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Exercise 1 

The rectilinear movement of mobile 𝑀 along the 𝑥’𝑂𝑥 axis is defined by: 𝒙(𝒕)  =  𝟐𝒕𝟑  +  𝟓𝒕𝟐  + 𝟓 (𝒎) 

1- Determine the expression of the velocity and acceleration of point 𝑀 as a function of 𝑡. 

2- Calculate its position, velocity and acceleration at 𝑡1  = 2𝑠 and 𝑡2  = 3𝑠. 

3- Calculate the average velocity and the average acceleration between 𝑡1 and 𝑡2. 
 

Exercise 2 

The velocity of a particle moving in the (Oxy) plane at any time t is given by: {
𝑽𝒙(𝒕) = 𝟒𝒕𝟑 + 𝟒𝒕        

𝑽𝒚(𝒕) = 𝟒𝒕                    
 

At time 𝑡 = 0𝑠 the mobile is at position (1, 2). 

1- Find the trajectory equation of the movement 𝑦 = 𝑓(𝑥)  and determine its nature. 

2- Find the components of the acceleration vector 𝛾⃗.  

3- Calculate the scalar product 𝑉⃗⃗ ∙ 𝛾⃗ and vector product 𝑉⃗⃗ ∧ 𝛾⃗. 

Exercise 3 

A mobile 𝑀 moves on a curvilinear trajectory of radius 𝑅 = 10 𝑚, where:  𝑺(𝒕) =  𝟐𝒕𝟑  − 𝟓𝒕𝟐 − 𝟐 

1- Find velocity and acceleration vectors of M in the intrinsic coordinate system. 

2- Calculate the magnitude of the velocity and acceleration vectors at time 𝑡 =  2 𝑠. 
 

Exercise 4 

In the Cartesian coordinate system (Oxy) provided with a base (𝑖, 𝑗), we give:  {
𝒙 = 𝟏 + 𝟐 𝐜𝐨𝐬𝜷
𝒚 = 𝟐 𝐬𝐢𝐧𝜷        

 

The relation between the angle 𝛽 and the time 𝑡 is given by: 𝛽 = 2𝑡 + 2. 

1- Find the trajectory equation of mobile and deduce the nature of movement. 

2- Give the expression of the position vector 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗. 

3- Find the derivative of angle 𝛽 with respect to time.  

4- Determine the components of the velocity vector 𝑉⃗⃗ and its magnitude ‖𝑉⃗⃗‖. 

5- Determine the components of the acceleration vector  𝛾⃗⃗⃗ and its magnitude ‖𝛾⃗‖. 
 

Exercise 5  

The curvilinear movement of a particle 𝑀 is identified in polar system by the following equations: 

𝒓(𝒕) = 𝒓𝟎 𝒆
−
𝒕
𝒂;        𝜽 (𝒕) =  

𝒕

𝒂
 

 

𝑟0 and 𝑎 are positive constants. 

1- Give the expression of the position vector. 

2- Find the expressions of the velocity and acceleration vectors as well as their magnitudes.   

3- Calculate the normal 𝛾𝑁  and tangential 𝛾𝑇 components of the acceleration vector in the 

intrinsic coordinate system, then deduce the radius of curvature 𝑅𝑐 of the trajectory. 



 

 

Exercise 6 

 A material point 𝑀 describes a circular helix with 𝑂𝑧 axis, its movement is given in Cartesian by:   

{
𝒙 =  𝑹 𝒄𝒐𝒔 𝜽 
𝒚 =  𝑹 𝒔𝒊𝒏 𝜽 
𝒛 = 𝒉 𝜽          

 

R is the radius of the helix and θ is the angle that 𝑂𝑀’ makes with 

the 𝑂𝑥 axis (𝜃 = 𝜔 𝑡).    𝑅, 𝜔 and ℎ are positive constants. 

1- Determine in cylindrical coordinate system the expression of the 

position, velocity and acceleration vectors. 

2- Is the magnitude of velocity constant? What is the nature of this movement? 

 

Exercise 7  

In the spherical coordinate system (𝑢𝑟⃗⃗⃗⃗⃗,  𝑢𝜃⃗⃗ ⃗⃗ ⃗⃗ ,  𝑢𝜑⃗⃗⃗⃗⃗⃗⃗), the movement of a mobile 𝑀 is defined by the 

elements (𝑟, 𝜃, 𝜑), as shown in the figure opposite. 

1- Determine the relation between (𝑥, 𝑦, 𝑧) and (𝑟, 𝜃, 𝜑).  

2- Give the position vector 𝑟. 

3- Determine the expression of the unit vectors (𝑢𝑟⃗⃗⃗⃗⃗,  𝑢𝜃⃗⃗ ⃗⃗ ⃗⃗ ,  𝑢𝜑⃗⃗⃗⃗⃗⃗⃗) as a 

function of the unit vectors (𝑖, 𝑗, 𝑘⃗⃗) 

4- Calculate the time derivative of: 
𝑑𝑢𝑟⃗⃗ ⃗⃗ ⃗

𝑑𝑡
 , 
𝑑𝑢𝜃⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
 and 

𝑑𝑢𝜑⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
. 

5- Determine the velocity and acceleration vectors. 

Exercise 8  

In the spherical coordinate system (𝑢𝑟⃗⃗⃗⃗⃗,  𝑢𝜃⃗⃗ ⃗⃗ ⃗⃗ ,  𝑢𝜑⃗⃗⃗⃗⃗⃗⃗). A point 𝑀 moves on the surface of a sphere of 

radius 𝑅. Its spherical coordinates are:  

𝒓 =  𝑹;                 𝜽 =  
𝝅

𝟔
;              𝝋 =  𝝎 𝒕𝟐 

1- Find the velocity and acceleration vectors of 𝑀, and calculate its magnitudes. 

2- Deduce the normal acceleration 𝛾𝑁 .   
 

Exercise 9 

Consider a material point 𝑀 moving in a plane(𝑂, 𝑖 ,  𝑗⃗⃗⃗ ) along the trajectory shown in the figure 

below. The equation of this trajectory is given in polar coordinates system by: 

𝒓 =
𝒓𝟎
𝟐
 (𝟏 + 𝐜𝐨𝐬 𝜽);                    𝑟0: 𝑐

𝑡 

1- Determine the velocity vector 𝑽⃗⃗⃗ in the polar coordinates system. Deduce its magnitude. 

2- Determine the tangential unit vector 𝒖𝑻⃗⃗ ⃗⃗ ⃗ in the Frenet basis (intrinsic coordinate system). 

Deduce that this vector forms an angle 𝜃/2 with the polar unit vector 𝒖𝜽⃗⃗ ⃗⃗ ⃗. 

3- Determine the acceleration 𝜸⃗⃗⃗ in the intrinsic coordinate system. 

4- Determine the radius of curvature R and the normal unit vector 𝒖𝑵⃗⃗⃗⃗⃗⃗ . 

5- Determine the curvilinear abscissa 𝑺 of M, counted from the point 

corresponding to 𝜃 = 0? 

6- Deduce the total length of the trajectory 𝑳 .  
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Exercise-01 

We have:     𝒙(𝒕)  =  𝟐𝒕𝟑  +  𝟓𝒕𝟐  + 𝟓 (𝒎) 

1) Velocity and acceleration 

𝑉 (𝑡) =  
𝑑𝑥

𝑑𝑡
 =  𝟔𝒕𝟐  +  𝟏𝟎𝒕       

𝛾 (𝑡) =  
𝑑𝑉

𝑑𝑡
 =  𝟏𝟐𝒕 +  𝟏𝟎       

2)  Position, velocity and acceleration at t1 and t2 

  𝒕𝟏 = 𝟐𝒔 {

𝑥1 =  41  (𝑚)          

𝑉1 =  44   (𝑚 . 𝑠−1)

𝛾1 =  34  (𝑚. 𝑠−2)  

 

𝒕𝟐 = 𝟑𝒔{

𝑥2 =  104 (𝑚)          

𝑉2 =  84   (𝑚 . 𝑠
−1)

𝛾2 =  46  (𝑚. 𝑠
−2)  

 

3) Average velocity and average acceleration  

 𝑉𝑎𝑣𝑔  =  
∆𝑥

∆𝑡
=
𝑥2 − 𝑥1
𝑡2 − 𝑡1

 =  𝟔𝟑  (𝒎 . 𝒔−𝟏)       

𝛾𝑎𝑣𝑔  =  
∆𝑉

∆𝑡
=
𝑉2 − 𝑉1
𝑡2 − 𝑡1

 =  𝟒𝟎  (𝒎 . 𝒔−𝟐)       

  

Exercise -02 

We have: {
𝑉𝑥(𝑡) = 4𝑡

3 + 4𝑡        

𝑉𝑦(𝑡) = 4𝑡                    
 

1) Trajectory equation 𝒚 =  𝒇(𝒙) 

• Determining the equations of x and y 

𝑉𝑥 = 
𝑑𝑥

𝑑𝑡
        ⇒ 𝑥 = ∫𝑉𝑥  𝑑𝑡  = ∫(4𝑡3 + 4𝑡) 𝑑𝑡 

𝑉𝑦 = 
𝑑𝑦

𝑑𝑡
        ⇒ 𝑦 = ∫𝑉𝑦  𝑑𝑡 = ∫4𝑡 𝑑𝑡  

By integrating: 

𝑥 = 𝑡4 + 2𝑡2 + 𝑐1 ;   (c : integrality constant) 

𝑦 = 2𝑡2 + c2   

According to the initial conditions at 𝑡 = 0 𝑠 :  

𝑥 (0)  = 𝑐1 = 1 

𝑦 (0)  =  𝑐2  =  2 

We finally obtain the x and y : 

𝒙 = 𝒕𝟒 + 𝟐𝒕𝟐 + 𝟏  

𝒚 = 𝟐𝒕𝟐 + 𝟐  

• Equation 𝒚 =  𝒇(𝒙) 

We have : {
𝑥 = (𝑡2 + 1)2 

𝑦 = 2(𝑡2 + 1)   
  ⇒   𝒚 = 𝟐√𝒙 

 

 

 

 

 

 

 

 

The nature of the trajectory  𝑦 = 2√𝑥 is 

parabolic 

 

2) Components of acceleration vector 𝜸⃗⃗⃗ 

  {
𝛾𝑥 =

𝑑𝑉𝑥

𝑑𝑡
= 12𝑡2 + 4        

𝛾𝑦 =
𝑑𝑉𝑦

𝑑𝑡
= 4                     

 

3) Scalar product 𝑽⃗⃗⃗ ∙ 𝜸⃗⃗⃗ and vector product 𝑽⃗⃗⃗ ∧ 𝜸⃗⃗⃗ 

The vectors are written: {
𝑉⃗⃗  =  (4𝑡3 + 4𝑡)𝑖 + (4𝑡)𝑗

𝛾⃗  =  (12𝑡2 + 4)𝑖 + 4 𝑗   
     

➢ 𝑉⃗⃗ ∧ 𝛾⃗ = −32𝑡3𝑘⃗⃗   

➢ 𝑉⃗⃗ • 𝛾⃗ = 16(3𝑡5 + 4𝑡3 + 2𝑡)     

 

Exercise -03 

1) velocity and acceleration vectors of M  

in the intrinsic coordinate system: 

Velocity: 

𝑉⃗⃗ = 𝑉 𝑢𝑇⃗⃗ ⃗⃗ ⃗;       𝑉 =
𝑑𝑆

𝑑𝑡
 

𝑽⃗⃗⃗ = (𝟔𝒕𝟐 − 𝟏𝟎𝒕) 𝒖𝑻⃗⃗ ⃗⃗ ⃗ 
Acceleration: 

𝛾⃗ = 𝛾𝑇 𝑢𝑇⃗⃗ ⃗⃗ ⃗ +  𝛾𝑁  𝑢𝑁⃗⃗⃗⃗⃗⃗     ⟹  {
𝛾𝑇 =

𝑑𝑉

𝑑𝑡

𝛾𝑁 =
𝑉2

𝑅

 

𝜸⃗⃗⃗ = (𝟏𝟐𝒕 − 𝟏𝟎) 𝒖𝑻⃗⃗ ⃗⃗ ⃗ +
(𝟔𝒕𝟐 − 𝟏𝟎𝒕)𝟐

𝟏𝟎
 𝒖𝑵⃗⃗ ⃗⃗⃗⃗      

2) Magnitude of the velocity and acceleration vectors  

at time 𝑡 =  2 𝑠  

 

𝑽 =  𝟒 𝒎. 𝒔−𝟏;     𝜸 = 𝟏𝟒. 𝟏 𝒎. 𝒔−𝟐 

 

Exercise -04 

 

1) Trajectory equation 𝒚 = 𝒇(𝒙)  

 Using the relationship: cos2 𝛽 + sin2 𝛽 = 1 

⇒ (𝒙 − 𝟏)𝟐 + 𝒚𝟐 = 𝟐²   

The trajectory is a circle of 

radius R=2 and center (1, 

0);   

Nature of Mvt: Circular 

movement 

2) Position vector 𝑶𝑴⃗⃗⃗⃗ ⃗⃗⃗⃗  

      𝑂𝑀⃗⃗⃗⃗ ⃗⃗ ⃗ = 𝑥 𝑖 + 𝑦 𝑗 

⇒  𝑶𝑴⃗⃗⃗⃗ ⃗⃗⃗⃗ = (𝟐 𝐜𝐨𝐬𝜷 + 𝟏)𝒊 + 𝟐 𝐬𝐢𝐧𝜷 𝒋 

3) The temporal derivative of the angle  𝛃 : 

  𝛽 = 2𝑡 + 2 ⇒
𝑑𝛽

𝑑𝑡
= 2  

4)  Components and magnitude of the velocity vector V⃗⃗⃗ 

𝑉⃗⃗ = 𝑉𝑥 𝑖 + 𝑉𝑦 𝑗 

𝒚 = 2√𝒙 
 

Solution of tutorial n°3: Kinematics of material point 

 
 

(1) 



{
 

 𝑉𝑥 =
𝑑𝑥

𝑑𝑡
=
𝑑𝑥

𝑑𝛽
.
𝑑𝛽

𝑑𝑡

𝑉𝑦 =
𝑑𝑦

𝑑𝑡
=
𝑑𝑦

𝑑𝛽
.
𝑑𝛽

𝑑𝑡

⇒ {
𝑽𝒙 = −𝟒𝐬𝐢𝐧𝜷    

𝑽𝒚 = +𝟒𝐜𝐨𝐬𝜷   
 

⇒ 𝑉⃗⃗ =  4(− 𝑠𝑖𝑛𝛽 𝑖 +  𝑐𝑜𝑠𝛽 𝑗) 

 

‖𝑉⃗⃗‖ = √𝑉𝑥
2 + 𝑉𝑦

2  = 𝟒 

5)  Components and magnitude of the acceleration 

vector 𝜸⃗⃗⃗  

𝛾⃗ = 𝛾𝑥 𝑖 + 𝛾𝑦 𝑗 

{
 
 

 
 𝛾𝑥 =

𝑑𝑉𝑥
𝑑𝑡

=
𝑑𝑉𝑥
𝑑𝛽

∙
𝑑𝛽

𝑑𝑡

𝛾𝑦 =
𝑑𝑉𝑦

𝑑𝑡
=
𝑑𝑉𝑦

𝑑𝛽
∙
𝑑𝛽

𝑑𝑡

⇒ {
𝜸𝒙 = −𝟖𝐜𝐨𝐬𝜷   

𝜸𝒚 = −𝟖𝐬𝐢𝐧 𝜷 
 

⇒ 𝛾⃗ =  −8(𝑐𝑜𝑠𝛽 𝑖 + 𝑠𝑖𝑛𝛽 𝑗) 

 

‖𝛾⃗‖ = √𝛾𝑥
2 + 𝛾𝑦

2 = 𝟖 

 

Exercise- 05 

We have:  {
𝒓(𝒕) = 𝒓𝟎 𝒆

−
𝒕

𝒂

𝜽 (𝒕) =  
𝒕

𝒂
      

         

1) The expression of the position vector 𝑶𝑴⃗⃗⃗⃗ ⃗⃗⃗⃗  

      𝑂𝑀 ⃗⃗⃗⃗⃗⃗ ⃗⃗⃗ =  𝑟 𝑢𝑟⃗⃗⃗⃗⃗ 

⇒ 𝑂𝑀 ⃗⃗⃗⃗⃗⃗ ⃗⃗⃗ = (𝑟0 𝑒
−
𝑡
𝑎) 𝑢𝑟⃗⃗⃗⃗⃗ 

2) The velocity and acceleration vectors  

• Velocity vector and its magnitude 

We have:          𝑉⃗⃗  =  𝑉𝑟  𝑢𝑟⃗⃗⃗⃗⃗  +  𝑉𝜃  𝑢𝜃⃗⃗ ⃗⃗⃗ 

⇒ {
𝑉𝑟 = 

𝑑𝑟

𝑑𝑡
    

𝑉𝜃 = 𝑟 
𝑑𝜃

𝑑𝑡

           ⇒ {
𝑉𝑟 = − 

𝑟0
𝑎
 𝑒−

𝑡
𝑎    

𝑉𝜃 =
𝑟0
𝑎
 𝑒−

𝑡
𝑎       

 

 

Thus:  

𝑽⃗⃗⃗  =  
𝒓𝟎
𝒂
 𝒆−

𝒕
𝒂 (− 𝒖𝒓⃗⃗ ⃗⃗⃗  +   𝒖𝜽⃗⃗ ⃗⃗ ⃗) 

Magnitude: 

‖V⃗⃗⃗‖ = √Vr
2  +  Vθ

2  =
√𝟐 𝒓𝟎
𝒂

 𝒆−
𝒕
𝒂 

 

• Acceleration vector and its magnitude 

We have:          𝛾⃗  =  𝛾𝑟 𝑢𝑟⃗⃗⃗⃗⃗  +  𝛾𝜃  𝑢𝜃⃗⃗ ⃗⃗⃗ 

⇒

{
 

 𝛾𝑟 = 
𝑑2𝑟

𝑑𝑡2
− 𝑟 (

𝑑𝜃

𝑑𝑡
)
2

   

𝛾𝜃 = 2
𝑑𝑟

𝑑𝑡
 
𝑑𝜃

𝑑𝑡
+ 𝑟

𝑑2𝜃

𝑑𝑡2

  ⇒ {

𝛾𝑟 =  0                      

𝛾𝜃 = − 
2 𝑟0
𝑎2

 𝑒−
𝑡
𝑎    

 

 

Thus:     

𝛾⃗  = − 
2 𝑟0
𝑎2

 𝑒−
𝑡
𝑎  𝑢𝜃⃗⃗ ⃗⃗⃗ 

Magnitude: 

‖γ⃗⃗‖ = √γr
2  +  γθ

2   =
𝟐 𝒓𝟎
𝒂𝟐

 𝒆−
𝒕
𝒂 

 

3) The normal and tangential components of the 

acceleration vector 𝜸𝑵 and 𝜸𝑻  

 

In the intrinsic coordinate system, we have:   

𝛾⃗  =  𝛾𝑇 𝑢𝑇⃗⃗ ⃗⃗ ⃗  +  𝛾𝑁 𝑢𝑁⃗⃗⃗⃗⃗⃗  

⇒

{
 

 𝛾𝑇 =  
𝑑𝑉

𝑑𝑡
              

𝛾𝑁 =  √𝛾
2 − 𝛾𝑇

2

  ⇒

{
 
 

 
 
𝛾𝑇 = −

√𝟐 𝒓𝟎
𝒂𝟐

 𝒆−
𝒕
𝒂 

𝛾𝑁 = 
√𝟐 𝒓𝟎
𝒂𝟐

 𝒆−
𝒕
𝒂   

  

The radius of curvature 𝑹𝒄 

𝛾𝑇 = 
𝑉2

𝑅𝑐
         ⇒ 𝑅𝑐 = 

𝑉2

𝛾𝑇
     ⇒ 𝑹𝒄 =  √𝟐 𝒓𝟎𝒆

−
𝒕
𝒂    

 

Exercise -06 

 

1) The position, velocity and acceleration vectors 

The position vector 

We have: 𝑂𝑀⃗⃗⃗⃗ ⃗⃗ ⃗ =   𝜌 𝑢𝜌⃗⃗⃗⃗⃗ + 𝑧 𝑘⃗⃗ 

and: 𝜌 =  √𝑥2 + 𝑦2 = 𝑅 

⇒ 𝑶𝑴⃗⃗⃗⃗ ⃗⃗⃗⃗ =   𝑹 𝒖𝝆⃗⃗ ⃗⃗ ⃗ + 𝒉𝝎𝒕 𝒌⃗⃗⃗ 

The velocity vector 

𝑉⃗⃗ =  
𝑑𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗

𝑑𝑡
    

𝑉⃗⃗ =     𝑅
𝑑𝑢𝜌⃗⃗⃗⃗⃗

𝑑𝑡
+
𝑑(ℎ𝜔𝑡)

𝑑𝑡
 𝑘⃗⃗ =  𝑅

𝑑𝜃

𝑑𝑡

𝑑𝑢𝜌⃗⃗⃗⃗⃗

𝑑𝜃
+
𝑑(ℎ𝜔𝑡)

𝑑𝑡
 𝑘⃗⃗ 

⇒ 𝑽⃗⃗⃗ =      𝑹𝝎 𝒖𝜽⃗⃗ ⃗⃗ ⃗ + 𝒉𝝎 𝒌⃗⃗⃗ 

The acceleration vector 

𝛾⃗ =  
𝑑𝑉⃗⃗

𝑑𝑡
    

𝛾⃗ =     𝑅𝜔
𝑑𝑢𝜃⃗⃗ ⃗⃗⃗

𝑑𝑡
+ 0 𝑘⃗⃗ =  𝑅𝜔

𝑑𝜃

𝑑𝑡

𝑑𝑢𝜃⃗⃗ ⃗⃗⃗

𝑑𝜃
 

⇒ 𝜸⃗⃗⃗ = − 𝑹𝝎𝟐 𝒖𝝆⃗⃗ ⃗⃗ ⃗ 

2) The magnitude of velocity and the type of 

movement 

 

‖𝑽⃗⃗⃗‖ =  𝝎√𝑹𝟐 + 𝒉𝟐 = 𝑪 𝒕  

Type of movement: Uniform helical movement 

 

 

 

 

(2) 



Exercise -08 

 

1) velocity 𝑽⃗⃗⃗ and acceleration 𝜸⃗⃗⃗ vectors  

In the spherical basis: 

Position vector:  𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗ = 𝑟 𝑢𝑟⃗⃗⃗⃗⃗ 
Velocity vector: 

𝑉⃗⃗ =
𝑑𝑟

𝑑𝑡
 𝑢𝑟⃗⃗⃗⃗⃗ + 𝑟

𝑑𝜃

𝑑𝑡
 𝑢𝜃⃗⃗ ⃗⃗ ⃗⃗ + 𝑟

𝑑𝜑

𝑑𝑡
sin 𝜃  𝑢𝜑⃗⃗⃗⃗ ⃗⃗⃗ 

{
 
 

 
 𝑟 = 𝑅 ⟹

𝑑𝑟

𝑑𝑡
= 0            

𝜃 =
𝜋

6
⟹

𝑑𝜃

𝑑𝑡
= 0           

 𝜑 =  𝜔 𝑡2 ⟹
𝑑𝜑

𝑑𝑡
= 2𝜔𝑡

 

𝑽⃗⃗⃗ = 𝑹𝝎𝒕 𝒖𝝋⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

Acceleration vector: 

𝛾⃗ =
𝑑𝑉⃗⃗

𝑑𝑡
=
𝑑(𝑅𝜔𝑡)

𝑑𝑡
 𝑢𝜑⃗⃗⃗⃗ ⃗⃗⃗ + 𝑅𝜔𝑡

𝑑( 𝑢𝜑⃗⃗⃗⃗ ⃗⃗⃗)

𝑑𝑡
 

𝑑 𝑢𝜑⃗⃗⃗⃗ ⃗⃗⃗

𝑑𝑡
= −

𝑑𝜑

𝑑𝑡
[sin 𝜃  𝑢𝑟⃗⃗⃗⃗⃗ + cos 𝜃  𝑢𝜃⃗⃗ ⃗⃗ ⃗⃗ ] 

𝜸⃗⃗⃗ =
𝒅𝑽⃗⃗⃗

𝒅𝒕
= −𝑹𝝎𝟐𝒕𝟐 𝒖𝒓⃗⃗ ⃗⃗⃗ − √𝟑𝑹𝝎

𝟐𝒕𝟐 𝒖𝜽⃗⃗⃗⃗⃗⃗⃗ + 𝑹𝝎 𝒖𝝋⃗⃗ ⃗⃗ ⃗⃗ ⃗ 

2) Magnitudes ‖𝑽⃗⃗⃗‖  and ‖𝜸⃗⃗⃗‖ 

‖𝑽⃗⃗⃗‖ = 𝑹𝝎𝒕 

‖𝜸‖ = √𝟒𝑹𝟐𝝎𝟒𝒕𝟒 + 𝑹𝟐𝝎𝟐 

3) Normal acceleration 𝜸𝑵 

𝛾 = √𝛾𝑇
2 + 𝛾𝑁

2 ⟹ 𝛾𝑁 = √𝛾2 − 𝛾𝑇
2 

𝛾𝑇 =
𝑑𝑉

𝑑𝑡
= 𝑅𝜔 

𝜸𝑵 = 𝟐𝑹𝝎
𝟐𝒕𝟐  

 

Exercise -09 

 

1) Velocity vector 𝑽⃗⃗⃗ in the polar basis  

We have: 𝑂𝑀⃗⃗⃗⃗⃗⃗⃗ = 𝑟 𝑢𝑟⃗⃗⃗⃗  

𝑂𝑀⃗⃗⃗⃗⃗⃗⃗ =
𝑟0

2
 (1 + cos 𝜃) 𝑢𝑟⃗⃗⃗⃗  

𝑉⃗⃗⃗ =  
𝑑𝑂𝑀⃗⃗⃗⃗⃗⃗⃗

𝑑𝑡
= −

𝑟0

2

𝑑𝜃

𝑑𝑡
 sin 𝜃 𝑢𝑟⃗⃗⃗⃗ +

𝑟0

2
(1 + cos 𝜃) 𝑢𝜃⃗⃗ ⃗⃗  

Knowing that:   {
cos(2𝜃) = 2 cos2 𝜃 − 1

sin(2𝜃) = 2 sin 𝜃 cos 𝜃
 

𝑽⃗⃗⃗ = 𝒓𝟎  
𝒅𝜽

𝒅𝒕
 𝐜𝐨𝐬 (

𝜽

𝟐
)  [−𝐬𝐢𝐧 (

𝜽

𝟐
)𝒖𝒓⃗⃗⃗⃗⃗ + 𝐜𝐨𝐬 (

𝜽

𝟐
)  𝒖𝜽⃗⃗⃗⃗⃗] 

magnitude: 𝑽 =  𝒓𝟎
𝒅𝜽

𝒅𝒕
 𝐜𝐨𝐬 (

𝜽

𝟐
)  

2) Tangential unit vector 𝒖𝑻⃗⃗ ⃗⃗ ⃗  

𝑢𝑇⃗⃗ ⃗⃗ ⃗ =
𝑉⃗⃗

𝑉
  ⟹ 

  𝒖𝑻⃗⃗ ⃗⃗ ⃗ =  − 𝐬𝐢𝐧 (
𝜽

𝟐
)𝒖𝒓⃗⃗ ⃗⃗⃗ + 𝐜𝐨𝐬 (

𝜽

𝟐
) 𝒖𝜽⃗⃗ ⃗⃗ ⃗ 

Angle between  𝒖𝑻⃗⃗ ⃗⃗ ⃗ and 𝒖𝜽⃗⃗ ⃗⃗ ⃗ 𝒊𝒔 𝜽/𝟐 

𝑢𝑇⃗⃗ ⃗⃗ ⃗ . 𝑢𝜃⃗⃗ ⃗⃗⃗ =  𝑢𝑇 . 𝑢𝜃 𝑐𝑜𝑠 (𝑢𝑇⃗⃗ ⃗⃗ ⃗ , 𝑢𝜃⃗⃗ ⃗⃗⃗) = 𝑐𝑜𝑠 (
𝜃

2
) 

 

3) Acceleration 𝜸⃗⃗⃗ in the intrinsic basis 

𝑉⃗⃗⃗ = 𝑉 𝑢𝑇⃗⃗⃗⃗⃗ 

𝑉⃗⃗⃗ = 𝑟0
𝑑𝜃

𝑑𝑡
 cos (

𝜃

2
)  𝑢𝑇⃗⃗⃗⃗⃗ 

𝛾⃗⃗ =  
𝑑𝑉⃗⃗⃗

𝑑𝑡
= 𝑟0

𝑑2𝜃

𝑑𝑡2
 cos (

𝜃

2
)𝑢𝑇⃗⃗⃗⃗⃗ −

𝑟0

2
(
𝑑𝜃

𝑑𝑡
)
2

 sin (
𝜃

2
)𝑢𝑇⃗⃗⃗⃗⃗

+ 𝑟0
𝑑𝜃

𝑑𝑡
 cos (

𝜃

2
)  
𝑑𝑢𝑇⃗⃗⃗⃗⃗ 

𝑑𝑡
 

𝑑𝑢𝑇⃗⃗⃗⃗⃗ 

𝑑𝑡
=
3

2

𝑑𝜃

𝑑𝑡
 𝑢𝑁⃗⃗⃗⃗⃗ 

𝜸⃗⃗ = [𝒓𝟎
𝒅𝟐𝜽

𝒅𝒕𝟐
 𝐜𝐨𝐬 (

𝜽

𝟐
) −

𝒓𝟎

𝟐
(
𝒅𝜽

𝒅𝒕
)
𝟐

 𝐬𝐢𝐧 (
𝜽

𝟐
)]𝒖𝑻⃗⃗⃗⃗⃗

+ [
𝟑 𝒓𝟎

𝟐
(
𝒅𝜽

𝒅𝒕
)
𝟐

 𝐜𝐨𝐬 (
𝜽

𝟐
)]  𝒖𝑵⃗⃗ ⃗⃗ ⃗ 

4) Radius of curvature R and vector 𝒖𝑵⃗⃗ ⃗⃗⃗⃗  

We have:  𝛾⃗⃗ =
𝑉2

𝑅
 

𝑹 =
𝟐 𝒓𝟎
𝟑
 𝐜𝐨𝐬(

𝜽

𝟐
) 

5) Curvilinear coordinate 𝑺  

𝑉 =
𝑑𝑆

𝑑𝑡
= 𝑟0

𝑑𝜃

𝑑𝑡
 cos (

𝜃

2
)  

𝑆 = 𝑟0  ∫ cos (
𝜃

2
)𝑑𝜃

𝜃

0

 

𝑺 = 𝟐𝒓𝟎  𝐬𝐢𝐧 (
𝜽

𝟐
) 

6) Deduce the total length of the trajectory 𝑳 

𝜃 = 𝜋;       𝑳 =  𝟐𝒓𝟎 
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Dr. BENZITOUNI.S 

Exercise 07 

1/ The relations between (x, y, z) and (r, , ) are graphically given by: 

 
By projection: 

{
𝑥 = 𝑂𝑀′ cos 𝜑  = 𝑂𝑀 sin 𝜃 cos 𝜑 

y = 𝑂𝑀′ sin𝜑 = 𝑂𝑀 sin 𝜃 sin𝜑   
z = 𝑂𝑀 cos 𝜃                                       

  

 

Therefore:  

{
𝑥 =  𝑟 𝑠𝑖𝑛 𝜃 cos 𝜑
𝑦 =  𝑟 sin 𝜃 sin𝜑
𝑧 = 𝑟 cos 𝜃            

          or        

{
 
 

 
 𝑟 =  √𝑥

2 + 𝑦2 + 𝑧2           

𝜃 = arctan(
√𝑥2 + 𝑦2

𝑧⁄ )

𝜑 = arctan(
𝑦
𝑥⁄ )               

 

2/ Position vector 𝒓⃗⃗(𝒕) 

𝒓⃗⃗ =  𝑶𝑴⃗⃗⃗⃗ ⃗⃗⃗⃗ = 𝒓 𝒖𝒓⃗⃗ ⃗⃗⃗ 

3/ Expression of the unit vectors (𝒖𝒓⃗⃗ ⃗⃗⃗,  𝒖𝜽⃗⃗⃗⃗⃗⃗⃗,  𝒖𝝋⃗⃗ ⃗⃗ ⃗⃗ ⃗) as a function of the unit vectors (𝒊, 𝒋, 𝒌⃗⃗⃗) 

 

The unit vector 𝒖𝒓⃗⃗ ⃗⃗⃗: 

In the Cartesian reference frame, we have: 

𝑟 = 𝑥 𝑖 + 𝑦 𝑗 + 𝑧 𝑘⃗⃗ 

⟹ 𝑟 = 𝑟 𝑠𝑖𝑛 𝜃 cos 𝜑 𝑖 + 𝑟 sin 𝜃 sin 𝜑 𝑗 + 𝑟 cos 𝜃  𝑘⃗⃗ 

𝒖𝒓⃗⃗ ⃗⃗⃗ =
𝑟

𝑟
=  𝐬𝐢𝐧 𝜽𝐜𝐨𝐬𝝋 𝒊 + 𝐬𝐢𝐧𝜽 𝐬𝐢𝐧𝝋 𝒋 + 𝐜𝐨𝐬𝜽 𝒌⃗⃗⃗ 

 

The unit vector 𝒖𝜽⃗⃗ ⃗⃗ ⃗:  

u𝜃⃗⃗⃗⃗⃗ is perpendicular to u𝑟⃗⃗⃗⃗⃗ ⟹  𝑜𝑓 u𝑟⃗⃗⃗⃗⃗+
𝜋

2
: 

𝑢𝜃⃗⃗ ⃗⃗⃗ =  sin(𝜃 +
𝜋

2
) cos 𝜑 𝑖 + sin(𝜃 +

𝜋

2
) sin 𝜑 𝑗 + cos(𝜃 +

𝜋

2
) 𝑘⃗⃗ 

𝒖𝜽⃗⃗ ⃗⃗ ⃗ =  𝒄𝒐𝒔𝜽 𝐜𝐨𝐬𝝋 𝒊 + 𝐜𝐨𝐬𝜽 𝐬𝐢𝐧𝝋 𝒋 − 𝐬𝐢𝐧𝜽 𝒌⃗⃗⃗ 

 

 

(4) 



The unit vector 𝒖𝝋⃗⃗⃗⃗ ⃗⃗ : 

 

u𝜑⃗⃗ ⃗⃗ ⃗  =  u𝑟⃗⃗⃗⃗⃗ ⋀ u𝜃⃗⃗⃗⃗⃗ 

𝒖𝝋⃗⃗⃗⃗ ⃗⃗ =  − 𝐬𝐢𝐧𝝋 𝒊 + 𝐜𝐨𝐬𝝋 𝒋 

 

Therefore:  

{

u𝑟⃗⃗⃗⃗⃗ =  sin 𝜃 cos 𝜑 𝑖 + sin 𝜃 sin 𝜑 𝑗 + cos 𝜃 𝑘⃗⃗   

𝑢𝜃⃗⃗ ⃗⃗⃗ =  𝑐𝑜𝑠 𝜃 cos 𝜑 𝑖 + cos 𝜃 sin𝜑 𝑗 − sin 𝜃 𝑘⃗⃗ 

𝑢𝜑⃗⃗⃗⃗⃗⃗ =  − sin 𝜑 𝑖 + cos𝜑 𝑗                                    

 

 

4/ Time derivative of: 
𝒅𝒖𝒓⃗⃗ ⃗⃗ ⃗

𝒅𝒕
 , 
𝒅𝒖𝜽⃗⃗⃗⃗⃗⃗

𝒅𝒕
 and 

𝒅𝒖𝝋⃗⃗ ⃗⃗ ⃗⃗

𝒅𝒕
. 

The radial unit vector 𝑢𝑟⃗⃗⃗⃗⃗ depend on two variables   and φ. So, its temporal derivative is given by: 

𝑑𝑢𝑟⃗⃗⃗⃗⃗

𝑑𝑡
=  
𝑑𝑢𝑟⃗⃗⃗⃗⃗

𝑑𝜃
 
𝑑𝜃

𝑑𝑡
+  
𝑑𝑢𝑟⃗⃗⃗⃗⃗

𝑑𝜑
 
𝑑𝜑

𝑑𝑡
 

𝒅𝒖𝒓⃗⃗ ⃗⃗⃗

𝒅𝒕
=   

𝒅𝜽

𝒅𝒕
𝒖𝜽⃗⃗ ⃗⃗ ⃗ + 𝐬𝐢𝐧𝜽 

𝒅𝝋

𝒅𝒕
 𝒖𝝋⃗⃗⃗⃗ ⃗⃗  

𝒅𝒖𝜽⃗⃗ ⃗⃗ ⃗

𝒅𝒕
=  − 

𝒅𝜽

𝒅𝒕
𝒖𝒓⃗⃗ ⃗⃗⃗ + 𝐜𝐨𝐬𝜽 

𝒅𝝋

𝒅𝒕
 𝒖𝝋⃗⃗⃗⃗ ⃗⃗  

𝒅𝐮𝝋⃗⃗⃗⃗⃗⃗

𝒅𝒕
 =  

𝒅

𝒅𝒕
 (𝐮𝒓⃗⃗⃗⃗⃗ ⋀ 𝐮𝜽⃗⃗ ⃗⃗ ⃗)  =  − 𝐬𝐢𝐧𝜽 

𝒅𝝋

𝒅𝒕
 𝐮𝒓⃗⃗⃗⃗⃗  − 𝐜𝐨𝐬𝜽 

𝒅𝝋

𝒅𝒕
 𝐮𝜽⃗⃗ ⃗⃗ ⃗ 

 

5/ Velocity vector 

𝑉⃗⃗ =  
𝑑𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗

𝑑𝑡
=  
𝑑𝑟

𝑑𝑡
=
𝑑

𝑑𝑡
 (𝑟 𝑢𝑟⃗⃗⃗⃗⃗) =  

𝑑𝑟

𝑑𝑡
 𝑢𝑟⃗⃗⃗⃗⃗ + 𝑟 

𝑑𝑢𝑟⃗⃗⃗⃗⃗

𝑑𝑡
 

𝑽⃗⃗⃗ =  
𝒅𝒓

𝒅𝒕
 𝒖𝒓⃗⃗ ⃗⃗⃗ + 𝒓 

𝒅𝜽

𝒅𝒕
𝒖𝜽⃗⃗ ⃗⃗ ⃗ + 𝒓 𝐬𝐢𝐧 𝜽 

𝒅𝝋

𝒅𝒕
 𝒖𝝋⃗⃗⃗⃗ ⃗⃗  

 

6/ Acceleration vector 

 

 

𝛾⃗ =  
𝑑𝑣⃗

𝑑𝑡
 =

𝑑

𝑑𝑡
 [
𝑑𝑟

𝑑𝑡
 𝑢𝑟⃗⃗⃗⃗⃗ + 𝑟 

𝑑𝜃

𝑑𝑡
𝑢𝜃⃗⃗ ⃗⃗⃗ + 𝑟 sin 𝜃 

𝑑𝜑

𝑑𝑡
 𝑢𝜑⃗⃗⃗⃗⃗⃗ ] 

 

𝜸⃗⃗⃗ =  𝜸𝒓𝐮𝒓⃗⃗⃗⃗⃗  +  𝜸𝜽 𝐮𝜽⃗⃗ ⃗⃗ ⃗ + 𝜸𝝋 𝐮𝝋⃗⃗⃗⃗⃗⃗   

{
  
 

  
 𝜸𝒓 = 

𝑑2𝑟

𝑑𝑡2
− r (

𝑑𝜃

𝑑𝑡
)
2

− r sin2 𝜃 (
𝑑𝜑

𝑑𝑡
)
2

                                                

 𝜸𝜽 = 2 
d𝑟

𝑑𝑡
 
𝑑𝜃

𝑑𝑡
+ r 

𝑑2𝜃

𝑑𝑡2
− 𝑟 cos 𝜃 sin 𝜃 (

𝑑𝜑

𝑑𝑡
)
2

                                     

𝜸𝝋 = 2𝑟 cos 𝜃 
𝑑𝜃

𝑑𝑡

𝑑𝜑

𝑑𝑡
 + 2 

𝑑𝑟

𝑑𝑡

𝑑𝜑

𝑑𝑡
sin 𝜃 + 𝑟 sin𝜃

𝑑2𝜑

𝑑𝑡2
                        

 

 

 

 

 𝑤ℎ𝑒𝑟𝑒,

{
 

 
𝑑𝑢𝑟⃗⃗⃗⃗⃗

𝑑𝜃
= 𝑢𝜃⃗⃗ ⃗⃗ ⃗           

𝑑𝑢𝑟⃗⃗⃗⃗⃗

𝑑𝜑
= sin 𝜃 𝑢𝜑⃗⃗⃗⃗⃗⃗

 

(5) 


