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Hence

lim
m -* oo

From inequality (4) we hâve

lim
2 m + l m -* oo

lim =
m-* oo *2/7î + i

2m+l
2m

1

1

Passing to the limit in formula (3), we get Wallis1 formula ( Wallis’ product) for 

ji [Y 2-4-6 . . .  2m y  1 ]
L U -5 . . .  ( 2 m - 1)J 2m +  1J

This formula may be written in the form
ji /  2 2 4 4 6 2m — 2 2m 2m \
2 V> * 3 * 3 " 5 * 5 "  ' 2m— 1 ' 2m— 1 * 2m + 1 )

11.7 IMPROPER INTECRALS

1. Intégrais with infinité limits. Let a function f ( x )  be defined 
and continuons for ail values of x such that a ^ x < + o o .  Consi- 
der the intégral

b
I(b) = \ f ( x ) d x

a

This intégral is meaningful for any b~> a. The intégral varies with 
b and is a continuous function of b (see Sec. 11.4). Let us con- 
sider the behaviour of this intég­
ral when b —* +  oo (Fig. 222).

Définition, (f there exists a finite 
limit

b
• lim \ f ( x ) d x

b ->• + oo q

then this limit is called the impro- F'g- 222
per intégral of the function f(x) 
on the interval [a, + o o )  and is denoted by the symbol

+  oo

S / (x) dx
a

Thus, by définition, we hâve
+ oo b
[ f{x)dx= lim \ f ( x )dx
h * - + ® a
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+ 00
In this case it is said that the improper intégral J f(x)dx exists

a
b

or converges. If $ / (x) dx as b —* +  oo does not hâve a finite limit,
a+ 00

one says that J f(x)dx does not exist or diverges.
a

It is easy to see the géométrie meaning of an improper intégral
b

for the case where /(x)^s 0 : if the intégral J / (x) dx expresses the
a

area of a région bounded by the curve # =  /(x), the x-axis and
the ordinates x--a,  x = b, it is natural to consider that the im-

+ 00

proper intégral J f(x)dx expresses the area of an unbounded (in-
a

finite) région lying between the lines y = f(x), x = a, and the axis 
of âbscissas.

We similarly define the improper intégrais of other infinité in- 
tervals:

a  a

J / (x) dx = liin J f(x)dx
-  ce a - * -  oo a

+ 00 C +00

J f (x) dx = J f (x)dx+ J f(x)dx
— oo — 00* c

The latter équation should be understood as follows: if each of 
the improper intégrais on the right exists, then, by définition, 
the intégral on the left also exists (converges).

j

rhr

0 \ b X o \ x\ b
\  (dx 

j h x z
\  T  dx

l  /♦**-fl
Fig. 223 Fig. 224

+ 00r» dx
j  \ (see Figs- 223 and 224). 
o

Example 1. Evaluate the intégral
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Solution. By the définition of an improper intégral we find

+ oo b
f  . =  lim f  . f*  2- =  lim a r c t a n j c J 6 —  üm a r c t a n & =  —
J  l +x2 b-++*J  1 + * 2 S-+ + ® I 0 b-*+x> 2

This intégral expresses the area of an infinité curvilinear trapezoid cross- 
hatched in Fig. 224.

Example 2. Find out at which values of a  
(Fig. 225) the intégral

Ï- 00
r  dx_ 
J JC*

converges and at which it diverges. 
Solution. Since (when a  ?= 1)

f ^ - = T-!— x1-* Ib=  —  (*»-«-1)J jc* 1 — a  | i  1 —a 
l

we hâve

f  -^- =  lim TJ — 1)
J X 6 -► + ao 1I

Consequently, with respect to this intégral we conçlude that 

+ »
c dx 1

if a  > 1, then \ ~ ^ r = a~ZT[ » and the inte8ral converges; 
l

+ ao
(* djc

if a  <  1, then \ — = o o , and the intégral diverges

When
+ »P djc + ®

a = l ,  \  — =  ln jc  ̂ = o o , and the intégral diverges.

f  OO

Example 3. Evaluate J   ̂-|*jc* *

+ OD
ç dx

0
f* dx

+ ® 
1 f

j  i + * 2— OD j  i + * 2 — 00 i  i + x i

Solution.
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The second intégral is equal to (see Example 1). Compute the first intégral:

C -tt™T= C . 1,m arctanjc)0J  \ + x 2 a -* - -»  J  1 + * 2 a - * -®  | a

=  lim (arctanO— arctana)=-^-
a -> -«  ^

Therefore,
-r od

Î T
dx n . jt
+*» 2 1 2

In many cases it is sufficient to détermine whether the given 
intégral converges or diverges, and to estimate its value. The fol- 
lowing theorems, which we give without proof, may be useful in 
this respect. We shall illustrate their application in a few cases.

Theorem 1. If  for ail x(x^sa)  the inequality

is fulfilled and if J q)(x)dx converges, then  ̂ f(x)dx also
a a

converges, and
+  00 +  ®

5 f (x)dx  ̂  J <p (x) dx

Example 4. Investigate the intégral
-r »

b
dx

;2 ( 1 +  ex)
for convergence.

Solution. It will be noted that when l«^Jt,

1 < 1

And

Consequently,

x2 (1+e*)

I  t - * — t I T - 1

+ 00

+ ®! dx
xa(l+e*)

converges, and its value is less than 1.
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(Theorem 2. If for ail x ( x ^ a )  the inequality 0 ^ < p ( x ) ^ f ( x )
+  ce +  00

holds true and J T (*) dx diverges, then the intégral  ̂ f  (x) dx
a  •  a

also diverges.
Example 5. Find out whether the following intégral converges or diverges:

+ 00

f î ± l «J VI?
We notice that

But

: dx

X + 1 X> —y  x* v  x» v  x
+ 0C
f  -y^=— 1™J V X b-* + o

2 V~ — + 0 0

Consequently, the given intégral also diverges.

In the last two theorems we considered improper intégrais of 
nonnegative functions. For the case of a function f(x) which 
changes its sign over an infinité interval we hâve the following 
theorem. + oo

Theorem 3. If  the intégral J | f  (x) \ dx converges, then the in-
a+ CO

tegral J f  (x) dx also converges.
a

In this case, the latter intégral is called an absolutely conver­
gent intégral-

Example 6. Investigate the convergence of the intégral
+
J  sin x 

l
dx

Solution. Here, the integrand is an alternating function. We note that
+ 00

sin jc
JC3 But Ç dx__ 1 | +°°_ 1

J "x5" 11

f

Therefore, the intégral ^  | j dx conver2es- Whence it follows that the

given intégral also converges.
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t h r e e  i n t e r m e d i a t e  p o i n t s )  i s  i n  b e t t e r  a g r e e m e n t  w i t h  t h e  t r u e  v a l u e  o f  t h e  
i n t é g r a l  t h a n  t h e  r e s u i t  o b t a i n e d  b y  t h e  t r a p e z o i d a l  r u l e  ( w i t h  n i n e  i n t e r m e ­
d i a t e  p o i n t s ) .

The theory of approximation of intégrais was further developed 
in the Works of Academician A. N. Krylov (1863-1945).

11.10 INTEGRALS DEPENDENT ON A PARAMETER.
THE GAMMA FUNCTION

D ifferentia t ing  intégrais  dépendent on a parameter. Suppose w e * 
hâve an intégral

b
I (a) =  $/(*, a)dx ( 1)

a

in which the integrand is dépendent upon some parameter a. If 
the parameter a varies, then the value of the definite intégral 
will also vary. Thus the definite intégral is a function of a; we 
can therefore dénoté it by /  (a).

1. Suppose that f(x, oc) and fa (x, oc) are continuous functions 
when

c ^ a ^ d  and a < 1x ^ 6  (2)

Find. the dérivative of the intégral with respect to the parame­
ter a:

Iim
A a -* 0

/ (a-f- Aa) —/ (a) 
Aa l'a ( a )

In finding this dérivative we note that

/  ( a  -f A a )  —  /  ( a )  1

Aa =  a +  Aa)dx— §f{x,  a )dx

u
[(x,  a-j-Aa) — f(x,  a) 

Aa dx

Applying the Lagrange theorem to the integrand we hâve

where 0 <  0 <  1. Since fa (x, oc) is continuous in the closed do­
main (2 ), we hâve

fa(x, a  +  0 Aa) =  f'a (x, a) -fe

where the quantity e, which dépends on x, a, Aa, approaches 
zéro as A a—<-0.
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Thus,

/  (g +  Aa) — /  (a) 
Aa

b b b
J  [f'a (X, a ) 4 -e] dx =  J  f a (x, a )dx +  ^ed x
a a a

Passing to the limit as A a—*-0, we hâve*

lim
Aa-*- 0

/  (a +  Aa) — / (a) 
Aa

U

= Ia (a) =  J  /a (*> a)dx

or [if(x, a)dx \ = ^ f ’a (x, a )dx 
J a  a

This formula is called the Leibniz formula.
2. Now suppose that in the intégral (1) the limits of intégra­

tion a and b are functions of a:
b (a)

/  (a) =  O [a, a (a), f>(a)] =  $ f ( x , a )dx  (1')
a (a)

<D [a, a (a), b (a)] is a composite function of a, and a and b are 
intermediate arguments. To find the dérivative of /(a ), apply the 
rule for differentiating a composite function of several variables 
(see Sec. 8.10):

.  dQ> , d<t> da , d& db / 0 .

<3>

By the theorem on the différentiation of a definite intégral 
with respect to a variable upper limit (see Sec. 11.4) we get

b

=  a ) d x  =  f [ b { a ) ,  a ]
a

b a

^ r  = w S f ( x’ a ) dx = - - f c $ ï ( x> o)dx = — f[a(a),a]

b
* The integrand in the intégral / =  J eda  approaches zéro as Aa —► 0. From

a
the fact that the integrand approaches zéro at each point it does not always 
follow that the intégral also approaches zéro. Howevei, in the given case, 
/  approaches zéro as A a —►O. We accept this fact without proof.
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d<t>Finally, to evaluate ^  use the above-derived Leibniz formula:

•gj— $ fa(x, a )dx»

Substituting into (3) the expressions obtained for the dérivatives, 
we hâve

6 (a)
/a (a) =  j  fa(x, a)dx + f [b (a), a] [a (a), a] —- (4)

a (a)

Using the Leibniz formula it is possible to compute certain 
definite intégrais.

Example, Evaluate the intégral
OB

. . .  f  sin olx , / ( a )  =  j  e - x — — dx

Solution. First note that it is impossible to compute the intégral directly,
because the antiderivative of the function e~x —m̂ a * is not expressible in
terms of elementary functions. To compute this intégral we shall consider it 
as a function of the parameter oc. Then its dérivative with respect to oc is 
found from the above-derived Leibniz formula *:

* cos olx dx

But the latter intégral is readily evaluated by means of elementary functions;
it is equal to -r—r—x . Therefore,M l+ o ca

P (a)=. 1
l+cta

Integrating the identity obtained, we find / (a):
/  (a) =  arctan oc +  C 

We hâve C to détermine now. To do this, we note that

l (0) =  ^ e~x d x = ^  0 d x = 0

* Leibniz* formula was derived on the assumption that the limits of intégra­
tion a and b are fini te. However, in this case Leibniz’ formula also holds, 
even though one of the limits of intégration is equal to infinity. For the condi­
tions under which différentiation of improper intégrais with respect to a para­
meter is permissible. See G. M. Fikhtengolts, Course of Differential and Intég­
ral Calculus, Fizmatgiz, 1962, Vol. II, Ch. XIV, Sec. 3 (in Russian).
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Besides, arctan 0 =  0. Substituting into (5) a  =  0, we get
/ (0) =  arctan 0 +  C

whence C =  0. Hence, for any value of a  we hâve /  (a) =  arctan a, that is, 
00

P  ̂sin ax . .\ e~x --------djc=arctanaJ a: o
Example 2. The gamma function.
We consider an intégral dépendent on a parameter a ,

00
^x*-l e-*dx (6)
o

and we will show that this improper intégral exists (converges) for a  > 0. We 
represent it in the form of a sum

oo 1 00
J x*~le~x d x =  J x * - le~x dx-{- J xa~ le~x dx
o oJ 1

The first intégral on the right converges, since
l l

0 < J x * - le - * d x  <  
o

The second intégral likewise converges. Indeed, let n be an integer such that 
n > a — 1. Then clearly

00
0 < J x ' - ' e - x d x  <

o

OD
 ̂xne~x dx < oo 

l
Integrate the latter intégral by parts noting that

lim =  0 (7)
JC—► +  oo t

for an arbitrary positive integer k.  Thus, intégral (6) defines a certain function a . 
This function is denoted by T (a) and is called the gamma function:

00
r ( a )  =  ^  X * - Xe - * c d x  (8)

o
It is widely used in applied mathematics. Let us find the values of T (a) for 
intégral a . For a = l  we hâve

OD
T  ( 1 )  =  J  e ~ x  d x =  1 

o
Let the integer a  > 1. We integrate b y parts:

CD 00

r  ( a ) =  ^  x ? “ 1e ~ x  d x  =  —  x * ~ l e ~ x  I *  + ( a —  1 )  ^  x u ~ 1 e ~ x  d x  

o o

( 9 )
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or, taking into account (7),
T (oc) =  ( a — 1) T ( a — 1)

By (10) and (9), we find that for a  — n •
T («) = ( « - 1)1

( 10)

( 1 1 )

11.11 INTEGRATION OF A COMPLEX FUNCTION OF A REAL VARIABLE

In Sec. 7.4 we defined a complex function f (x) — u ( x ) i v  (x) 
of a real variable x and also its dérivative / ' (x) =  u' (x) -f iv’ (x).

Définition. A function F (x) =  U (x) +  iV(x) is called an antide- 
rivative of a complex function of a real variable f(x) if

F '(x)=7(jc) (1)
that is, if

U'(x) + iV'(x) = u(x) + iv(x) (2)
From (2) it follows that U’ (x) — u(x), V' (x) = v(x), that is, 

U {x) is an antiderivative of u(x) and V'(x) is an antiderivative 
of o(x).

It follows, from this définition and from the remark, that if 
F (x) = U (x) +  iV (x) is an antiderivative of the function f(x), then 
any antiderivative of f(x) is of the form F(x)-fC , where C is an 
arbitrary complex constant. We will call the expression F(x) + C 
the indefinite intégral of a complex function of a real variable and 
we will write

J f ( x ) d x = ^  u(x)dx +  i ^v (x)dx  = F(x) + C (3)

The definite intégral of a complex function of a real variable, 
f(x) = u (x) +  iv (x), is defined as follows:

J f ( x )dx=  J u(x)dx-\-i  J v(x)dx (4)

This définition does not contradict and is in full agreement 
with the définition of the definite intégral as the limit of a sum.

Exercises on Chapter 11

1. Form the integra! sum sn and pass to the limit to compute the follow- 
b

ing definite intégrais J x2 dx. Hint. Divide the interval [a, b] into n parts by 
a n /  j

the points x ^ a q 1 (/ — 0, l, 2............n), where q =  y  — , An$, — g— • .

28—2081


