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Tutorial n°3: Kinematics of material point

(Without change of reference)

Exercise 1
The rectilinear movement of mobile M along the x’Ox axis is defined by: x(t) = 2t + 5t +5 (m)

1- Determine the expression of the velocity and acceleration of point M as a function of t.
2- Calculate its position, velocity and acceleration at t; = 2s and t, = 3s.
3- Calculate the average velocity and the average acceleration between t; and ¢,.

Exercise 2

V() = 483 + 4t
The velocity of a particle moving in the (Oxy) plane at any time t is given by: {ng t% — 4t
NOE
At time t = 0s the mobile is at position (1, 2).

1- Find the trajectory equation of the movement y = f(x) and determine its nature.
2- Find the components of the acceleration vector .

3- Calculate the scalar product V - 7 and vector product V A 7.
Exercise 3

A mobile M moves on a curvilinear trajectory of radius R = 10 m, where: S(t) = 2t3 — 5t% — 2
1- Find velocity and acceleration vectors of M in the intrinsic coordinate system.

2- Calculate the magnitude of the velocity and acceleration vectors at timet = 2 s.

Exercise 4

x=1+2cosf

In the Cartesian coordinate system (Oxy) provided with a base (1, J), we give: {y — 2sinp

The relation between the angle 8 and the time t is given by: f = 2t + 2.
1

2- Give the expression of the position vector OM.

3- Find the derivative of angle 8 with respect to time.
4
5- Determine the components of the acceleration vector ¥ and its magnitude ||y]|.

Find the trajectory equation of mobile and deduce the nature of movement.

Determine the components of the velocity vector V and its magnitude ||I7||

Exercise 5

The curvilinear movement of a particle M is identified in polar system by the following equations:
t

t
rt)=rgea; 06()= p
1o and a are positive constants.
1- Give the expression of the position vector.
2- Find the expressions of the velocity and acceleration vectors as well as their magnitudes.
3- Calculate the normal y, and tangential yr components of the acceleration vector in the

intrinsic coordinate system, then deduce the radius of curvature R, of the trajectory.
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Exercise 6

A material point M describes a circular helix with Oz axis, its movement is given in Cartesian by:

X = Rcos@ o
y= Rsin@ -
z=h@o —
R is the radius of the helix and 0 is the angle that OM’ makes with
the Ox axis (8 = wt). R, w and h are positive constants.
9

1- Determine in cylindrical coordinate system the expression of the

position, velocity and acceleration vectors. x —

2- Is the magnitude of velocity constant? What is the nature of this movement?

Exercise 7

In the spherical coordinate system (U, Ug, Ug,), the movement of a mobile M is defined by the

elements (7, 8, @), as shown in the figure opposite. z

1- Determine the relation between (x, y, z) and (7, 8, @).
2- Give the position vector 7.
3- Determine the expression of the unit vectors (i, Ug, Uy) as a

function of the unit vectors (3, k)

. o du; dug  diug
4- Calculate the time derivative of: — £ and —2. Ve
dat dt dat

5- Determine the velocity and acceleration vectors.

Exercise 8

In the spherical coordinate system (u;, Ug, U,). A point M moves on the surface of a sphere of

radius R. Its spherical coordinates are:
r = R; 0= —; ¢ = wt?

1- Find the velocity and acceleration vectors of M, and calculate its magnitudes.
2- Deduce the normal acceleration yy .

Exercise 9

Consider a material point M moving in a plane(0,7, ) along the trajectory shown in the figure

below. The equation of this trajectory is given in polar coordinates system by:

r
r=?0 (1 + cos 0); To: ¢t

1- Determine the velocity vector V in the polar coordinates system. Deduce its magnitude.

2- Determine the tangential unit vector Uy in the Frenet basis (intrinsic coordinate system).

Deduce that this vector forms an angle 8 /2 with the polar unit vector ug.
3- Determine the acceleration ¥ in the intrinsic coordinate system.

~—y

—

4- Determine the radius of curvature R and the normal unit vector uy. U u,
5- Determine the curvilinear abscissa § of M, counted from the point M
corresponding to 8 = 07? r
6- Deduce the total length of the trajectory L . ~ 0 >




Solution of tutorial n°3: Kinematics of material point

Exercise-01

We have: x(t) = 2t3 + 5t +5(m)
1) Velocity and acceleration

V(t) = dx _ 6t> + 10t
=— =

(t)—dV— 12¢ + 10
VW= =

2) _Position, velocity and acceleration at t; and t,

x1 = 41 (m)

t; =2s{V; = 44 (m.s™Y
¥1 = 34 (m.s72%)
X, = 104 (m)

t,=3s{V, =84 (m.s™1)
Y, = 46 (m.s7?)
3) Average velocity and average acceleration
Ax  x; —xq 1
Vavg = i — =63 (m.s™ )
AV V-1
Yavg = A_t_ t,— b,

= 40 (m.s7 %)

Exercise -02

V. (t) = 4t3 + 4t
V,(t) =4t
1) Trajectory equation y = f(x)

e Determining the equations of xand y
dx

Vx=a :x=fl/xdt=f(4t3+4t)dt
dy

W= :>y=fvydt:f4tdt

By integrating:

x =t*+2t%+ ¢, ; (c: integrality constant)

y=2t%+c,

According to the initial conditionsatt =0 s :

x(0) =c¢;=1

y(O0) =c =2

We finally obtain the x and y :

x=tt+2¢2 +1

We have: {

y=2t*+2
e Equationy = f(x)
x = (t*+ 1)
We h : =2
e have {y:Z(t2+1) y Vx
15 y= 2\/’;
10
5
5 [1] 5 10

5

The nature of the trajectory y = 2+/x is
parabolic

2) Components of acceleration vector ¥
Yo = T =122 + 4

_avy _
Vv =" =

3) Scalar product V - ¥ and vector product V A ¥
V = (483 + 407 + (40)]
¥y = (12t2+ )T+ 475

The vectors are written: {

= —32t3k
= 16(3t> + 4t3 + 2t)

> VAV
> Vey

Exercise -03
1) velocity and acceleration vectors of M

in the intrinsic coordinate system:

Velocity:
V=vuy V= a5
=V un Cae
V = (6t> — 10t) uy
Acceleration:
B av
N . YT
y=Yrur+ ynuy = V2
YN = ?
, (62 —106)? _,
Y = (12t — 10)uT+T uy

2) Magnitude of the velocity and acceleration vectors

attimet = 2s
V=4mst y=14.1m.s?
Exercise -04

1) Trajectory equation y = f(x)
Using the relationship: cos? f + sin? g =1
= (x—-1)?%2+ y? =22 Y
The trajectory is a circle of
radius R=2 and center (1,
0);

Nature of Mvt: Circular

movement
2) Position vector oM
OM=xi+yJ]
= OM = (2cosf +1)i+2sinBj
3) The temporal derivative of the angle (3 :

_ as _
B=2t+2=>"=2

4) Components and magnitude of the velocity vector V

V=V1i+VJ

(1) Dr. BENZITOUNI.S



_dx _dx dp
“E=Tagar  (Ve=—4sinB
=
_ﬂ_d_y apg Vy=+4cosp

YT dt  dB dt
=V = 4(—sinB T+ cosB))

V]l = /V +V2 =4

5) _Components and magnitude of the acceleration

vector ¥
)7=Yx?+]/yf
v, _dv, dp
—E—E'E Yx = —8cosf
Jﬁzﬁ.%:{n:—ssinﬁ
dt  dp dt
=y = —8(cosB T+ sinB))

Iyl = /%? +tyy =8

Vx

Yy

Exercise- 05

t

We have: {r(t) - rote_E
o= -
1) The expression of the position vector oM
OM = ru,
= OM = (r, e_é) u,
2) The velocity and acceleration vectors

e Velocity vector and its magnitude

We have: V=0Uuw +Vyug
dr o _t
= "= de = Tt
V d6 Vg = fo e_%
T " a
Thus:
g rO —£ — —
V = ;e a(—u, + uy)
Magnitude:
_ V2r, _t
IVl = Jv2 + V§ =——ea

e Acceleration vector and its magnitude
We have: Y = YUy + Yo Ug

( d?r (d@)z — 0
Vr= —-—1|— r=
o) dt? dt N 27, _t
_ZdrdH dzo Yo=——3e¢
Yo = “at ar T a2

2

Thus:

2ry _t _|
——e au
a? 6

¥
Magnitude:

N 27'0 _t
IVl = [v2 + v3 =z es

3) The normal and tangential components of the
acceleration vector yy and yr
In the intrinsic coordinate system, we have:
Y = yrur + ynuy
( av V2ry _t
= — = —— a
= =
— 2 _ .2 \/E ro _t
YN 14 Yr Y= T3 e a
The radius of curvature R,
V2 V2 _t
Yr= — >R,=— =R,= V2rgea
R, Yr
Exercise -06
1) The position, velocity and acceleration vectors

The position vector
We have: OM = pu_p’+zlz

x?>+y2=R
= OM = Ru,+hwtk
The velocity vector

and: p =

. doM
V=
- du, d(hwt) - dédu, d(hwt) -
V= RatTaw M RawetTa F
>V= Rwiug+hwk
The acceleration vector
L dv
v
y = Ra)@+01_€= a)ﬁ@
dt dt do
=¥ =-Rw’u,

2) The magnitude of velocity and the type of
movement

7]l = w/RZ+hE=c"

Type of movement: Uniform helical movement




Exercise -08

1) velocity V and acceleration ¥ vectors
In the spherical basis:

Position vector: OM = r U,

Velocity vector:

V—dr_)+ d9_,+ do P
_dtur rdtug rdtsm Uy
R=>dr—0
(T_ dt
9—n=>d0—0
6 dt
do
= wt?=—=2wt
‘)(p W :dt )
V = Rwtu,
Acceleration vector:
dV  d(Rwt d(uy,
=W _dRo) )u_q,) Rt 200
édt dt dt
dug, _ . .
FZ—E[SIHH ur+c059 UQ]
—’—d—V——R 224, — V3Rw?t?* Uy + Rwu,
y—dt— wt“ u, w°t“uy wu,

2) Magnitudes ||V]|_and |7
V|| = Rt
lyll = V4R2w*t* + R2w?
3) Normal acceleration yy

Y= vi+ys=vn= /VZ—VTZ

v _ .
Yr dr w
Yy = 2Rw?t?

Exercise -09

1) Velocity vector V in the polar basis
We have: OM =,

., T .
0M=?O (1+cosO)u,

I_/) dm To dae . 9_) o (1 9)_}
= — =2 +—(1+
r 5 7 Snou 22 cos 0) u,
. ~ {cos(20) = 2cos“ 6 —1
Knowing that: {sin(ZQ) = 2sinf cos 0
V=ro g cos(g) [-on () cos 3)
=19 —cos|(=) |-sin|=]u,+cos(=| u
* dt 2 2 " 2/ °
magnitude: V = roa cos (E)
2) Tangential unit vector ur
LV
== =
ur =y

— . (0 0\ _,
ur = —51n(E>ur+cos (E) Uy

Angle between uy and ug is /2

—_— — — —> 6
Ur . Ug = Ur.Ug cOS (UT , Ug) = COS (E)

3) Acceleration ¥ in the intrinsic basis

V=Vur
. de (9) .
=1 dt—)cos 5) ur
S dv d%6 O\_, ro(dON\* (6
VS a T2 Cos(i)”T_?<E> Sm(E
N de (9) duy
Tod COoS 2 dt
dur 3d6
dt ~ 2dt "
. d*e (0) r0<d0>2 _ (0) .
Y =|ro 1 cos (2 > \gg) sm\g)|wr
31y (de)z (9) .
— | =) cos(=]| uy
2 \dt 2

4) Radius of curvature R and vector uy

- V2
We have: y = =
(7]
)
do 0
= s (3)

0 6
S=r7 f cos (—) do
0 2

. (0
S =2r( sin (E)
6) Deduce the total length of the trajectory L
6=m L= 2r

R 2 To

= —— CcOoS
3

5) Curvilinear coordinate S

—dS

(€))



Exercise 07
1/ The relations between (x, vV, z) and (r, 6, @) are graphically given by:

.th

£

M

M

By projection:

X =0M'cosp = OM siné cos @
y=0M'singp = OM sin6 sin ¢
z=0M cos@

Therefore:

r= \x?+y?%+z?
X = rsinf cosg 5T
6=arctan< ¥ty /Z>

y = rsinf sing or
z=rcosf
Q= arctan(y/x)

2/ Position vector ¥(t)

—_—
¥=0M-=ru,
-

3/ Expression of the unit vectors (i, Ug, u,,) as a function of the unit vectors (7, ], k)

The unit vector u,:
In the Cartesian reference frame, we have:

F=xl+yj+zk
= F=rsin6 cosg [+rsinb sing j+rcosf k

—

u, =

S

= sin@cos@i+sin@singj+cosOk

The unit vector ug:
s

Ug is perpendicular to U, = fof U, + 7
P . T[ - . n . - T[ i
ug = sin(8 + E) cos @1+ sin(6 + E) sin¢ j + cos(6 + z) k

Uy = cosOcospi+cosOsingj— sin@k

“)
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The unit vector @:

U, = U, AUy
u, = —singit+cosqgj

Therefore:
U, = sinfcos@i+sinfsingj+ cosfk
Ug = cos@cospi+cosOsingj— sinfk
U, = —sinpi+cosqj

. e . du, dug du,
4/ Time derivative of: —~ . —2 and —2
at at at

The radial unit vector u,. depend on two variables € and ¢. So, its temporal derivative is given by:

du;
du;  di; d6 . di; do FC
dt ~ do dt " de dt where, \ duy

. % =sinf u,

du, do__ N 0 8¢
dt ~ dt g o Tsin de e
duy do__, do __,
W=—Eur+COSOEu¢

d d
=17 (u; Aug) = —sined—(fu_{ —cos @ —(pue

dt dt

5/ Velocity vector

o _ doM _ di _ d iy T,
T T4t dt _at v "
- dr _ 0_, . d(p .
V= aur+rau9+rsm9 Eu"’
6/ Acceleration vector
., dv d pdr _, o d9_)+ ) edq)__)
V=0 Tae lac T qe Mo TSN g Y

<!

= ¥yU; + YoUg + 7V, U,

N

( d2r do\? o (de
ve=g v () —ronte (G)
| _,drdo  d% 0sing (d(p)z
Yo = dt dt +r dtz 1 cos 0 sin dt
ded drd d?
Yo = = 2rcosf d_d_(f + 2 Ed—(fsme +rsinf dt(p

(©)



