1 complex numbers

1.1 Definitions and properties

Definition 2.1

We call a complex number and denote it z, for each ordered pair
(z,y) of real numbers.

- the z component is called the real part of z and we denote it as

Re (2)
- the y component is called the imaginary part of z and we denote
it as Im (z)
=2z
~(m,y)=(a:,y)<:> and
y=y
- the set of complex number we denote C and provided with two
opirations:
1) Addition (4) : (z,y) + (ml,y/) = (x—i—:z:/,y—i—y/) where
0c = (0,0).

2) Multiplication (x) : (z,y) X (xl,y'> = (:m;l —yy Yy + yx/>
where 1¢ = (1,0).
Remarks
1) the set of complex numbers is a commutative field.
2) the neutral element is Oc = (0,0) we denote it as 0 and the unit
element is 1¢ = (1,0) we denote it as 1.

Notation

1) the complex number (0, 1) is noted 3.
Theorem 2.1

1) we have 12 = —1.

2)if z € R and y € R, then (z,y) =z + 1y
Proof
1) 2 =(0,1) x (0,1) = (=1,0) = — (1,0) = -1
2) we have (z,y) = (2,0) + (0,1) (0,y) = = + iy.
Definition 2.2
1) the complex number ¢y with y € R* is called pure imajinary.
2) the conjugate of a complex number z =z + iy ( z € R and
y € R) is the complex number Z where Z = = — iy

Properties
z and w are complex numbers, so
)z==z 5)z2Xw=ZXW
2) 247 = 2Re (2) 6) (2) =2 (w#0)
3) z+z=2Im(z) Nz=Z<=z€R
)z+tw=z+w 8) z = Z <= 2z pure imajinary

Definition 2.3
we call the module of a coplex number z the positive real number

|z| where |z| = V2.2 = /2% + y2.



Properties
z and w are complex numbers, so
1) Re(2)] < |z[; [Im(2)] < |z[ 3) |z.w| = [2|[w]
2) 2] =0 < 2=0 ) |2 =LE (w+#0)

5) |z + w| < |z| + |w| ( Triangle inequality )

1.2 The trigonometric form

Definition 2.4
Let z € C*; There exists a class of real 6 + 27k (k € Z) (or 6 [27]) where

z=|z| e

we notice Arg (z) =0[2x] ; |2| =p (p > 0),then:

2= x4y = pe'? = p(cosf + sin )
—— ~— | S
Algebraic form exponentiel form Trigonometric form
where "
p=+/12+y%; cosf =~ ; sinf = S
p p
Properties
Let z = pe'® and w = re™¥
— i(6+ 1_ 1,0
1) zw = pre!0+e) 3) s =e"
2) 2 = L¢i0-%) 4) z = pe= ¥
w T
5) 2" = p"e“g’f = p" (cosnf + sinnf) (De moivre’s formula (Abraham De Moivre(1667 — 1754)))
6) cosf = 6162‘3_19 ;sinf = £°=¢" (Euler formula)

1.3 Application of complex numbers to trigonometry

1.3.1 Calculates cosnx and sinnx based en cosz and sinz

we have:
cosnx +isinnr = (cosz +isinz)”
n

= E C* cos"F xsin® x
k=0

= C%cos"xz — C2cos" 2xsin?x + Clcos" P asintx + ...
+i (Cp cos™ P asinz — CF cos" P asin® z + CJ cos" P asin® z + ... ).

So

cosnz = OV cos™ x — C2 cos" % xsin? x + C2 cos" 4 xsin 2 — CY cos™ 6 sin® 2 +
. — . — . 5 — .
sinnz = O} cos" ' xsinaz — O3 cos™ 3 xsin® 2 + C2 cos™® x sin® x +



or

%]

cosnr = (—=1)" C? cos" % zsin® x

™
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3
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sinnr = —1)7E 021 gogn2itl g gin2i-1 g
n

%

Il
-

where [] denotes the integer part of the rational number .

1.3.2 Linearization of trigonometric polynomials

For obtain linearization of cos™ z and sin” x we use:

eik:v + efik:v eikx o efikx
Vk € Z;Vx € R: coskx = 5 ;sinkx = — (Euler formula)
i
Example: write in linear form cos® z, sin* z
we have
3 eiw + efim 3
cos’x = _

(e3zw + 362zwe—1w 4 36116—21$ 4 e—31$)

(631'1' + e—3iw +3 (eix + e—ia:))

Q| — 00| = 0o

(2cos3x + 3 (2cosx))

3
= 100531‘—1— zcosx.

4 <eia:_ei;v)4
sm-r = I —
21

_ TG (6411 o 463116—11 4 662116—22:3 o 4ew:e—3z:v + e—4m)
1 ) ) ) )

T (eM +emH — 4 (¥ +e7%") +6)
1

= — (2cosdx —4(2cos2x)+6
16
1 1 3

= gcoséla? - §cos2m—|— 3

1.3.3 nth roots of complex number

Definition Let n € N* — {1}



An nth root of complex number a is a complex number z such that
" =a.
Example
2 2
We have (g + gz) = (—g — gz) =1, S0 g—&—gz and — (—2 + §z>
they are square roots of the complex number ¢
Theorem Let n € N* — {1}

Any nonzero complex number has exactly n distinct nth roots and
0427k

if a = re'?, then the solutions to z"* = a are given by 2z, = ¥re' = for
ke{0,1,...,n—1}.
Proof
Suppose thatb z = pe’®, so
prg — a == pneian :,reié

<~ p'=r and an=0+2nk k€ Z.

The expression for z takes on n different values for £ =0,1,...,n — 1, and
the values
start to repeat for k=n,n+1,......
Hence the expression for the n nth roots of a:

27k

op = Vret T for ke {0,1,...,n — 1}

Remark
The roots lie on a circle of radius {/r centred at the origin and spaced out
evenly by angles of 27”
Example
The n nth roots of unity are therefore the numbers

ok 21k 27k
2 — % = cos 2L +isini for k€ {0,1,....,n— 1}
n n




