Series of exercises 3 (questions marked * left to the students)
Exercise 01

Using the definition, prove that:

1)11 3x2+ e =1, 3)11_r}1(x_ )2=+oo,
% x+3 % 2x2+x+1 % 2x2-x-2 _
4) 1 =2,5) l 2y , 6) }Cl_r)rl T, 0,

Exercise 02 Calculate the following limits:

D lim (- —2) 29 lim (B2 4) dim (Va2 — 22 -V - 1)

x—1 x—>1 Vx? x—Foo
2
2 2 X
. x +x x“+1
5) lim xln— 6)* lim xin = 7*) lim ( > ) ,
x—F oo x+2 x—>Foo +2x+3 ' x—>Foo -2

. x+3)2¥+1
8) Jim_ =) 9 Jim = 100 lim xE(x)
x+cos(x?+2x)
11)* x1—>+oo—x2—2 .

Remark: For questions 5,6,7 and 8, we use the limit: lim @) _ g,

x-0 X

Exercise 04

Prove that the function f does not have a limit at x, in each of the following cases:
1)xo=0and f(x) = Sin% , 2)*xy =00 and f(x) =cosx ,

1, x=0

— — o = 1 =
3)*x, =0, f=vou ,u(x)_xcosxand U(x)_{o, x#0

Exercise 05

Can the function f be continuously extended at x in each of the following cases:

x3+5x+6
x5+1

1) f(x) = andx, = =1, 2)* f(x) =

Sm(x 5 and x, =1,

¥ fx) =1 —xsini and x, = 0.

Exercise 06
Determine a and b such that the function f is continuous in its domain.

(x—1)° si x<0
, 2)*f(x)=4ax+b si 0<x<l1.
Vx osi ox>1

x si|x|<1
x?2+ax+b si |x|>1

)fe=|

Exercise 07

Apply the Mean value theorem to prove the following:



Dvx el l+x<e* <, *vx>0: 2<VEitxZ<2+%

*na™t(b—a) <b*—a*<nb"1(b—a)where0 < a < b and n = 2 bean
integer.

Exercise 08 Calculate the following limits using L'Hépital's rule:

eX¥—e ¥— n(x—g) . 2xtl % tan x—x

1) lim &% , 2) hm ,3) limxle»® —1), 4)* lim——

x—>0 X-—Sinx LT1-2cosx xX—+00 x—0 X—Ssinx
73

3_ 2 _
5)* lim n(2x?—3x% +x1) , 6) lim xiIn [tan (E+E)] 7)* lim (—1 —ncotannx)
X—+00 2x—-1 X—+400 4 x x-1 \lnx

3tan 4x—12 tan x 2v2—(cos x+sin x)3

8)* lim — —=, 9) lim - , 10)* llm Lin (e _1)
x—0 3sin4x—12sinx x"% 1-sin2x >0 X X
.2
) _ iz six=0
Exercise 09 Let the function f be defined on R as follows: f(x) = x;’xzﬂ .
In—— six<0

1) Examine the continuity of f over R.
2) Is the function f differentiable at 0?
3) Express f'(x) in terms of x.

4) Prove that f has an reciprocal function £~ This involves defining its definition domain
and expressing f~1(x) in terms of x.

A Gix <0
Exercise 10 * Let the function f be defined on R as follows f(x) = {

bx

e —xsi x>0

where a and b are real numbers.

1) Determine a such that f is continuous at 0.

2) Determine the value of b so that f is differentiable at 0.
Exercise 11

I) Prove the following:

* _ . ] X
1)*vx € |-1,1[ : tan Arcsinx = =

2)Vx = 0: Arctan(x + 1) — Arctanx = Arctan T

3)*Vvx € [—1,1]: Arc cos x + Arc cos(—x) = m.

I1) Calculate the following limits using L'Hopital's rule:

1

1) lim ), 2)* lim (; — —) 3) llm(e + x)x 4) 11m (tan il);,

x—0 X cosx—sinx x—>0 xArctanx  x2

x Arc sin x?

cosh x—cos x—x?

5)* lim(tan x)?¢°S* , 6)* lim
" limGean %0 6 iy



