
Series of exercises 3 (questions marked * left to the students) 

Exercise 01 

Using the definition, prove that: 

1) lim
𝑥→3

𝑥2−1

𝑥2+1
=

4

5
  ,  2) lim

𝑥→∞

𝑥2−1

𝑥2+1
= 1  ,  3) lim

𝑥→1

𝑥+2

(𝑥−1)2 = +∞  ,  

4)* lim
𝑥→−1

𝑥+3

𝑥+2
= 2  ,  5)* lim

𝑥→∞

2𝑥2+𝑥+1

𝑥2−3𝑥
= 2  ,  6)* lim

𝑥
>
→1

2𝑥2−𝑥−2

𝑥2−𝑥
= −∞. 

Exercise 02 Calculate the following limits: 

1) lim
𝑥→1

(
1

1−𝑥
−

3

1−𝑥3) , 2*) lim
𝑥→1

(
√𝑥+√𝑥−1−1

√𝑥2−1
)  4) lim

𝑥→∓∞
(√𝑥2 − 2𝑥 − √𝑥2 − 1)  , 

5) lim
𝑥→∓∞

𝑥𝑙𝑛
𝑥

𝑥+2
  ,  6)* lim

𝑥→∓∞
𝑥𝑙𝑛

𝑥2+𝑥

𝑥2+2𝑥+3
 , 7*) lim

𝑥→∓∞
(

𝑥2+1

𝑥2−2
)

𝑥2

  , 

8) lim
𝑥→+∞

(
𝑥+3

𝑥−2
)

2𝑥+1

  ,  9) lim
𝑥→±∞

𝑥

𝐸(𝑥)+1
  ,  10)* lim

𝑥→±∞
𝑥𝐸(𝑥)  , 

11)* lim
𝑥→+∞

𝑥+𝑐𝑜𝑠(𝑥2+2𝑥)

𝑥2−2
. 

Remark: For questions 5,6,7 and 8, we use the limit: lim
𝑥→0

𝑙𝑛(1+𝑥)

𝑥
= 1. 

Exercise 04 

Prove that the function 𝑓 does not have a limit at 𝑥0 in each of the following cases: 

1) 𝑥0 = 0 𝑎𝑛𝑑  𝑓(𝑥) = 𝑠𝑖𝑛
1

𝑥
  ,  2)* 𝑥0 = ∞  𝑎𝑛𝑑  𝑓(𝑥) = 𝑐𝑜𝑠 𝑥  ,  

3)* 𝑥0 = 0  , 𝑓 = 𝑣 ∘ 𝑢   ,  𝑢(𝑥) = 𝑥 𝑐𝑜𝑠
1

𝑥
 and  𝑣(𝑥) = {

1 , 𝑥 = 0
0 , 𝑥 ≠ 0

. 

Exercise 05 

Can the function 𝑓 be continuously extended at 𝑥0 in each of the following cases: 

1) 𝑓(𝑥) =
𝑥3+5𝑥+6

𝑥5+1
 𝑎𝑛𝑑𝑥0 = −1 ,  2)* 𝑓(𝑥) =

𝑥2−𝑥

𝑠𝑖𝑛(𝑥−1)
 𝑎𝑛𝑑 𝑥0 = 1 ,  

3)* 𝑓(𝑥) = 1 − 𝑥 𝑠𝑖𝑛
1

𝑥
 𝑎𝑛𝑑 𝑥0 = 0. 

Exercise 06 

Determine 𝑎 and 𝑏 such that the function 𝑓 is continuous in its domain. 

1) 𝑓(𝑥) = {
𝑥    𝑠𝑖 |𝑥| ≤ 1

𝑥2 + 𝑎𝑥 + 𝑏  𝑠𝑖   |𝑥| > 1
   ,   2)* 𝑓(𝑥) = {

(𝑥 − 1)3    𝑠𝑖   𝑥 ≤ 0
𝑎𝑥 + 𝑏     𝑠𝑖   0 < 𝑥 < 1

 √𝑥    𝑠𝑖     𝑥 > 1

. 

Exercise 07 

Apply  the Mean value theorem to prove the following: 



1) ∀𝑥 ∈ ]0; 1[ ∶ 1 + 𝑥 < 𝑒𝑥 <
1

1−𝑥
  ,  2)*∀𝑥 ≥ 0 ∶  2 ≤ √4 + 𝑥2 ≤ 2 +

𝑥2

2
 

3)* 𝑛𝑎𝑛−1(𝑏 − 𝑎) < 𝑏𝑛 − 𝑎𝑛 < 𝑛𝑏𝑛−1(𝑏 − 𝑎) where 0 <  𝑎 <  𝑏  and  𝑛 ≥  2  be an 

integer. 

Exercise 08  Calculate the following limits using L'Hôpital's rule: 

1) lim
𝑥→0

𝑒𝑥−𝑒−𝑥−2𝑥

𝑥−𝑠𝑖𝑛 𝑥
  ,  2) lim

𝑥→
𝜋

3

𝑠𝑖𝑛(𝑥−
𝜋

3
)

1−2 𝑐𝑜𝑠 𝑥
  ,  3) lim

𝑥→+∞
𝑥 (𝑒

2𝑥+1

𝑥2 − 1)  ,  4)* lim
𝑥→0

𝑡𝑎𝑛 𝑥−𝑥

𝑥−𝑠𝑖𝑛 𝑥
 

5)* lim
𝑥→+∞

𝑙𝑛(2𝑥3−3𝑥2+𝑥−1)

2𝑥−1
  ,  6) lim

𝑥→+∞
 𝑥 𝑙𝑛 [𝑡𝑎𝑛 (

𝜋

4
+

𝜋

𝑥
)]  ,  7)* lim

𝑥→1
 (

1

𝑙𝑛𝑥
− 𝜋𝑐𝑜𝑡𝑎𝑛 𝜋𝑥) 

8)* lim
𝑥→0

3 𝑡𝑎𝑛 4𝑥−12 𝑡𝑎𝑛 𝑥

3 𝑠𝑖𝑛 4𝑥−12 𝑠𝑖𝑛 𝑥
  ,  9) lim

𝑥→
𝜋

4

2√2−(𝑐𝑜𝑠 𝑥+𝑠𝑖𝑛 𝑥)3

1−𝑠𝑖𝑛 2𝑥
  ,  10)* lim

𝑥→0

1

𝑥
𝑙𝑛 (

𝑒𝑥−1

𝑥
). 

Exercise 09  Let the function 𝑓 be defined on ℝ as follows: 𝑓(𝑥) = {

−𝑥2

𝑥+2
      𝑠𝑖  𝑥 ≥ 0

𝑙𝑛
2𝑥2+1

𝑥2+1
   𝑠𝑖  𝑥 < 0

. 

1) Examine the continuity of 𝑓 over ℝ. 

2) Is the function 𝑓 differentiable at 0? 

3) Express 𝑓′(𝑥) in terms of 𝑥. 

4) Prove that 𝑓 has an reciprocal function 𝑓−1 This involves defining its definition domain 

and expressing 𝑓−1(𝑥) in terms of 𝑥. 

Exercise 10 * Let the function 𝑓 be defined on ℝ as follows 𝑓(𝑥) = {
𝑠𝑖𝑛 𝑎𝑥

𝑥
    𝑠𝑖 𝑥 < 0

𝑒𝑏𝑥 − 𝑥  𝑠𝑖  𝑥 ≥ 0
 

where 𝑎 and 𝑏 are real numbers. 

1) Determine 𝑎 such that 𝑓 is continuous at 0. 

2) Determine the value of 𝑏 so that 𝑓 is differentiable at 0. 

Exercise 11 

I) Prove the following: 

1)* ∀𝑥 ∈ ]−1,1[ ∶ 𝑡𝑎𝑛 𝐴𝑟𝑐 𝑠𝑖𝑛 𝑥 =
𝑥

√1−𝑥2
. 

2) ∀𝑥 ≥ 0 ∶ 𝐴𝑟𝑐 𝑡𝑎𝑛(𝑥 + 1) − 𝐴𝑟𝑐 𝑡𝑎𝑛 𝑥 = 𝐴𝑟𝑐 𝑡𝑎𝑛
1

1+𝑥+𝑥2. 

3)* ∀𝑥 ∈ [−1,1]: 𝐴𝑟𝑐 𝑐𝑜𝑠 𝑥 + 𝐴𝑟𝑐 𝑐𝑜𝑠(−𝑥) = 𝜋. 

II) Calculate the following limits using L'Hôpital's rule: 

1) lim
𝑥→0

𝑥 𝐴𝑟𝑐 𝑠𝑖𝑛 𝑥2

𝑥 𝑐𝑜𝑠 𝑥−𝑠𝑖𝑛 𝑥
)  ,  2)* lim

𝑥→0
(

1

𝑥𝐴𝑟𝑐 𝑡𝑎𝑛 𝑥
−

1

𝑥2)  ,  3) lim
𝑥→0

(𝑒𝑥 + 𝑥)
1

𝑥  ,  4) lim
𝑥→0

(𝑡𝑎𝑛 
𝜋𝑥

2𝑥+1
)

1

𝑥
, 

5)* lim
𝑥→

𝜋

2

(𝑡𝑎𝑛 𝑥)2𝑐𝑜𝑠 𝑥  ,  6)* lim
𝑥→0

𝑐𝑜𝑠ℎ 𝑥−𝑐𝑜𝑠 𝑥−𝑥2

𝑥6 . 


