢
solute velocClty : a =—| =—1 — ] A __
de | de T de! Tde
Absolute acceleration : 72(M) = | o LOMI _dx, Ly . d'z,
solute acceleration : y,(M) = 7 R_ S R_dtzl 2t

b) Relative quantities:

The movement of M with respect to the relative reference frame (R’) is characterized by:

Position vectory: OM' = x 7+ y’7’ +7 K

Relative velocity : V(M) = SO | & Y 47
elative velocity : V,.(M) = i dtl t] "
R/
, _ . dv,|  d*0'M d*x'— d*y' - d?Z —
Relative acceleration : vy, (M) =ER’ = i ] = e + qt2 ]+ di2 k

1.2.2. Composition of velocities and accelerations
1/ Composition of velocities
The composition of the absolute velocity vector Va is expressed as a function of the

relative velocity vector V;, as follows.

We have:
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. _doM| d (00" + ) doo’| | dO'M
a —_— = — =
dt |, dt e |, at |
7_d5ﬁ N di’ ,+d7' ,+dﬁ ,
“7 dt |, [dt t/ t ac ¥ Tar Y Tac ?

—_ — —
! !/

The reference frame (R’) is mobile, the unit vectors (', ', k") are therefore not constant over

time.

The composition of the absolute velocity is therefore written:

s doo’ i’ ,+d7' ,+dP’ ,
@ dtR at ¥ Tac Y Tac ?

!

—

7 k) with

~

The term in the square brackets describes the movement of the reference R’ (0', 1

respect to the reference (R) and we call it the training velocity of (R”) with respect to (R),

denoted Ve), and we write:

_,_doo’| [d/ ,+d7' ,+dF ,
Ve = dtR ac * Tac Y Tar ?

Then, the absolute velocity is written by the law of composition of velocities, as follows:

—

Discussion on training velocity V,:
The term between the square brackets of the training velocity Ve contains the derivative of

the unit vectors (i',J, k") of the moving frame (R"). So, to identify this term we distinguish

two following cases:

e (R’) in translation with respect to (R):
(R’) in translation with respect to (R), i.e:l=1,7 =k =
i |, dy | dk’

- _'_r:(_)’
dtx+dty+ VA

The training velocity will then write:
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V)_d557
¢ dt
R

e (R’) in rotation with respect to (R):

We consider that the axis of rotation of (R") with respect to (R) is Oz (k = k’). The

. R . do 7 ~ =
angular velocity vector (rotation) is therefore: w = o k, or: w = w k. We know that:

V,_do_o" .\ v’ ,+d7 ,+dﬁ,
e dtR at Y Tac Y Tae ?

The unit vectors of the moving reference frame (R’) can be given as a function of that

of the absolute reference frame according to the following relations:

(di  dido -
S & awa
{ﬁl’=c0591+sm9]  where : <£=E%=—w7
J'= —sinfT+cosO] dt dodt
dk’ Y
L EZO A

We replace them in the expression of the

training velocity:

17 dO—O; o T N
V, = i t | -ty +O.z]
R
= =990 Ly - ] -y
e = Tdr w|x') v =
R

The expression in parentheses can be determined by the vector product between the angular

velocity vector @ and the position vector 0'M :

=V, 400’ + BAOM
= — w
€ dt
R
We summarize:
Ve =V, + V,
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—)_dOIM _dx'—;+ y,_;-|-dZ,E;
TTodt t " A Tt
) 244
7= 0% | saom
e = w
dt R

To determine the derivative of a vector which belongs to the moving reference frame (R") with

respect to the fixed reference frame (R), we use the following procedure:

dO'M| dx' 5 dy' 5 dZ ) dr’ ,+d7 ,+dP’ ,
dt [, ac " T ar ) T ac * Tac Y T ae
We finally write:
doM| _ doM| | _ oo
e |, dt |, L

2/ Composition of accelerations

The composition of the absolute acceleration vector ¥, is expressed as a function of the

relative acceleration vector ¥; :

X o dV| AW +V)|  dy; +dVe’
we have : Yo = A _ Sl
dt R dt R dt R dt R
) av, av,
We will now searchto —| and —2|
dt R dt R

V,: : is a vector defined in the frame (R’), therefore its derivative with respect to (R) takes the form:

Qu

A A

T — ATr
—| == + @ AV;
dt|, dt|,
dv, d [d00’ N ’\Wl dZOO" N d (GATI
— = —|— w = —(w
def, dt| dt |, . de? [, dt R
dv, d200’ . da N do'M
— o — — a)
de |, dt? e dt R dt .
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dVe| _ 400 + 99wl @A d0'M +@ AOM
dt| ~—  dt? dt @ dt @
R R R | Ry
dv| _ d?00° N N R BT
dt|. ~—  dt? dt AT
R R R
dv, d?00’|  dd — R e
— = + —AOM +a)Avr+a)/\(w/\0M)
t dt? dt
R R R
av, av,
We do now the sum between—r| and —=
dt g at g
., _dy| | dv
Yo = 57| t 57
dt R dt R
ya—ER,+w o+ — R+EAOM+(A)AVr+wA(w/\0M)
20 v+ (200 L 98 Gy G (3 A0
= w — w w
Yo =74 |, N NPT dt
We define:
— dvy
> Relative acceleration: ,, = —
dt I’

> Coriolis acceleration: Y, = 2w /\VT)

. . — _ d?o0’ dG =752 = (= AT
» Training acceleration: Y, = e + d_(: ANO'M+wA (a) A O’M).
R

Then, the absolute acceleration is written by the law of composition of accelerations, as follows:

Ya =Vr +t¥c+ Ve
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