MULTIPLE INTEGRALS

2.1 DOUBLE INTEGRALS

In an xy-plane we consider a closed * domain D bounded by a
line L.
In D let there be given a continuous function

z=f(x, y)
Using arbitrary lines we divide the domain D into n parts
As,, As,, Asg, ..., As,

(Fig. 43) which we shall call subdomains. So as not to introduce
new symbols we will denote by As,, ..., As, both the subdomains
and their areas. In each subdomain As; (it is immaterial whether
. in the interior or on the boundary) take a
by point P;; we will then have n points:

P, P, ..., P,

We denote by f(P,), f(P,), ..., f(P,) the
values of the functions at the chosen points
and then form the sum of the products
f(P;) As;:

V,,=f(P1)ASI+f(P,) AS,—}—...-}—f(Pn)AS,,

7 3 =3 1Py s, (1)
Fig. 43 =1

This is the integral sum of the function

f(x, y) in the domain D. v

If f>=0 in D, then each term f(P;) As; may be represented
geometrically as the volume of a small cylinder with base As;
and altitude f(P)).

The sum V, is the sum of the volumes of the indicated ele-
mentary cylinders, that is, the volume of a certain “step-like”
solid (Fig. 44).

* A domain D is called closed if it is bounded by a closed line, and the
points lying on the boundary are considered as belonging to D.
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Consider an arbitrary sequence of integral sums formed by
means of the function f(x, y) for the given domain D,

Vags Vigs ovos Vg o @

for different ways of partitioning D into subdomains As;. We shall
assume that the maximum diameter of the subdomains As; approach-
es zero as n,— oo. Then the following proposition, which we
give without proof, holds true.

Fig. 44 Fig. 45

Theorem 1. If a function f(x, y) is continuous in a closed domain
D, then the sequence (2) of integral sums (1) has a limit if the
maximum diameter of the subdomains As; approaches zero as n, — oo.
This limit is the same for any sequence of type (2), that is, it is
independent either of the way D is partitioned into subdomains As;
or of the choice of the point P; inside a subdomain As;.

This limit is called the double integral of the function f(x, )
over D and is denoted by

SSf(P) ds or SDSf(x, y)dxdy,

D
that is,

lim 3Py As, = F e, 9)dxdy

diam As'.—»0f=l D

This domain D is called the domain (region) of. integration.

If f(x, ¥y=0, then the double integral of f(x, y) over D is
equal to the volume of the solid Q bounded by surface z= f (x, y),
the plane 2=0, and a cylindrical surface whose generators are
parallel to the z-axis, while the directrix is the boundary of the
domain D (Fig. 45).

Now consider the following theorems about the double integral.



160 Ch. 2 Multiple Integrals

Theorem 2. The double integral of a sum of two functions
o, Y)+Vv(x, y) over a domain D is equal to the sum of the
double integrals over D of each of the functions taken separately:

(Sloe n+ve nids= (o, nds+{Tvex yds

D D D

Theorem 3. A constant factor may be taken outside the double
integral sign:
if a=-const, then

§ap(x, pds=a(§ox, yds
D D

The proof of both theorems is exactly the same as that of the
corresponding theorems for the definite integral (see. Sec. 11.3, Vol. I).

y y q,l(x) N,

Fig. 46 Fig. 47

Theorem 4. If a region D is divided into {wo domains D, and
D, without common interior points, and a function f(x, y) is
continuous at all points of D, then

ganw@=ganmw+ganu@ 3)

Proof. The integral sum over D may be given in the form
(Fig. 46)

§f(Pi)Asi=2f(Pi)Asi+2f(Pi)Asi 4)
o Ds

where the first sum contains terms that correspond to the subdo-
mains of D,, the second, those corresponding to the subdomains
of D,. Indeed, since the double integral does not depend on the
manner of partition, we divide D so that the common boundary
of the domains D, and D, is a boundary of the subdomains As;.
Passing to the limit in (4) as As;,—0, we get (3). This theorem
is obviously true for any number of terms.
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2.2 CALCULATING DOUBLE INTEGRALS

Let a domain D lying in the xy-plane be such that any straight
line parallel to one of the coordinate axes (for example, the y-axis)
and passing through an interior * poinf of the domain, cuts the
boundary of the domain at two points N, and N, (Fig. 47).

In this case we assume that the domain D is bounded by the
lines: y=e, (x), y=9¢,(x), x=a, x=>b and that

P, (0) <P, (x), a<lb
while the functions @, (x) and ¢, (x) are continuous on the interval
|a, b]. We shall call such a domain regular in the y-direction. The
definition is similar for a domain regular in the x-direction.

A domain that is regular in both x- and y-directions we shall
simply call a regular domain. In Fig. 47 we have a regular
domain D.

Let the function f(x, y) be continuous in D.

Consider the expression

b /g (%)
ID==S< { f(x.y)dy>dx

a \g, (x) /
which we shall call a tfwofold iterated integral of f(x, y) over D.
In this expression we first calculate the integral in the parentheses
(the integration is performed with respect to y while x is considered
to be constant). The integration yields a continuous ** function of x:

@2 (x)
o= { f(x n)dy

1 (%)
Integrating this function with respect to x from a to b,

b

Ip={ ®(x)dx

a

we get a certain constant.

Example. Calculate the twofold iterated integral

1 ,x
Ip= (S (+5?) dy>4x

0\o0
Solution. First calculate the inner integral (in brackets):
: 2 23 8
L )
3 /o 3 3
0

At

* An interior point of a domain is one that does not lie on its boundary.
** We do not prove here that the function @ (x) is continuous.

11—2082
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Integrating the function obtained from 0 to 1, we find

1

x8 x5 xT\1 1 1 26
4 —_— = — —_ _ —_—m—
§(" T3 )d" ( 5 ‘*‘3-7)0 57317105

Determine the domain D. Here, D is the domain bounded by the lines (Fig: 48)
y=0. x=0, y:xz, x=1

It may happen that the domain D is such that one of the func-
tions y=¢@,(x), y=¢,(x) cannot be represented by one analytic

v YA y=6(1)
& |
/ 1
S ! :
7 ! ! L
0 a C /] I
0 1z
Fig. 48 Fig. 49

expression over the entire range of x (from x=a to x=#5). For
example, let a <c¢ < b, and

@, (x) =9 (x) on the interval [a, c]
@, (x) =% (x) on the interval [c, b]

where ¥ (x) and y (x) are analytically specified functions (Fig. 49).
Then the twofold iterated integral will be written as follows:

b ¢ (x) \
S( ( Fex, y)dy )dx
a M@y (x) /

b

C /(g (X) )
=S( S f(x, y)dy\/dx+s< S f(x, y)dy)dx

@ gy (x) ¢ \¢y (%)
C/’Wz (x) b sy (x)
=S\ S f(x, y)dy>dx+S( S f(x, y)dy)dx
a \Nbn ¢ NX(x) /

The first of these equations is written on the basis of a familiar
property of the definite integral, the second, by virtue of the
fact that on the interval [a, ¢] we have ¢,(x)=1¥(x), and on
the interval [c, b] we have @, (x) =1 (x).

We would also have a similar notation for the twofold iterated
integral if the function ¢,(x) were defined by different analytic
exvressions on different subintervals of the interval [a, b].
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Let us establish some properties of a twofold iterated integral.

Property 1. If a regular y-direction domain D is divided into
two domains D, and D, by a straight, line parallel to the y-axis
or the x-axis, then the twofold iterated integral I over D will be
equal to the sum of such integrals over D, and D,; that is,

Ip=1Ip+1p, (1)

Proof. (a) Let the straight line x=c¢ (a<c<b) divide the
region D into two regular y-direction domains* D, and D,. Then

b c b

b @, (x)
Ip=1{( S)f(x, y)dy)dng(I)(x)dx:S(D(x)dx—i—S(D(x)dx
a Ny (x a a ¢

c /s (%) \ b /¢ (x) '
=S< § Fx y)dy)dx+§( { Fo, y)dy)dx=lp‘+lp,

a \@, (x) ¢ N\ (x)

(b) Let the straight line y=h divide the domain D into two
regular y-direction domains D, and D, as shown in Fig. 50.
Denote by M; and M, the points of
intersection of the straight line y=h AY Y=p()
with the boundary L of D. Denote the
abscissas of these points by a, and b,.

The domain D, is bounded by con-
tinuous lines:

(1) y=, (x);

(2) the curve A M M,B, whose
equation we shall conditionally write
in the form

y=o5 (%)

having in view that o (x)=9,(x)

Fig. 50
when a<{x<{aq, and when b, <x<{b and that

¢i(x)=h when a, <x<b,;

(3) by the straight lines x= a, x=b.
The domain D, is bounded by the lines

y=9; (x), y=¢,(x), where a,<x<b,

’

* The fact that a part of the boundary of the domain D, (and of Dg) is a
portion of the vertical straight line does not stop this domain from being reg-
ular in the y-direction: for a domain to be regular, it is only necessary that
any vertical straight line passing through an interior point of the domain
should have no more than two common points with the boundary.

I *
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We write the identity by applying to the inner integral the
theorem on partitioning the interval of integration:

= Sb( w-S(x) fx, v dy> dx

a \g (x)

b, €1 ) @ (1)
=S( (e pdy+ § Fix, y)dy)dx

@ (x) ¢; (%)

b, 010 \ b /¢y (%)
=S( S f(x, y)dy)dx+S< S f(x, y)dy>dx

Ty (%) (P; (x)

We break up the latter integral into three integrals and apply
to the outer integral the theorem on partitioning the interval of
integration:

b s (x) ay , @ (%)
§(§ e oar)ax=§( {10 ey
AN a \ gl
by , €2 (x) b, @g(x)
+§( 5 o y)dy)dx+§< [ fe y)dy)dx
as \ (p‘ (x) b, (p;(x)

since @j (x)=¢,(x) on [a, a,] and on [b,, b], it follows that the
first and third integrals are identically zero. Therefore,

b, 0 by / @4 (%)
ID=S< § re y)dy)dx+$( { fe y>dy>dx
a @y (%) 4 a; \(p;(x)

Here, the first integral is a twofold iterated integral over D,,
the second, over D,. Consequently,

Ip=1Ip,+1Ip,

The proof will be similar for any position of the cutting straight
line M\M,. If M M, divides D into three or a larger number of
domains, we get a relation similar to (1), in the first part of
which we will have the appropriate number of terms.

Corollary. We can again divide each of the domains obtained
(using a straight line parallel to the y-axis or x-axis) into regular
y-direction domains, and we can apply to them equation (1).
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Thus, D may be divided by straight lines parallel to the coor-
dinate axes into any number of regular domains

D, D, D, ..., D,

and the assertion that the fwofold iterated integral over D is
equal to the sum of twofold iterated p
integrals over the subdomains holds;
that is (Fig. 51), il N

ID:1D1+1D3+1D3+"'+[D" (2) :i

Property 2 (Evaluation of an ite- N
rated integral). Let m and M be the
least and greatest values of the func-
tion f(x, y) in the domain D. De- K
note by S the area of D. Then we 0| a b T
have the relation Fig. 51

b ¢y (x) A
mS<S S f(x, y)dy>dx<MS (3)

a ¢y (%)

AN

Proof. Evaluate the inner integral denoting it by @ (x):

¢ (%) s (x)

D= § f(x, Pdy< § Mdy=MIg,(x)—g,(x)]

¢4 (x) ¢ (%)

We then have

b /¢ (%) b
1D=S< § i y)dy>dx<5M[%(x)—qn(x)] dx= MS

a \@q (x)
that is,
I, <MS (3)
Similarly
@y (%) e (%)
ow=§ fix, pdy= | mdy=m[,(x)—e, ()]
g (X g (x
) (b) R ¢y (x)
Ip={®)de={ mp, () —9, (1) dx=mS
that is,
Ip>=mS (3"
From the inequalities (3") and (3") follows the relation (3):
mS<I,<MS

In the next section we will determine the geometric meaning of
this theorem.
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Property 3 (Mean-value theorem). A {twofold iterated integral
Ip of a continuous function f(x, y) over a domain D with area S
is equal to the product of the area S by the value of the function
at some point P in D; that is,

b @y (x)

S( § i y)dy>dx=f(P)S 4)
a @ (x)

Proof. From (3) we obtain
m< 5 Ip<M

The number —Sl—lD lies between the greatest and least values of
f(x, y) in D. Due to the continuity of the function f(x, y), at
some point P of D it takes on a value equal to the number SL Ip;
that is,.

5 /o=FP)

whence
Ip=f(P)S (5

2.3 CALCULATING DOUBLE INTEGRALS (CONTINUED)

Theorem. The double integral of a continuous function f(x, y)
over a regular domain D is equal to the twofold iterated integral
of this function over D; that is,*

b /@y (x)
(§70, macdg=§( § Feo y)dy)dx

D a @y (x)

Proof. Partition the domain D with straight lines parallel to the
coordinate axes into n regular (rectangular) subdomains:

As,, As,, ..., As,
By Property 1 [formula (2)] of the preceding section we have

n
ID=1A31+1AS,.+'--+1ASR =Z]A’l (1)
(=1

We transform each of the terms on the right by the mean-
value theorem for a twofold iterated integral:

Ias,=[ (P;) As;

* Here, we again assume that the domain D is regular in the y-direction
and bounded by the lines y=g¢, (%), y=¢; (x), x=a, x=0b,
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Then (1) takes the form
Ip=1(P) As,+] (P) Asy+ ...+ (Py) As, = 3 [ (P) As; (2)

where P; is some point of the subdomain As;. On the right is the
integral sum of the function f(x, y) over D. From the existence
theorem of a double integral it follows that the limit of this
sum, as n— oo and as the greatest diameter of the subdomains
As; approaches zero, exists and is equal to the double integral of
[(x, y) over D. The value of the double integral /, on the left
side of (2) does not depend on n. Thus, passing to the limit
in (2), we obtain

Ip= lim XfP)As;=((F(x, y)dcdy

diam Asi—>0 D
or
(07, gpaxdy=1, 3)
D

Writing, out in full the expression of the twofold iterated inte-
gral I, we finally get

b qe(x)
(57, y)dxdy=§[ { Fex, y)dy]dx (4)

D a Loy (%)

Note 1. For the case where f(x, y) >0, formula (4) has a pic-
torial geometric interpretation. Consider a solid bounded by a
surface z=f(x, y), a plane z=0, and a cylindrical surface whose
generators are parallel to the z-axis and the directrix of which
is the boundary of the region 2= f[5.y)

D (Fig. 52). Calculate the vo- '
lume of this solid V. It has
already been shown that the
volume of this solid is equal
to the double integral of the
function f(x, y) over the do-

y

main D:
Ve (S F e, gpaxay ) | At
b 9= _
Now let us calculate the vo- 0 a z D T
lume of this solid using the Fig. 52

results of Sec. 12.4, Vol. I, on

the evaluation of the volume of a solid from the areas of parallel
sections (slices). Draw the plane x=const (a < x < b) that cutsthe
solid. Calculate the area S(x) of the figure obtained in the sec-
tion x=const. This figure is a curvilinear trapezoid bounded by
the lines z=f(x, y) (x=-const), 2=0, y=¢, (x), y=¢, (x). Hence,
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the area can be expressed by the integral
Qe (x)

Sw=§ fex vdy (6)

Ty (x)

Knowing the areas of parallel sections, it is easy to find the
volume of the solid:

b
V= S S (x) dx
a
or, substituting expression (6) for the area S(x), we get

b /qs (%)

v={( § re y)dy)dx ™
a ¢y (x) )

In formulas (5) and (7) the left sides are equal; and so the right

sides are equal too:
b

@2 (x)
§§re acay=S§( 5 je nayar

D Ny (%)

It is now easy to figure out the geometric meaning of theorem
ot evaluating a twofold iterated integral (Property 2, Sec. 2.2):
the volume V of a solid bounded by the surface z=f(x, y), the
plane z=0, and a cylindrical sur- ,  ZeZeyel
face whose directrix is the boun-

RALY) —

dary of the region D, exceeds the volume of a cylinder with base
area S and altitude m, but is less than the volume of a cylinder
with base area S and altitude M [where m and M are the least
and greatest values of the function z=f(x, y) in the domain D
(Fig. 53)]. This follows from the fact that the twofold iterated
integral I, is equal to the volume V of this solid.
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Example 1. Evaluate the double integral SS(4——x’-——y2)dxdy if the do-
D

3
main D is bounded by the straight lines x=0,x=1, y=0, and y=--
Solution. By the formula

ol b X371
V= ( [S(4—.1:’—_1/’)d,\:]dy=5v [415—!/24\7—3'] Od!l
o Lo 0

s

1) gy (481, |55
= (“y“‘?)"y"("”"s“s”)le =3
0

Example 2. Evaluate the double integral of the function f(x, y)=14x+y
over a region bounded by the lines y=—x%, x= Vy, y=2, z=0 (Fig. 54).
Solution.
2

V= [‘/S;(l—{—x-{—y)dx]dy:‘g[x-{-xy—{-%z-],_/f-dy

-y 0

I

(Vo3 +ivits

dy

)

2 Vity Vit+d)- —y—+ L)y
i - (-rmmi )
g |

2

3 e
oyt 32 2yt | 44 =13
—[? s el Yty

Note 2. Let a regular x-direction domain D be bounded by the
lines

x=1pl(y), x=19,(y), y=c¢, y=d

and let ¥, (y) <, (y) (Fig. 55).
In this case, obviously,

d ¥, (y)
SSf(x,wdxdy:S( { rew y)dx)dy ®)

D c \p(»)

To evaluate the double integral we must represent it as a twofold
iterated integral. As we have already seen, this may be done in
two different ways: either by formula (4) or by formula (8).
Depending upon the type of domain D or the integrand in each
specific case, we choose one of the formulas to calculate the
double integral.
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Example 3. Change the order of integration in the integral

1, Vx
I=S<S f e y)dy>dx

0 x

Solution. The domain of integration is bounded by the straight line y=x
and the parabola y= ¥ x (Fig. 56).

)

T\

< S
N =3
S"? "
& ]
c.
0 I
Fig. 55 Fig. 56 Fig. 57

Every straight line parallel to the x-axis cuts the boundary of the domain
at no more than two points; hence, we can compute the integral by formula (8),
setting

Pi@)=y% P(y)=y, O0<y<l

1,y
’=S<S f(x y)dx)dy
0

yl

then

v
Example 4. Evaluate SS e* ds if the domain D is a triangle bounded by

D
the straight lines y=x, y=0, and x=1 (Fig. 57).
Solution. Replace this double integral by a twofold iterated integral using
formula (4). [If we used formula (8), we would have to integrate the function
y

e* with respect to x; but this integral is not expressible in terms of elemen-
tary functions):

SDS e%“:g[ge%dy]dms [xe%]:dx

1
2 |1 —
=Sx(e—-l)dx=(e—l)% 0=e—2—1=0.859...
0

Note 3. If the domain D is not regular either in the x-direction
or the y-direction (that is, there exist vertical and horizontal
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straight lines which, while passing through interior points of the
domain, cut the boundary of the domain at more than two points),
then we cannot represent the double integral over this domain in
the form of a twofold iterated integral. Mf we manage to partition
the irregular domain D into a finite number of regular x-direction
or y-direction domains D,, D,, ..., D,, then, by evaluating the
double integral over each of these subdomains by means of the
twofold iterated integral and adding the results obtained, we get
the sought-for integral over D.

4
| “ s
L 1 i
g oD
=1 I T U Ml i
. L
0 z =
Fig. 58 Fig. 59

Fig. 58 is an example of how an irregular domain D may be
divided into three regular subdomains D,, D, and Dy,

Example 5. Evaluate the double integral

[fera

over a domain D which lies between two squares with centre at the origin and
with sides parallel to the axes of coordinates, if each side of the inner square
is equal to 2 and that of the outer square is 4 (Fig. 59).

Solution. D is irregular. However, the straight lines x=—1 and x=1 di-
vide it into four regular subdomains D,, Dy, Dg, D,. Therefore,

Sge"ﬂ’ ds= SS ex+y ds+ggex+y ds+ S S ¥ty ds - SS ex+y ds
D D D

1 s 3 4

Representing each of these integrals in the form of a twofold iterated integral,
we find

SDS ex+y ds=_S;|: Szz ex+y dy]dx-{—-sll [fen.v dy]dx

1

[T ova]

= (==Y (e~ —e=Y+ (@ —e) (e—e- V) + (e~ —e=?) (e —e-Y)
+ (2 —e-2?) (e2—e)= (e —e~3%) (e—e—1)=4 sinh 3sinh 1
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Note 4. From now on, when writing the twofold iterated integral

L[ @s (x)
ID=S[ { i(x,y)dy]dx

P (%)

we will drop the brackets containing the inner integral and will
write

b @y (x)

1D=S S f(x, y)dydx

a @, (x)

Here, just as in the case when we have brackets, we will consider
that the first integration is performed with respect to the variable
whose differential is written first, and then with respect to the
variable whose differential is written second. [We note, however,
that this is not the generally accepted practice; in some books
the reverse is done: integration is performed first with respect to
the variable whose differential is last.*]

2.4 CALCULATING AREAS AND VOLUMES
BY MEANS OF DOUBLE INTEGRALS

1. Volume. As we saw in Sec. 2.1, the volume V of a solid
bounded by a surface z=f(x, y), where f(x, y) is a nonnegative
function, by a plane z=0 and by a cylindrical surface whose
directrix is the boundary of the domain D and the generators are
parallel to the z-axis, is equal to the double integral of the func-
tion f(x, y) over D:

v={{f pas

D

Example 1. Calculate the volume of a solid bounded by the surfaces x=0,
y=0, x+y+2=1, 2=0 (Fig. 60).
Solution.

V=SS(l—x——y)dydx
D

where D is (in Fig. 60) the hatched triangular region in the xy-plane bounded
by the straight lines x=0, y=0, and x4 y=1. Putting the limits on the double

* The following notation is also sometimes used:

b @y b @
1D=S[S f y)dy]dx=§dx§ f(x y)dy

aLe a P
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integral, we calculate the volume:
11-x 1 1

N e R E T

Thus, V=% cubic units.

Note 1. If a solid, the volume of which is being sought, is
bounded above by the surface z==®,(x, y) >0, and below by the
surface z=®, (x, y) >0, and the domain D is the projection of

2 z=9(zy)

0
\\\\\\\m\\\\\\“\._, -
Z+y=1 I /
I
e Fig. 61

both surfaces on the xy-plane, then the volume V of this solid is
equal to the difference between the volumes of the two “cylindri-
cal” bodies; the first of these cylindrical bodies has the domain D
for its lower base, and the surface z=®, (x, y) for its upper base;
the second body also has D for its lower base, and the surface
z=®, (x, y) for its upper base (Fig. 61).

Therefore, the volume V is equal to the difference between the
two double integrals

V=SS(D,(X, y)ds—SSd)l(x, Y)ds

D D
or
v={{ 10, 9)—,(x y)]ds (1)

D

Further, it is easy to prove that formula (1) holds true not
only for the case where @, (x, y) and @, (x, y) are nonnegative, but
also where ®,(x, y) and ®,(x, y) are any continuous functions
that satisfy the relationship

D, (x, y) =D, (x, y)

Note 2. If in the domain D the function f(x, y) changes sign,
then we divide the domain into two parts: (1) the subdomain D,
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where f(x, y) =0; (2) the subdomain D, where f(x, y) <<0. Sup-
pose the subdomains D, and D, are such that the double integrals
over them exist. Then the integral over D, will, be positive and
equal to the volume of the solid lying above the xy-plane. The
integral over D, will be negative and equal, in absolute value, to
the volume of the solid lying below the xy-plane. Thus, the in-
tegral over D will be expressed as the difference between the cor-
responding volumes.

2. Calculating the area of a plane region. If we form the inte-
gral sum of the function f(x, y)=1 over the domain D, then this
sum will be equal to the area S,

S

S= 1.As;

]
]
for any mode of partition. Passing to the limit on the right side
of the equation, we get

S={Sdrdy

D

If D is regular (see, for instance, Fig. 47), then the area will be
expressed by the iterated integral

b[ @y (x)
S= S [ S dy] dx
a Lo (x)

Performing the integration in the brackets, we obviously have
b

S={ [0 (99—, (0] dx
(cf. Sec. 12.1, Vol. I).

Example 2. Calculate the area of a region bounded by the curves
y=2—x8, y=x
Solution. Determine the points of intersection of the given curves (Fig. 62).
At the point of intersection the ordinates are equal; that is,
x=2—x2
whence
x24+x—2=0
xl=—2
Xg=1
We get two points of intersection: M, (—2, —2), M, (1, 1). Hence, the required
area is
1 2-x?

= (J e ommmmn -5-5) -8
x -2

-2
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2.5 THE DOUBLE INTEGRAL IN POLAR COORDINATES

Suppose that in a polar coordinate system 6, p, a domain D is
given such that each ray* passing thrugh an interior point of
the region cuts the boundary of D at no more than two points.
Suppose that D is bounded by the curves p=®, (6), p =D, (0) and
the rays 6 =a and 6 =f, where @, (6) < D, (0) and a < B (Fig. 63).
Again we shall call such a region a regular domain.

Fig. 62

Let there be given in D a continuous function of the coordi-
nates 6 and p:

z2=F (0, p)
We divide D in some way into subdomains As,, As,, ..., As,.
Form the (integral) sum ‘
n
Va= 2 F(P) s, M

where P, is some point in the subdomain As,.

From the existence theorem of a double integral it follows that
as the greatest diameter of the subdomain As, approaches zero,
there exists a limit V of the integral sum (1). By definition, this
limit V is the double integral of the function F (0, p) over the
domain D:

p—q F y
14 SDS ®, p)ds @

Let us now evaluate this double integral.

* A ray is any half-line issuing from the coordinate origin, that is, from
the pole P.
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Since the limit of the sum is independent of the manner of par-
titioning D into subdomains As,, we can divide the domain in a
way that is most convenient. This most convenient (for purposes
of calculation) manner will be to partition the domain by means
of the rays 6=6,, 6=6,, 6=6,, ..., 6=0, (where 6,=a, 6,=8,
0,<06,<6,<. - <6,) and the concentnc circles p=p,, P=p,
ey P=P, [ where E is equal to the least value of the function
@, (), and p,, to the greatest value of the function ®,(8) in the
interval a<<0<P, p <P, < - <P)-

Denote by As;, the subdomain bounded by the lines p=p;_,,
P=0Pi 0= ek— , 0= 9

The subdomains As,~,, will be of three kinds:

(1) thoze that are not cut by the boundary and lie in D;
(2) those that are not cut by the boundary and lie outside D;
(3) those that are cut by the boundary of D.

The sum of the terms corresponding to the cut subdomains have
zero as their limit when A8,—0 and Ap;— 0 and for this reason
these terms will be disregarded. The subdomains As;, that lie
outside D do not interest us since they do not enter into the sum.
Thus, the sum may be written as follows:

n= 2 [ (P) Asin

where P;, is an arbitrary point of the subdomain As;.

The double summation sign here should be understood as mean-
ing that we first perform the summation with respect to the in-
dex i, holding k fast (that is, we pick out all terms that corres-
pond to the subdomains lying between two adjacent rays*). The
outer summation sign signifies that we take together all the sums
obtained in the. first summation (that is, we sum with respect to
the index k).

Let us find the expression of the area of the subdomain As;,
that is not cut by the boundary of the domain. It will be equal
to the difference of the areas of the two sectors:

1 1 A
Asip =5 (Pi+ Ap)* AB, —5 pIAG, = (P,- + ) Ap; A6,
or
As;, = p; Ap;AB,, where p; < p; < p;+ Ap;

* Note that in summing with respect to the index i this index will not run
through all values from 1 to m, because not all of the subdomains lying between
the rays 6=0, and 0=0;,, belong to D.
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Thus, the integral sum will have the form*

V”=k§1 [‘ZF(O,,, p,)p,Ap,ABk]

where P (0;, p}) is a point of the subdomain As;,. Now take the
factor A6, outside the sign of the inner sum (this is permissible
since it is a common factor for all the terms of this sum):

n
Vo= [ZF(e;, p!) p:Ap,-] A8,
k=1 i

Suppose that Ap;— 0 and A, remains constant. Then the ex-
pression in the brackets will tend to the
integral

s (8%)
F (0, p)pdp
@, (9%)
Now, assuming that A6, —0, we finally
get **

B, ®,;(0)
V:S(S F(B,p)pdp)de 3) P

a \@, (0) Fig. 64

Formula (3) is used to compute double integrals in polar coor-
dinates.

If the first integration is performed with respect to 6 and the
second one to p, then we get the formula (Fig. 64)

Py s0g (D)
V- S( { F@,p) d6>pdp 3)

Py Moy (P)

* We can consider the integral sum in this form because the limit of the
sum does not depend on the position of the point inside the subdomain.

** QOur derivation of formula (3) is not rigorous; in deriving this formula we
first let Ap; approach zero, leaving A@, constant, and only then made A,
approach zero. This does not exactly correspond to the definition of a double
integral, which we regard as the limit of an integral sum as the diameters of the
subdomains approach zero (i.e., in the simultaneous approach to zero of A0
and Ap;). However, though the proof lacks rigour, the result is true [i.e., for-
mula (3) is true]. This formula could be rigorously derived by the method
used when considering the double integral in rectangular coordinates. We also
note that this formula will be derived once again in Sec. 2.6 with different rea-
soning (as a particular case of the more general formula for transforming coor-
dinates in a double integral).

122082
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Let it be required to compute the double integral of a function
f(x, y) over a domain D given in rectangular coordinates:

(§ 7, gdeay

D

If D is regular in the polar coordinates 6, p, then the computation
of the given integral can be reduced to computing the iterated
integral in polar coordinates.
Indeed, since
x==pcosB, y=psinB
f(x, 4)=F[pcos®, psinB] =F (8, p),
it follows that

B /@, (6)
SSf(x, y)dxdy=S< S f [pcos®, psine]pdp>de (4)

D a \®@, (0)

Example 1. Compute the volume V of a solid bounded by the spherical surface
X2+ Y24 22 =402
and the cylinder
x4-y2—2ay=0
Solution. For the domain of integration here we can take the base of the

cylinder x2+ y2—2ay=0, that is, a circle with centre at (0, a) and radius a.
The equation of this circle may be

z written in the form x%+4 (y—a):=a?
(Fig. 65).
‘z‘lfyl,zl: 4a2
//”—~\\\
// \\
< a —){ \2a
0 G ! /, y
p 1
Z2+(y-a)*=a? Y z
Fig. 65 Fig. 66

We calculate -:— of the required volume V, namely that part which is situated

in the first octant. Then for the domain of integration we will have to takethe
semicircle whose boundaries are defined by the equations

x=0; () =0, x=¢3(y) =V 2ay—y?
y=0, y=2a

2=f(x, )=Vid —x—42

The integrand is
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Consequently

2a ,V2ay-y?
V=S < S Vi =2 —42 dx> dy
[ ]

0 0
Transform the integral obtained to the polar coordinates 6, p:
x=pcosB, y=psinB

Determine the limits of integration. To do so, write the equation of the
given circle in polar coordinates; since

1+ y2=p?
=psin 6

RN

it follows that
p?—2ap sin6=0
or
p=2asin 0
Hence, in polar coordinates (Fig. 66), the boundaries of the domain are defined
by the equations
p=0;(0)=0, p=0,(0)=2asind, a=0, p=%

and the integrand has the form
F(, p)=1V 4a®— p?

Thus, we have
2 [2asin®
y_
=
0

n
2
— 4a2 — p2)3/272asin 6
V4a3—p’9dp do= SI: (dat p) ]o do
0

14 EL
2 . K
—_ %S‘ [(4a?— 4% sin?8)%/* — (4a%)3/2| do =8% 5‘ (1 —cos® 8) dO
0 0
4
= a3 (3 —
=35a 3n —4)
Example 2. Evaluate the Poisson integral
+®
S e=**dx
-

Solution. First evaluate the integral /o= S S e=**-¥* dx dy, where the domain
D

of integration D is the circle 34 4= R? (Fig. 67).
Passing to the polar coordinates 6, p, we obtain

1R=S <S e=®*p dp>d9=——;— Se‘p'Idﬂ=n (1—e-RY
0 0
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Now, if we increase the radius R without bound (that is, if we expand
without limit the domain of integration), we get the so-called improper iterated
integral:

2n aﬂ: \
S (5 e ﬂ'pdp>de— lim 5 <S e~ dp) do= lim n(l—e-R)=n
Ro>®
0 \a 0 0

We shall show that the integral SS e~V gy dy approaches the limit m if

a domain D’ of arbitrary form expands in such manner that finally any point
of the plane is in D' and remains there (we shall conditionally indicate such
an expansion of D’ by the relationship D’ —).

Fig. 67 Fig. 68

Let R; and R, be the least and greatest distances of the boundary of D’
from the origin (Fig. 68).

Since the function e=*"~¥" is everywhere greater than zero, the following
inequalities hold:

Ip, < SS e~V axdy<lp,
B

n(la—e_Rg)QSSe“"”' dxdy<n<l——e_R;>
=

Since as D’ —s o0 it is obvious that R, —»w and R, — 0, it follows that
the extreme parts of the inequality tend to the same limit m. Hence, the
middle term also approaches this limit; that is,

lim SS e~ dydy=n (5)
D'>» D

or

As a particular instance, let D' be a square with side 2a and centre at the

origin; then
a a

SS e~V dydy— S Se""‘”’ dx dy
'Y

-a-a

‘-’Tn

a
S e-x%e~V'dy dy =
-a

nma

/ a
(e
-a
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Now take the factor e~¥" outside the sign of the inner integral (this is per-
missible since e=¥" does not depend on the variable of integration x). Then

SSe““"y'dx dy—= Sae-v'( §e—x'dx>dy

D’ -a -a
a
Set Se-"dx:Ba. This is a constant (dependent only on a); therefore,
-a
a a
SS e %Y dydy= 3 e~ ¥ B,dy=B, S e ¥ dy
D’ -a -a

a
But the latter integral is likewise equal to B, (because (e-"’dx:

a
= Se'”‘dy»; thus,

-a s

S S e=*'-¥" dxdy—B,B,— B}
x

We pass to the limit in this equation, by making a approach infinity (in the
process, D’ expands without limit):

a 2 +® 2
lim Sge““"”'dxdyz lim B} = lim Se-x’dx = S e=**dx
D'»>a oy a—»>®» a—> o —a o

But, as has been proved [see (5)],

lim SS eV dydy=n

D'»>»
Hence,

I 2

[ S e-x'dx:l =5
-R

or

(-]
Se-“dx: Vr
-

This integral is frequently encountered in probability theory and in statistics.
We remark that we would not be able to compute this integral directly (by
means of an indefinite integral) because the antiderivative of e=~** is not expfes-
sible in terms of elementary functions.
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2.6 CHANGE OF VARIABLES IN A DOUBLE INTEGRAL
(GENERAL CASE)

In the xy-plane let there be a domain D bounded by a line L.
Suppose that the coordinates x and y are functions of new vari-
ables u and v:

x=0@(u, v), y=v(u, v) (1

Let the functions ¢ (4, v) and ¢ (¢, v) be single-valued and con-
tinuous, and let them have continuous derivatives in some do-
main D’, which will be defined later on. Then by formulas (1)
to each pair of values u and v there corresponds a unique pair
of values x and y. Further, suppose that the functions ¢ and ¢
are such that if we give x and y definite values in D, then by
formulas (1) we will find definite values of u and v.

fo
I ]
v r
v+A:: // A
[ Au 274_
\
N
0 u u+lu u
Fig. 69 Fig. 70

Consider a rectangular coordinate system Ouv (Fig. 69). From
the foregoing it follows that with each point P (x, y) in the xy-
plane (Fig. 70) there is uniquely associated a point P’ (u, v) in
the uv-plane with coordinates u, v, which are determined by for-
mulas (1). The numbers u and v are called curvilinear coordina-
tes of the point P.

If in the xy-plane a point describes a closed line L bounding
the domain D, then in the wv-plane a corresponding point will
trace out a closed line L’ bounding a certain domain D’; and to
each point of D’ there will correspond a point of D.

Thus, the formulas (1) establish a one-fo-one correspondence
between the points of the aomains D and D', or, the mapping, by
formulas (1), of D onto D' is said to be one-to-one.

In the domain D’ let us consider a line u=const. By formu-
las (1) we find that in the xy-plane there will, generally speak-
ing, be a certain curve corresponding to it. In exactly the same
way, to each straight line v=const of the uv-plane there will cor-
respond some line in the xy-plane.
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Let us divide D’ (using the straight lines u=const and

v=const) into rectangular subdomains (we shall disregard subdo-
mains that overlap the boundary of the region D’). Using suit-
able curves, divide D into certain® curvilinear quadrangles
(Fig. 70).

Consider, in the uv-plane, a rectangular subdomain As’ bounded
by the straight lines u=const, u + Au=const, v=const, v+ Av=
= const, and consider also the curvilinear subdomain As corres-
ponding to it in the xy-plane. We denote the areas of these sub-
domains by As’ and As, respectively. Then, obviously,

As’' = Au Av

Generally speaking, the areas As and As’ are different.
Suppose in D we have a continuous function

z=f(x, y)
To each value of the function z=f(x, y) in D there corres-
ponds the very same value of the function z2=F (4, v) in D’,

where
F(u, 0)=Ff[9 (4, v), ¥« v)]
Consider the integral sums of the function z over D. It is
obvious that we have the following equation:

Df(x, y)As=Q F (4, v) As 2

Let us compute As, which is the area of the curvilinear quad-
rangle P,P,P,P, in the xy-plane (see Fig. 70).
We determme the coordinates of its vertices:

P (xv yl) X, = q)(u U) y1=1p(u, v)

P (xzv yz) xzxq)(u'l"Au U) 1p(u+Au, v)

Py (%o, 4, %o~ @ (u+Au, v4+A0), yo=p(u+Au, v+Ag [ O
P (%0 4y, % =@ (4, v+ Av), = (4, v+ Av)

When computing the area of the curvxlmear quadrangle P,P,P,P,
we shall consider the lines P,P,, P,P,, P,P,, P,P, as parallel n
pairs; we shall also replace the increments of the functions by
corresponding differentials. We shall thus ignore infinitesimals of
order higher than the infinitesimals Au, Av. Then formulas (3)
will have the form

X, =@ (4, v), Y, =", v)
=g, )+ Ay, %=b v>+"“’Au
=0o (4, v)+—-q>Au+g—3’Av, y3=1|3(u, v)+ Au-}—a‘pAv (3
9, 1)+ 2 Ao, Y= (4, v)+""’Av ]
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With these assumptions, the curvilinear quadrangle P,P,P,P,
may be regarded as a parallelogram. Its area As is approxima-
tely equal to the doubled area of the triangle P,P,P, and is found
by the follawing formula of analytic geometry:

As 2 | (Xg—%,) (Y3~ Ya) — (s —X,) (Ys— ) |

= | (sRau+52a0) 3 av—32 Av (FRAu+ 32 a0))|

—| % O 0% __| 993y __ o ayp
_lau 30 AuAv—a-?ﬁ AuAvI—'au 3o 37 ou Au Av
Jp dp
ou v
= o9 oy Au Av
du ov

Here, the outer vertical lines indicate that the absolute value of
the determinant is taken. We introduce the notation

dp J¢
du ov
op oy || =1
du dJv
Thus,
As=|I|As’ 4)

The determinant 7 is called the functional determinant of the
functions ¢ (4, v) and ¢ (¥, v). It is also called the Jacobian after
the German mathematician Jacobi.

Equation (4) is only approximate, because in the process
of computing the area of As we neglected infinitesimals of higher
order. However, the smaller the dimensions of the subdomains As
and As’, the more exact will this equation be. And it becomes
absolutely exact in the limit, when the diameters of the subdo-
mains As and As’ approach zero:

. As
Il= lim =
l I diam As’—0 As

Let us now apply the equation obtained to an evaluation of
the double integral. From (2) we can write

X, y) As= JF (u, v)|1]As’

(the integral sum on the right is extended over the domain D’).
Passing to the limit as diam As’— 0, we get the exact equation

SDSf(x, y)dxdy=§)SF(u, v) | I'|dudv (5)



2.6 Change of Variables in a Double Integral 185

This is the formula for transformation of coordinates in a double
integral. 1t permits reducing the evaluation of a double integral
over a domain D to the computation of a double integral over a
domain D’, which may simplify the problem. A rigorous proof of
this formula was first given by the noted Russian mathematician
M. V. Ostrogradsky.

Note. The transformation from rectangular coordinates to polar
coordinates considered in the preceding section is a special case
of change of variables in a double integral. Here, u=0, v=p:

x=pcosB, y=psind

The curve AB (p=p,) in the xy-plane (Fig. 71) is transformed
into the straight line A’B’ in the 6p-plane (Fig. 72). The curve

Ay c
ﬂ ¢2(H) p D' L, cl
LZ N
/,
vl M’
s Jij .pZ \\\ 1,
A L !
A ﬁ”pr(ﬁ) /)’\
ol 5 z 0 x )
Fig. 71 Fig. 72

DC (p=p,) in the xy-plane is transformed into the straight line
D’C" in the 6p-plane.

The straxght lines AD and BC in the xy-plane are transformed
into the straight lines A’D’ and B’C’ in the 8p-plane. The curves
L, and L, are transformed into the curves L; and L,.

Let us calculate the Jacobian of a transformatlon of the Car-
tesian coordinates x and y into the polar coordinates 6 and p:

ox 0x

36 dp| |—psinB® cosH . in
I= oy oy |~ pcos sin @ —psin2@—pcos?B=

20 Jdp

Hence, |/|=p and therefore

B D, (6)
(070, y)dxdy:&( { Fe, p)pdp>d6
D /

a \®,(6)
This was the formula that we derived in the preceding section.
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Example. Let it be required to compute the double integral

SS(y—x)dxdy

D

over the region D in the xy-plane bounded by the straight lines

1 7 1
y=x+1, y=x-3, y=—§x+—3—, y=——-§x+5

It would be difficult to compute this double integral directly; however, a
simple change of variables permits reducing this integral to one over a rect-

angle whose sides are parallel to the coordi-

u=-3 Av u=1 nate axes.

Set

1
U=y—x v=ytzx (6)

will be transformed, respectively, into the

877/ B
// Then the straight lines y=x+41, y=x—3

straight lines u=1, u=-—3 in the uv-plane;
4 =74 1 7
and the straight lines y =-—?x+§,
] =-—% x+5 will be transformed into
- 0 ! u the - straight lines v=%, v=>_5.
Fig. 73 Consequently, the given domain D is

transformed into the rectangular domain D’

shown in Fig. 73. It remains to compute the Jacobian of the transformation.

To do this, express x and y in terms of u and v. Solving the system of equations

(6), we obtain
3 3 1 3
x_—Tu—{—Tv, y=Tu+Tv
Consequently,
o 0| | _3 3
I— Ou Ov | 4 4 9 3 3
|y || L 3Tl A
ou dv 4 4
and the absolute value of the Jacobian is |/ |=% Therefore,
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2.7 COMPUTING THE AREA OF A SURFACE

Let it be required to compute the area of a surface bounded by
a curve I' (Fig. 74); the surface is defined by the equation
2=f(x, y), where the function f(x, y) is continuous and has con-
tinuous partial derivatives. Denote the projection of I' on the
xy-plane by L. Denote by D the domain on the xy-plane bounded
by the curve L.

A

Fig. 74 Fig. 75

In arbitrary fashion, divide D into n elementary subdomains
As,, As,, ..., As,. In each subdomain As; take a point P;(§;, n,).
To the point P; there will correspond, on the surface, a point

M; &, ni [ G M)l

Through M; draw a tangent plane to the surface. Its equation
is of the form

z2—2z; =[x & M) (x—E) [y G M) (¥—my) (1)

(see Sec. 9.6, Vol. I). In this plane, pick out a subdomain Aoc;
which is projected onto the xy-plane in the form of a subdomain
As;. Consider the sum of all the subdomains Ao;:

2 Ag;
i=1
We shall call the limit o of this sum, when the greatest of the
diameters of the subdomains Ag; approaches zero, the area of the

surface; that is, by definition we set

n
o= lim Aog; 2
diam Ag; -0 (§ ‘ . ( )
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Now let us calculate the area of the surface. Denote by y; the
angle between the tangent plane and the xy-plane. Using a fami-
liar formula of analytic geometry we can write (Fig. 75)

As; = Ao, cosy;
or
As;
Ao, = cos 'v,- ()

The angle y; is at the same time the angle between the z-axis
and the perpendicular to the plane (1). Therefore, by equation
(1) and the formula of analytic geometry we have

1
VIFE @, )+ 1 G )

cosy; =

Hence,

AU _l/1+fx (En n:)+fy o "h) Asl

Putting this expression into formula (2), we get

0= lim 2V1+fx (§u "]z)+fy (En ﬂ}AS

diam As; >0 i=
Since the limit of the integral sum on the right side of the last equation

is, by definition, the double integral H Vv 1+(Z)+ (2 Y axay,
D /

we finally get
= VG (G ) e @

This is the formula used to compute the area of the surface

z=f(x y).

If the equation of the surface is given in the form
x=p(y, 2) or in the form y=1y(x, 2)

then the corresponding formulas for calculating the surface area

are of the form
VT e e
o

=W Vi +(§§>’+(g{-)zdxdz (3")
)

where D’ and D" are the domains in the xy-plane and the xz-plane
in which the given surface is projected.
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Example 1. Compute the surface area a of the sphere
24 42 2= R?
Solution. Compute the surface area of the uppeg half of the sphere:

1= VR=—F=¢2

I 2772

Fig. 76
Fig. 76). In this case
9z__ x
x VRR—x—3
9z y

Hence,

]/l_i__/dz) ( ) ]/Rz-—x’—yz V‘izéx-'—"ﬁ

The domain of integration is defined by the condition

22 y2<<R?
Thus, by formula (4) we will have
R VRI=o
2 ) VR——gp
-R \-VRi—m

To compute the double integral obtained let us make the transformation
to polar coordinates. In polar coordinates the boundary of the domain of inte-
gration is determined by the equation p=R. Hence

o= 25&81/1?, pdp)dﬁ 2Rs [— VE=5%&a0

2n
=2R S RdO=4nR?
0
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Example 2. Find the area of that part of the surface of the cylinder
124 y2=a?
which is cut out by the cylinder
x2+ 22 =q?
Solution. Fig. 77 shows 1/8th of the desired surface. The equation of the
surface has the form y= V a®—x%; therefore,
W___x
ox a?_—x2 Oz

YTV e i

The domain of integration is a quarter of the circle, that is, it is determined
by the conditions

x2+22<<a? x=0, 2=0
Consequently,

by \

at- x?

vV Vai=x a
? _S 5 Vaz—x’ dz> —a§ Va”—x"‘ dx:a§dx=a3

2.8 THE DENSITY DISTRIBUTION OF MATTER
AND THE DOUBLE INTEGRAL

In a domain D, let a certain substance be distributed in such
manner that there is a definite amount per unit area of D. We
shall henceforward speak of the distribution of mass, although our
reasoning will hold also for the case when speaking of the distri-
bution of electric charge, quantity of heat, and so forth.

We consider an arbitrary subdomain As of the domain D. Let
the mass of substance associated with this given subdomain be Am.

Then the ratio AA—': is called the mean surface density of the sub-

stance in the subdomain As.
Now let the subdomain As decrease and contract to the point

P (x, y). Consider the limit hmoA— If this limit exists, then, ge-

nerally speaking, it will depend on the position of the point P,
that is, upon its coordinates x and y, and will be some functlon
f(P) of the point P. We shall call this limit the surface density
of the substance at the point P:

11m—=f(P)=f(X. Y) ()

Thus, the surface density is a function f (x, y) of the coordinates
of the pomt of the domain.
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Conversely, in a domain D, let the surface density of some sub-
stance be given as a continuous function f(P)={f(x, y) and let it
be required to determine the total quantity of substance M contained
in D. Divide D into subdomains As; (i=*1, 2, ..., n) and in each
subdomain take a point P;; then f(P,) is the surface density at
the point P,.

To within higher-order infinitesimals, the product f(P;) As; gives
us the quantity of substance contained in the subdomain As;, and
the sum

21 as,

expresses approximately the total quantity of substance distributed

in the domain D. But this is the integral sum of the function

f(P) in D. The exact value is obtained in the limit as As; —0.
Thus,*

M= tim D7 (P)ssi=SS i P as=((F(x dxdy (@
As;~0 (=1 o o

or the total quantity of substance in D is equal to the double
integral (over D) of the density f(P)=f(x, y) of this substance.

Example. Determine the mass of a circular lamina of radius R it the surface
density f(x, y) of the material at each point P (x, y) is proportional to the
distance of the point (x, y) from the centre of the circle, that is, if

for, y=k V2tg?

Solution. By formula (2) we have

M=§D§k1fmdxdy

where the domain of integration D is the circle x4 y? << R3.
Passing to polar coordinates, we obtain

2n ,R "R
M=kS <Sppdp>d9=k2n‘.%
0 \0 0

2.9 THE MOMENT OF INERTIA OF THE AREA OF A PLANE FIGURE

The moment of inertia-I of a material point M of mass m re-
lative to some point O is the product of the mass m by the square
of its distance r from the point O:

I=mr?

2
= — 3
= 3k.ﬂ.R

* The relationship As; — 0 is to be understood in the sense that the dia-
meter of the subdomain As; approaches zero.
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The moment of inertia of a system of material points m,, m,,
..., m, relative to O is the sum of moments of inertia of the
individual points of the system:

n
= Z myr}
i=1

Let us determine the moment of inertia of a material plane

figure D.
Let D be located in an xy-coordinate plane. Let us determine
the moment of inertia of this figure relative to the origin, assuming
that the surface density is everywhere equal

L) to unity.
Divide the domain D into elementary
A5 subdomains AS; (i==1, 2, ..., n) (Fig. 78).
U ) 15 In- each subdomain take a point P; with
’ coordinates E; ;. Let us call the pro-
T duct of the mass of the subdomain AS;
i 9 — by the square of the distance r}=E}+n}

an elementary moment of inertia A/; of
Fig. 78 the subdomain AS;:
Al;= (§ +ni) AS;
and let us form the sum of such moments:

3 @+ As;

This is the integral sum of the function f (x, y) =x*-+y® over the
domain D.

We define the moment of inertia of the figure D as the limit
of this sum when the diameter of each elementary subdomain AS;
approaches zero:

n

I,= lim X (8412 AS,

diam Asi—rO i=1

But the limit of this sum is the double integral SS (x*+ y*)dxdy.
D
Thus, the moment of inertia of the figure D relative to the origin is

I,= SDS (% +y?) dx dy (1)

where D is a domain which coincides with the given plane figure.
The integrals

L= SDS 4 dxdy (2)

I,={{ xdedy ®)

D
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are called, respectively, the moments of inertia of the figure D
relative to the x-axis and y-axis.

Example 1. Compute the moment of inertiaoof the area of a circle D of
radius R relative to the centre O.
Solution. By formula (1) we have

lo={{ o+ ym axay
D

To evaluate this integral we change to the polar coordinates 8, p. The equation
of the circle in polar coordinates is p=R. Therefore

2n R .
Io=§ (g (Y dp> dB—-—%
0

Note. If the surface density y is not equal to unity, but is some
function of x and y, i.e., y=v(x, y), then the mass of the sub-
domain AS; will, to within infinitesimals of higher order, be equal to
v (&;, n;) AS; and, for this reason, the moment of inertia of the
plane figure relative to the origin will be

I,={$v(x o) (2 4y dray (1)

D

Example 2. Compute the moment of inertia of a-plane material figure D
bounded by the lines y?=1—x; x=0, y=0 relative to the y-axis if the sur-
face density at each point is equal to y
(Fig. 79).

yi=t1-z

Fig. 79 Fig. 80
Solution.
1 Vltx 1 Vi-x 1
_ . (e (. _1
Tw [ ‘ yrt dy d"_.g 2 de=7 ) ¥ (—xde=z
0 0 0 0 0

Ellipse of inertia. Let us determine the moment of inertia of
the area of a plane figure D relative to some axis OL that passes

13 --2082
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through the point O, which we shall take as the coordinate origin.
Denote by ¢ the angle formed by the straight line OL with the
positive x-axis (Fig. 80).

The normal equation of OL is

xsinp—ycosp=0
The distance r of some point M (x, y) from this line is
r=|xsinp—ycosq|

The moment of inertia / of the area of D relative to OL is
expressed, by definition, by the integral

1=SDS ridxdy = SS (x sin g —y cos @)2dxdy

D

=sin® @ ng’dxdy—2sinq>cosq> SSxydxdy +cos? SSy’dxdy
D D

D
Therefore

I=1,,sin*9—2I,, singpcos@+/,,cos’g 4)

here, I, = SSx’ dx dy is the moment of inertia of the figure relative
D

to the y-axis, I,,= Sgy’ dxdy is the moment of inertia relative
D

to the x-axis, and /,,= SSxydxdy. Dividing all terms of the last
D
equation by 7/, we get

c 3 sin c sin @\?2
=1 () =2 (7)) (7)1 () ©
On the straight line OL take a point A (X, Y) such that

1
To the various directions of the OL-axis, that is, to various values
of the angle ¢, there correspond different values / and different
points A. Let us find the locus of the points A. Obviously,

1 : I
X——V—_l-cosq), Y_—VTsmq)

By virtue of (5), the quantities X and Y are connected by the
relation

=1, X*—2, XY 41,V (6)

Thus, the locus of points A (X, Y) is a second-degree curve (6).
We shall prove that this curve is an ellipse.
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The following inequality established by the Russian mathema-
tician Bunyakovsky * holds true:

(SDS xy dx dy)2 < .
< <SDS x2dx dy) ( SS Yy dx dy)

D

N

or

Lol yy—12,> 0

Thus, the discriminant of the curve
(6) is positive and, consequently, the
curve is an ellipse (Fig. 81). This ellipse
ijs called the ellipse of inertia. The
notion of an ellipse of inertia is very Fig. 81
important in mechanics.

We note that the lengths of the axes of the ellipse of inertia
and its position in the plane depend on the shape of the given
plane figure. Since the distance from the origin to some point A

* To prove Bunyakovsky's (also spelt Buniakowski) inequality, we con-
sider the following obvious inequality:

((r @ n—r0e pprdray=0
D

where A is a constant. The equality sign is possible only when f(x, y) —
[, 9) ,

(%, y)
# const =A, then the inequality sign will always hold. Thus, removingbrackets
under the integral sign, we obtain

($ P pardy—2 (§ 76 ot naray+2 (( g2, pdrdy>o0
D D D

—Ap (x, y)=0; that is, if f(x, y)=Ae(x, y). If we assume that

Consider the expression on the left as a function of A. This is a second-degree
polynomial that never vanishes; hence, its roots are complex, and this will occur
when the discriminant formed of the coefficients of the quadratic polynomial
is negative, that is,

<SDS fo dx dy)“— SDS frdx dy SDS 9* dxdy <0
(SDS fo dx dy>’< SDS f2 dx dy SDS ot dx dy

This is Bunyakousky's inequality.
X
In our case, f(x, y)=x, ¢ (x, y)=y, — # const.

Bunyakovsky’s inequalitr is widely used in various fields of mathematics.
In many textbooks it is called Schwarz’ inequality. Bunyakovsky published it
(among other important inequalities) in 1859. Schwarz published his work 16
years later, in 1875.

13 *



196 Ch. 2 Multiple Integrals

of the ellipse is equal to ;T’ where I is the moment of inertia

of the figure relative to the OA-axis, it follows that, after cons-
tructing the ellipse, we can readily calculate the moment of
inertia of the figure D relative to some straight line passing through
the coordinate origin. In particular, it is easy to see that the
moment of inertia of the figure will be least relative to the major
axis of the ellipse of inertia and greatest relative to the minor
axis of this ellipse.

2.10 THE COORDINATES OF THE CENTRE OF GRAVITY
OF THE AREA OF A PLANE FIGURE

In Sec. 12.8, Vol. I, it was stated that the coordinat'es of the

centre of gravity of a system of material points P,, P,, ..., P,
with masses m,, m,, ..., m, are defined by the formulas
3\
xim; yim;
Xc= z Y= 2 (1)

’ c

2m 2im;
Let us now determine the coordinates of the centre of gravity
of a plane figure D. Divide this figure into very small subdo-
mains AS;. If the surface density is taken equal to unity, then
the mass of a subdomain will be equal to its area. If it is ap-
proximately taken that the entire mass of subdomain AS; is con-
centrated in some point of it, P;(§;, m;), the figure D may be
regarded as a system of material points. Then, by formulas (1),
the coordinates of the centre of gravity of this figure will be
approximately determined by the equations

M=

EiAS;
i

]
it

n

D) nAS;

~ . ~ t=1

Xo A~ 7 VL
2 AS;
i=1

M:

AS;
{

In the limit, as AS; — 0, the integral sums in the numerators
and denominators of the fractions will pass into double integrals,
and we will obtain exact formulas for computing the coordinates
of the centre of gravity of a plane figure:

SSxdxdy SS ydxdy
D — D
T e T wa @
D D

These. formulas, which have been derived for a plane figure with
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surface density 1, obviously hold true also for a figure with any
other density y constant at all points.
If, however, the surface density is variable,

r=vx 9 °
then the corresponding formulas will have the form
(§ven pxaray (v pyaray
D D

xc:SSv(x. y)dxdy ' yc:SSv(x. y) dx dy
D D

The expressions M, = SS y(x, y) xdxdyand M, = SS v (x, y)ydxdy
D D
are called static moments of the plane p
figure D relative to the y-axis and x-axis. \
The integral SS v(x, y)dxdy expresses ,
the quantity of mass of the figure in
question. by, W

Example. Determine the coordinates of the cen-

tre of gravity of a quarter of the ellipse (Fig. 82) ON__Ze—__/ 1z
Xty a
.__+ =1 .
a? b? Fig. 82

assuming that the surface density at all points is equal to 1.
Solution. By formulas (2) we have

s b —_—
a TVa—x , a
15 S xdy |dx —‘;SVa"—x’xdx ——b--l(a’—x’)'/"
0 0 3
Xc=

a %Va'-x’ T:—nab %—nab 3
S S. dy |dx
0 0
bve—=
a a
§ S ydy |dx
b %

2.11 TRIPLE INTEGRALS

Let there be given, in space, a certain domain V bounded by
a closed surface S. Let some continuous function f(x, y, z), where
X, y, z are the rectangular coordinates of a point of the domain,
be given in V and on its boundary. For clarity, if f(x, ¥, 2) >0,
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we can regard this function as the density distribution of some
substance in the domain V.

Divide V, in arbitrary fashion, into subdomains Av;; the sym-
bol Av; will denote not only the domain itself, but its volume as
well. Within the limits of each subdomain Av;, choose an arbitrary
point P; and denote by f(P;) the value of the function f at this
point. Form a sum of the type

2 (P) Ay, (1)

and increase without bound the number of subdomains Av; so that
the largest diameter of Av; should approach zero.* If the function
f(x, y, 2) is continuous, sums of type (1) will have a limit. This
limit is to be understood in the same sense as for the definition
of the double integral.** It is not dependent either on the manner
of partitioning the domainV or on the choice of points P;; it is designated

by the symbol SSS f(P)dv and is called a triple integral. Thus,
v

by definition,
lim 2f(P,-)Av,-=S§Sf(P)dv

diam Av; >0

or

§§SrPyao=(§SFx. u, 2)drayaz ©

v v

If f(x, y, 2) is considered the volume density of distribution of
a substance over the domain V, then the integral (2) yields the
mass of the entire substance contained in V.

2.12 EVALUATING A TRIPLE INTEGRAL

Suppose that a spatial (three-dimensional) domain V bounded
by a closed surface S possesses the following properties:

(1) every straight line parallel to the z-axis and drawn through
an interior (that is, not lying on the boundary S) point of the
domain V cuts the surface S at two points;

(2) the entire domain V is projected on the xy-plane into a
regular (two-dimensional) domain D;

(3) any part of the domain V cut off by a plane parallel to any
one of the coordinate planes (Oxy, Oxz, Qyz) likewise possesses
Properties 1 and 2.

* The diameter of a subdomain Av; is the maximum distance between points
lying on the boundary of the subdomain.

** This theorem of the existence of a limit of integral sums (that is, of
the existence of a triple integral) for any function continuous in a closed
domainV (including the boundary) is accepted without proof.



2.12 Evaluating a Triple Integral 199

We shall call the domain V that possesses the indicated proper-
ties a regular three-dimensional domain.

To illustrate, an ellipsoid, a rectangular parallelepiped, a tet-
rahedron, and so on are examples of «segular three-dimensional
domains. An instance of an irregular three-dimensional domain is
given in Fig. 83. In this section we will consider only regular
domains.

Z Z=¢Pl.1‘,_l//

Z

Qj__ 2= (1Y)
o) | 9 o
: af—— Y
: D
| b
T z
Fig. 83 Fig. 84

Let the surface bounding V below have the equation 2=y (x, y),
and the surface bounding this domain above, the equation z=1y(x, y)
(Fig. 84).

We introduce the concept of a threefold iterated integral 7,
over the domain V, of a function of three variables f(x, y, 2)
defined and continuous in V. Suppose that the domain D is the
projection of the domain V onto the xy-plane bounded by the curves

Yy=9, (%), Y=@,(x), x=a, x=b

Then a threefold iterated integral of the function f(x, y, 2) over
V is defined as follows:

bIros(x) (b(x, p
1,,=S[ { { { fe v z)dz)dy]dx ()

a Loy (x) \x(x 9

We note that as a result of integration with respect to z and
substitution of limits in the braces (inner brackets) we get a func-
tion of x and y. We then compute the double integral of this
function over the domain D as has already been done.

The following is an example of the evaluation of a three-
fold iterated integral.
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Example 1. Compute the threefold iterated integral of the function

f (x, y, 2)=xyz over the domain V bounded by the planes

x=0, y=0, z=0, x4y+z=1

Solutlon. This domain is regular, it is bounded above and below by the
planes z=0 and z=1—x—y and is projected
4\5’ on the xy-plane into a regular plane domain D,
which is a triangle bounded by the straight lines
x=0, y=0, y=1—x (Fig. 85). Therefore, the
threefold iterated integral Iy is computed as fol-

| IV=SS|:l-§‘yxyzdz]do

Setting up the limits in the twofold iterated in-
tegral over the domain D, we obtaln

(] e o (1)

0 0 0 2=0
1 ,1- 1
= Ly —x—yprdylde= (X (1—x)rde=—
0 0 0

Let us now consider some of the properties of a threefold iterated
integral.

Property 1. If a domain V is divided into two domains V, and
V., by a plane parallel to one of the coordinate planes, then the
threefold iterated integral over V is equal to the sum of the three-
fold iterated integrals over the domains V, and V,.

The proof of this property is exactly the same as that for
twofold iterated integrals. We shall not repeat it.

Corollary. For any kind of partition of the domain V into a
finite number of subdomains V,, ..., V, by planes parallel to the
coordinate planes, we have the equality

Iy= IV'+IV'+"'+IV1;

Property 2 (Theorem on the evaluation of a threefold iterated
integral). /f m and M are, respectively, the smallest and largest
values of the function f(x, y, 2) in the domain V, we have the
inequality

mV<Il, <MV

where V is the volume of the given domain and Iy is a threefold
iterated integral of the function f(x, y, 2) over V.
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Proof. Let us first evaluate the inside integral in the iterated

¥ (x, ¥)
integral I,= SS [ fx, ¥, 2 dz] do»
D Lx(x »
VY (x, y) ¥ (x, y) V(x p b (x, »
Fooy, de<< § Mdz=M § dz= Mz
% (x, §) % (% ) % (% ) X (x ¥

=My y)—xx Yl

Thus, the inside integral does not exceed the expression M [y (x, y)—
— 9 (x, y)]. Therefore, by virtue of the theorem of Sec. 2.1 on
double integrals, we get (denoting by D the projection of the
domain V on the xy-plane)

b (%, 9)
1,,=SDS[ { fe oo z)dz]dcrgSDSM[w(x. Y —x (% y)]do

X (5 y)
=MSDS [$ (v, ¥)—x (x, 9)] do

But the latter iterated integral is equal to the double integral of
the function ¥ (x, y)—vx (x, y) and, consequently, is equal to the
volume of the domain which lies between the surfaces z=1y (x, y)
and z=1v(x, y), that is, to the volume of the domain V. There-
fore,

I, <MV

It is similarly proved that /,>mV. Property 2 is thus proved.

Property 3 (Mean-value theorem). The threefold iterated integ-
ral 1y, of a continuous function f(x, y, z) over a domain V is equal
to the product of its volume V by the value of the function at some
point P of V; that is,

b (P (x) P (x, p)
Iy= { fx, g, Z)dZ]dy]dx=f(P)V 2

P12 (%) Lc *x, y)

a

The proof of this property is carried out in the same way as that
for a twofold iterated integrdl [see Szc. 2.2, Property 3, formula (4)}.
We can now prove the theorem for evaluating a triple integra

Theorem. The triple integral of a function f(x, y, 2) over a
regular domain V is equal to a threefold iterated integral over the
same domain; that is,

b (s ()Y (%, )
618 6 0. =1 {1 |
a \@q (x)

v

f(x, vy, z)dz]dy}dx

x (%, y)
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Proof. Divide the domain V by planes parallel to the coordi-
nate planes into n regular subdomains:

Av,, Av,, ..., Av,

As done above, denote by I, the threefold iterated integral of
the function f(x, y, 2) over the domain V, and by /ao, the three-
fold iterated integral of this function over the subdomain Av;. Then
by the corollary of Property 1 we can write the equation

IvzlAv,"f‘lAv.“‘°-~‘*‘IAu'l (3)
‘We transform each of the terms on the right by formula (2):
Iy=f(Py) Av,+[(P,) Av,+ ... +[(P,) Av, (4)

where P; is some point of the subdomain Av;.

On the right side of this equation is an integral sum. It is
assumed that the function f(x, y, 2) is continuous in V; and for
this reason the limit of this sum, as the largest diameter of Av;
approaches zero, exists and is equal to the triple integral of the
function f(x, y, 2) over V. Thus, passing to the limit in (4), as
diam Av; — 0, we get

1= Fx, g, 20

12
or, finally, interchanging the expressions on the right and left,

o (0¥ (x, 9)
[ f(x, y, z)dz]dy} dx

v LoctmLlxex v

by(
§§§f00 9, 9do= [}

a
Thus, the theorem is proved.

Here, z=x(x, y) and z=1(x, y) are the equations of the sur-
faces bounding the regular domain V below and above. The lines
Yy=0,(x), y=¢,(x), x=a, x=>b bound the domain D, which is
the projection of V onto the xy-plane.

Note. As in the case of the double integral, we can form a three-
fold iterated integral with a different order of integration with
respect to the variables and with other limits, if, of course, the
shape of the domain V permits this.

Computing the volume of a solid by means of a threefold ite-
rated integral. If the integrand f(x, y, 2)=1, then the triple
integral over the domain V expresses the volume of V:

Vzgggdxdydz 5)
14
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Example 2. Compute the volume of the ellipsoid

‘ LN e B
Solution. The elllpsoxd (Fig. 86) is bounded below by the surface z=

= ]/I — , and above by the

2*!/2
surface z=01/l—;§-—ﬁ. The pro-
jection of this ellipsoid on the xy-plane

. . . x2 oy
(domain D) is an ellipse, —z—{———:l

Hence, reducing the computation of vo-
lume to that of a threefold iterated

integral, we obtain

a
v={ { dz | dy |de
RS A AN AT
. 1_:_:
= f ViR R«
I 1-;—:

When computing the inside integral, x is held constant. Make the substitution:

2 2
y=0 l—%,—sint. dy=b l—-':—zcostdt

2 2
The variable y varies from —b 1/ 1 _x_ tobd ]/ 1 —-x—a; therefore ¢ varies

from —% to % Putting new limits in the integral, we get
JT
z

a
2 2 3
V=2cj f V-(l—%)—(l—%)sin’t b'l/l—%costdt dx
-a ‘ﬂ:
T

a

F14
a T
2
=2cbj (1_%) § cos? ¢ dt dx_"’—“ 5 (a8 — x2) dy — 4700¢

3

-a
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Hence,
V—i nab
=3 c
If a=b=c, we get the volume of the sphere:
4
V=§ ng’

2.13 CHANGE OF VARIABLES IN A TRIPLE INTEGRAL

1. Triple integral in cylindrical coordinates. In the case of cy-
lindrical coordinates, the position of a point P in space is deter-
mined by three numbers 0, p, 2, where 8 and p are polar coordinates
of the projection of the point P on the xy-plane and z is the
z-coordinate of P, that is, the dis-
tance of the point to the xy.

Fig. 87 Fig. 88

plane—with the plus sign if the point lies above the xy-plane,
and with the minus sign if below the xy-plane (Fig. 87).

In this case, we divide the given three-dimensional domain V
into elementary volumes by the coordinate surfaces 6=6;, p=p;,
2==2, (hall-planes adjoining the 2z-axis, circular cylinders whose
axis coincides with the z-axis, planes perpendicular to the z-axis).
The curvilinear “prism” shown in Fig. 88 is a volume element.
The base area of this prism is equal, to within infinitesimals of
higher order, to pA@ Ap, the altitude is Az (to simplify notation
we drop the indices i, j, k). Thus, Av=pA0Ap Az. Hence, the
tlt'liplf integral of the function F (@, p, 2) over the domain V has
the form

I=S§,SF(B, 0, 2)pdddp dz (1)

The limits of integration are determined by the shape of the
domain V.
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If a triple integral of the function f(x, y, 2) is given in rectan-
gular coordinates, it can readily be changed to a triple integral
in cylindrical coordinates. Indeed, noting that

x=pcosH, y=psinh, z=z
we have

(57, y, 2)axaydz= (S F o, p,2)pdodpd:
1 1

where
f(pcos®, psin®, z)=F (b, p, 2)

Example. Determine the mass M of a hemisphere of radius R with centre
at the origin, if the density F of its substance at each point (x, y, 2) is pro-
portional to the distance of this point from the base, that is, F =kz.

Solution. The equation of the upper part of the hemisphere

o Y

in cylindrical coordinates has the form

Hence,

M=SSVS k2p deapdz{gu[s (VTkzdz>pdp:|d6
ik

I

2. Triple integral in spherical coordinates. In spherical coor-
dinates, the position of a point P in space is determined by three
numbers, 6, r, ¢, where r is the distance of the point from the
origin, the so-called radius vector of the point, ¢ is the angle
between the radius vector and the z-axis, 0 is the angle between
the projection of the radius vector on the xy-plane and the x-axis
reckoned from this axis in a positive sense (counterclockwise)
(Fig. 89). For any point of space we have

0<r<oo, I<p<n; 0<<O<2n

Divide the domain V into volume elements Av by the coordi-
nate surfaces r =const (spheres), ¢ = const (conic surfaces with ver-
tices at origin), 6= const (half-planes passing through the z-axis).
To within infinitesimals of higher order, the volume element Av
may be considered a parallelepiped with edges of length Ar, rAe,
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rsing A6. Then the volume element is equal (see Fig. 90) to
Av=r?sing Ar AG Ag
The triple integral of a function F (6, r, ¢) over a domain V has
the form
1=§S F@©, r, ) risingdrdody (1)
Vv

The limits of integration are determined by the shape of the
domain V. From Fig. 89 it is easy to establish the expressions of

Fig. 89 Fig. 90

Cartesian coordinates in terms of spherical coordinates:
x=rsingpcos0
y=rsingsin®
2=rcos¢

For this reason, the formula for transforming a triple integral from
Cartesian coordinates to spherical coordinates has the form

Sigf(x’ Y, 2)dxdydz
=SSSf["Sinq>cose, rsingsin@, rcosg] r*singdrddde
14

3. General change of variables in a triple integral. Transforma-
tions from Cartesian coordinates to cylindrical and spherical coor-
dinates in a triple integral represent special cases of the general
transformation of coordinates in space.

Let the functions

x=¢(u, t, v

y=v(u, t, ©)
z=y(u, t, w)
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map, in one-to-one manner, a domain V in Cartesian coordinates
x, Yy, z onto a domain V’ in curvilinear coordinates u, f, w. Let
the volume element Av of V be carried oyer to the volume element
Av’ of V' and let

. Av
llm — = !
avr 0 AV I |

SSS f(x, y, 2)dxdydz

14
= (§SFlo &, ©), b & @), x(@ £, ©)]|I|dudtdo
b
As in the case of the double integral, I is called the Jacobian;

and as in the case of double integrals, it may be proved that the
Jacobian is numerically equal to a determinant of order three:

ox O0x Ox

ou ot w

J--|94 9y Oy

| ou 9t ow

0z 0z o0z

Ou of ow

Thus, in the case of cylindrical coordinates we have
x=:pcosB, y=psin®, z=z (p=u, 0=t¢, z=w)

cos® —psinf 0
sin® pcos® 0
0 0 1

Then

1: :-:p

In the case of spherical coordinates we have

x=rsingcosf, y=rsingsin®, z=rcose (r=u, o=t 0=w)

sinpcos® rcosgpcos® —rsingsind
I=|singsin® rcosesin® rsingcos® |=r?sing
cos @ —rsing 0

2.14 THE MOMENT OF INERTIA AND THE COORDINATES
OF THE CENTRE OF GRAVITY OF A SOLID

1. The moment of inertia of a solid. The moments of inertia
of a point M (x, y, 2) of mass m relative to the coordinate axes
Ox, Oy and Oz (Fig. 91) are expressed, respectively, by the formulas

]xxz(yﬁ_{_zz)m
Iw=(x3+22)m, l;=x-t+y)m
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The moments of inertia of a solid are expressed by the corre-
sponding integrals. For instance, the moment of inertia of a
solid relative to the z-axis is expressed by the integral /,,=

= SSS 2 +y»)7y(x, y, 2)dxdydz, where y(x, y, 2) is the density
4
of the substance.
Example 1. Compute the moment of inertia of a right circular cylinder of

altitude 21 and radius R relative to the diameter of its median section, consi-
dering the density constant and equal to y,.

Solution. Choose a coordinate system as z
follows: direct the z-axis along the axis of
the cylinder, and put the origin of coordi- i N

nates at its centre of symmetry (Fig. 92). :
]
i
!
! h
]
V7
2110 R
Fahh .
vaullE
* h
(- +--::i,l
Fig. 91 Fig. 92

Then the problem reduces to computing the moment of inertia of the cy-
linder relative to the x-axis:

Lex=({§ w42 vodxdyaz
14

Changing to cylindrical coordinaies, we obtain

2n (R h
1,x=y°g {S[S (z"‘-{—p“‘sin"ﬂ)dz]pdp) do
0 0 Lh
2 (R
-of ]
5 |

2n
243 X 3 R?2 4
[T-l-?hp’sm’ﬂ] pdp} d0=voS {2—3—%+2”f sin’O}dO
0

0
"2n3R? 2R 1 T2 3

2. The coordinates of the centre of gravity of a solid. Like what
we had in Sec. 12.8, Vol. I, for plane figures, the coordinates of
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the centre of gravity of a solid are expressed by the formulas

SSS‘W("" Y, 2) dxdy dz SSSW(‘: y, z)dxdydz
Xo= —o _ ¥

SSSy(x, y, 2)dxdydz ' Ye SSSy(x, Yy, 2)dxdydz
v v

SSSZY("' Y, 2)dxdydz
v

SSS v(x, y, 2)dxdydz
v

ZC=

where 9 (x, y, 2) is the density.

Example 2. Determine the coordinates of the centre of gravity of the upper
half of a sphere of radius R with centre at the origin, assuming the density y,
constant.

Solution. The hemisphere is bounded by the surfaces

= VA=, 2=0
The z-coordinate of its centre of gravity is given by the formula

51 v

ch

Changing to spherical coordinates, we get

</1<

S'Yodx’i!/dz

25 2 R \

S S(Srcos&pr"smtpdrj de | d9 211&_1_
g0 L0 NO _ 4 2 =1R
C 4 8

25 —nR3

kil
2 6
S S Sr’sinq)dr do | dO
0
Obviously, by virtue of the symmetry of the hemisphere, x, =y,=0.
2.15 COMPUTING INTEGRALS DEPENDENT
ON A PARAMETER

Consider an integral dependent on the parameter o
b

1@="F(x a)de

(We examined such integrals in Sec. 11.10, Vol. I.) We state with-
out proof that if a function f(x, &) is continuous with respect to

14--2082
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x over an interval [a, b] and with respect to @ over an interval

[e,, @,], then the function ,

I@)={fx a)de
a
is a continuous function on [a,, @,]. Consequently, the function
I () may be integrated with respect to a over the interval [e,, a,]:

73 as[ b
SI(a)da=S [Sf(x, a)dx]da
oy a; La

The expression on the right is an iterated integral of the function
f (x, a)over a rectangle situated in the plane xOx. We can change
the order of integration in this integral:

as [ b bl ay
[§ 1 mac]aa={[T res apan] o

a; La a

This formula shows that for integration of an integral dependent
on a parameter a, it is sufficient to integrate the element of
integration with respect to the parameter . This formula is also
useful when computing definite integrals.

Example. Compute the integral

®

—-ax __p-b
S‘e"+*dx (@a>0,6>0)
0

This integral is not expressible in terms of elementary functions. To evaluate
it, we consider another integral that may be readily computed:

o
-ax _L
S e dx = < (x> 0)
0
Integrating this equation between the limits a =a and =05, we get

‘SI:[S '“‘dx]da S doml

a
Changing the order of integration in the first integral, we rewrite this equation

in the following form:
® b
S[Se‘“" da]dlen%

0 La
whence, computing the inner integral, we get

o™

—-ax _p—-bx
S‘;dx___]ni

X a
0
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Exercises on Chapter 2
Evaluate the integrals: *
12 8 42 o dx %5 2xV3
2.4 2 il Y * 9
1. SS(x +y?) dxdy. Ans. 3 2SS *Fy)° . Ans. ln24. 3. S S xy dx dy.
01 31 1 x
2n a ax
Ans. E’ 4. S S rdr de,Ans.-l-na’, 5. gS * dy dx . Ans. 18 _. arctanl.
4 : 2 . x24y® 4 a
0 asin6 0 x
r)
a 2y b /2
eSS dedy. A ““‘7SS d0dp. Ans, - abs
. \ xy y. Ans. ——. T. P p. Ans. fEabs.
y-a

Determine the limits of integration for the integral S Sf(x, y)dxdy where
D

the domain of integration is bounded by tahe lines:

5
8. x=2, x=3, y=—1, y=5. Ans. S S f(x, y)dydx. 9. y=0, y=1—x8,
2 -1

1 1—xt a Vai-x

Ans. S S f(x, y)dydx. 10. x24yt=at. Ans. S S
0

f(x, y)dyadx.
21

-8 _Vai—xt
2
9 I 1+x9
11. y=TTx7,y=x2. Ans. S S f(x, y)dy dx. 12. y=0, y=a, y=x,
- : ]
ay+2a b
y=x—2a. Ans. S S f(x, y)dxdy.
0y
Change the order of integration in the integrals:
2 4 42 1V
13. ng(x. y)dydx. Ans. ggf(x, y)dedy. 14. S S f (x. y)dy dx. Ans.
13 31 0 x
l/ aV2ay—y*

S f(x, y)dxdy. Ans. S S
0

0 g-Vai— s

1V
S f(x, y)dedy. 15. S
0 y? 0

f(x, y)dydx.

NL
* If the integral is written as S Sf(x. y)dxdy then, as has already been

MK
stated, we can consider that the first integration is performed with respect to
the variable whose differential occupies the first place; that is,

N L N /L

§ §reparay=§ (Sf(x. y)dx)dy
M K M

K
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1 Vi—xt 1 Vi-ys
16. S S f(x, y) dy dx. Ans. S S [ (x, y)dxady.
-1 0 0 _Vi—yt
1 1-y 0 Vicxt 11-x

17. S S f(x, y)dxdy. Ans. S S f(x, y)dydx—+ S S (x, y)dydx.
~Vi-yt -1 0
Compute the following integrals by changing to polar coordinates:

n
aVar=xi 2 a

18.5 S V@@ —x*—42dy dx. Ans. SXVaz—pzpdpd6=%a’.
0 0 00

aVai—yt T a ) -
. | [ wtynacdy. ans. Sgpadpd(i:’%. 20. Sge'("”')dydx.
0 0 § 3 3

0
n n
2aV 2ax —at 2 2acos @
Ans. SS “’pdpdG— 21.S ‘g dy dx. Ans.S S pdde:%.
0 0 0 0

Transform the double integrals by introducing new variables u and v connece
ted with x and y by the formulas x=u—uv, y=uv:

eBx

2 S Sf(x. y)dy dx. Ans. FTS:; S’)vf (u—uv, uv) ududy. 23. SSf(x, y) dy dx.
[ 0 00

0 ax

l+a
b

f(@—uv, uv)ududvi S f (u—uv, uv)u dudv.
b

°Q/3|Ih
°L">'=|v

b
St
0

b+c
Calculating Areas by Means of Double Integrals

24, Compute the area of a figure bonnded by the parabola y%=2x and the
straight line y=x. Ans. %

25. Compute the area of a figure bounded by the curves y2=4ax, x4 y=23a,
y=0. Ans. l—agaz.

26. Compute the area of a figure bounded by the curves x!/3 4 y1/2=g1/3,
x+y=a. Ans. %2—.

27. Compute the area of a figure bounded by the curves y=sinx, y=coszx,
x=0. Ans. V 2—1.

na?

28. Compute the area of a loop of the curve p=asin 20. Ans. <

29. Compute the entire area bounded by the lemniscate p3 = a® cos 2¢. Ans. a2.



