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Tutorial n°2: Vector calculus
Exercise 1

In the Cartesian system (Oxyz) provided with an orthonormal basis (I, J, E), we consider the two
following vectors:

—

V,=37+6j+3k and V,= —T+]+2k

Calculate the sum vector S = 71) + Vj and the difference vector D = Vl) — Vj

2- Represent graphicly the vectors 71: 72: Sand D in 3D-space (Oxyz). (Turn the page)
3
4
5- Give the projection of the vectors: I_/:/ VZ) and 7{/ Vf

[y
1

Calculate the scalar product V; . V; and the vector product Vl) A V;

Deduce the angle a included between I_/: and 7{

Exercise 2
In an orthonormal basis (I, J), we consider three points: A(1,0,2), B(—2,1,4) and €(0,3,5)
1- Determine the vectors Ef, TC, and BC.

2- Calculate the magnitude of vectors ||E||, ||1TC |, and ||B_C)||

3- Deduce the unit vectors Uyg, Uy, and Ug.

4- Calculate the vector product AB A R, and deduce the area of triangle ABC.

Exercise 3
In an orthonormal basis (I, J, l_c)), we give the following points: A (2,—3,1); B (5,5,—4); C (0,0,4)

1- Determine the vector: $ = OA + OB + OC .

2- Calculate the directional cosines of the vector S.

3- Give the projection of the vector S on the axes: Ox, Oy, Oz, and on the straight line (A): y =x
4- Calculate the vector product 0B A OC and deduce the surface area of triangle OBC.

5- Calculate the mixed product 04 » (O—B) A W) and deduce the volume of the parallelepiped
formed by these vectors.

6- Calculate the moment of the vector S about a point I (1,0,4) and about a straight line (/C).

Exercise 4

In an orthonormal basis (I, J, E), we consider the following forces:

— N N - —_ 1 N N a— - - - M
Fi = 31 + J+ 4k; F2=El—]+5k; F;=at +2)]— ak (N)
Where a is a constant, these forces act at the points A(1,—2,a) , B(6,2,8) and C(1,0,—1).

1- Determine the vectors: C—A), C?, CC.
2- Calculate the moment of the system of the three forces about C.
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3- If the moment of the system is zero, deduce the value of the constant a.
4- Calculate the moment of the system of the three forces about O, and find its magnitude.

Exercise 5

- - U= 2t +(t+ 1
In an orthonormal basis (t, j, k), we give the vectors: { _, R R -
w=4ti1—-3tj+2k
du Aw
dt

) du dw
Calculate the derivatives: —, —_,
dt dt

Exercise 6
7=Rcos@ U+ Rsinf j ;R:Ct

In an orthonormal basis (I, J), we give the following vectors: {ﬁ

4
5

Exercise 7 (Homework)

We consider a triangle ABC with sides a, b and ¢ and angles «, 3, y.

Prove the following sines law:

u, =cosf T+sinf j

. . — duy
Find the derivative vector: uy = d_er'

Show that %, and uy are unit vectors.

Show that the vectors u, and ug are perpendicular.

Show that the two vectors 7 and w, are collinear (parallel).
What can you say about vectors (i, Up).
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Solution of Tutorial n°2: Vector calculus

Exercise 01
V1— 3T+6]+ 3k
V,= -1+ j+2k

1) Sum and Difference vectors S and D
S=V,+V,=20+7j+ 5k
D=V, -V, =47+5]+ k

2) Presentation of vectors in 3D-space (Oxyz)

V4

ol

|‘_/)l
: Y
(page -4)
3) Scalar and vector product
VielVy =9
VinV, =13 6 3
-1 1 2

Vl/\Vz —91—9]+ 9k
4) Angle o between ViandV,

V]l = 3v6
[v2]| = V&
ViV, 1
COSU = =777 = —; a=60°
vzl 2
5) Projection of vectors V,onV, and V, onV,
A VieV, 376
r0j e T
AT
Proj V2 /_) A V6
ANTAIE

Exercise -02

1) Vectors ﬁ. R. and BC

Generally:

Zﬁ_): (xg —x2) T+ (¥ J
AB=B—-A=-31++2k
AC=C—-A=-1+3]+3k
BC=C—-B=20+2j+k

2) Magnitudes ||ﬁ||, ||R||. and ||B_C>||

] = VT3, and [[5C) = 3

V14, [lAc]| =

3) Unit vectors Uag. uAr., and upr

We have:

——=—(-7+3]+3k
R s
Une L2i+274 R)
Bc === =5 (21+2]
IBc] 3

4) Surface area of triangle ABC

—ya)j+ (zp — ZA)E

ABAAC=|—3 1 2|=-31+7]-8k
-1 3 3

Surface area of triangle ABC:
|4B nAC|| V122
T = 2 —

(u.s)

Exercise -03
A(2,-3,1); B(5,5-4); €(0,0,4)

1) Vector S=04+0B+0C
S=71+27+ k

2) The directional cosines of the vector s

We have: 7 = cosa T+ cosfB ]+ cosy k

and: ||S||— V54 =36
N S 7 4 2 - 1 z
U=—= [1
IS~ 3v6  3ve’ 36
(cosa—i
3v6
8 2
cos = —=
3v6
1
COSYy = —=
"= 376
3) Projection of the vector S on the axes
Pro's = — =7
I/ 0x = T
S.j
Proj S/ 7 =2
70y T
S.k
Proj S/O =-—=-=1
S L1

For straight line (A): y = x

(1)
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y Mic(S)=(81—27/—2k)s(-D) =-8

+* ;
) Exercise -04
O
ZT 1) The vectors: C_A). C_B). cC
; CA=4A-C=-27+1+ak
45° S x

: CB=B-C=50+2+9k
cC=C-Cc=0
2) Moment of the system of the three forces about C

Mc(F) = ZMC(E)) = Mc(Fy) + Mc(F;) + Mc(F3)

o7, = ?2”?27? ]l = 1 Mc(F) = CAANF, +CBAF, +CCAF; .
- — e - "M ? _j k
2 S. Uy 92 I —J k
S/ = A _ 7R 5 2 9
Proj °/ = Ll ~ 2 Mc(F)=1|o -2 1+a)|t|] al 0
3 1 4 > "1 3

4) Vector product OB A OC; The surface of a triangle
OBAOC=207—207

— - 1 -
Mc(F) = 5(—11a + 3)]

3) Value of the constant a

r= M =102 (u.s) The moment of the system is zero:
- =3 1 —
Mc(F) = E(a +15)7 =0
5) Mixed product 04 « (OB A OC) 3
Method 1: “= 11
R 2 —(=3) 1 4) Moment of the system of the three forces about O
0A«(OBAOC) = —4| =100 = o =N o e\ ey | o
( ) g g A Mo(F) = ZMO(E) = Mp(Fr) + Mo(Fy) + My (Fs)
------ oc — > — — — E— —_— —
' Mo(F) = 0AAF, + 0B AF, + OC A F;
Mo (F) = 21+ 2k
Magnitude: Mo (ﬁ) =2v2
Method 2 : Exercise -05
0A+(0OBAOC) =
(21-3j+ k)« (207~ 207) Calculate the derivatives:
V, = 100 (u.v) > L2147
dt
o8 | » ‘;—”t’ =47-3]
6) Th t of the vector S about a point I (1,0,4 dew  di — . dW
) The moment oftheveetor S shontapoitt LLOA)| iy _ 4, g5 4 3, 89 _ 10 3
M(S)=10AS=-0IAS ; (S = 0S) ddt Zg d}
> B A W+ aAE =27 —4) -
dt dt d
M,(S)=81-277-2k 43t + 1)k

7) The moment of the vector S about a straight line (I1C)

We have: My¢c(S) = M;(4)  u;¢ Exercise -06
ThlE,: IC = (0—-1DI+0-0)]+ (4—4)k 1) The vector
IC = —1 du,
T u_9’=E=—sin9?+C059f
”IC” =1 = Uc = _”R,»” =t 2) The unit vectors
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For u, and Ug to be unit vectors, their magnitude

(norm) must be

I )l = v/cos28 +sin26 =1

llugll = /sin20 + cos26 =1

So:u, and ug are unit vectors.

1) Show thatu, | ug
For u, and ug to be orthogonal (perpendicular),

their scalar product must be null (zero).
U oUg = —cosOsinh +sinbcosh =0

Thus: u, L ug

2) Show that? | u,
For 7 and u, to be collinear (parallel), it is

necessary that ¥ = ku, : kis Ct.

Wehave: 7 =R (cos6 T+ sinf ))
>7=Ru,
Thus : 7 Il u,
3) We say that the vectors (u,, ug) can form an

orthonormal basis, which is the base of the polar
coordinate system.

Exercise -07 (HW)

Let us show the following law: P

sina _ sinff _ siny

b c
||ﬁ)/\ﬁ?)|| b.c.sina
= > =— (1)
B ||EAR|| _a.c.sinf
Sp= Tt = = ©)
||ﬁ/\ﬁ|| a.b.siny
St = 2 = > 3)

According to the equality between (1,2,3) and their
division on the product a.b.c, we obtain:

sina sinf siny

a b c
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