
C H A P T E R  10

THE INDEFINITE INTEGRAL

10.1 ANTIDERIVATIVE AND THE INDEFINITE INTEGRAL

In Chapter 3 we considered the following problem: given a func- 
tion F(x), find its dérivative, that is, the function f(x) = F'(x).

In this chapter we shall consider the reverse problem: given a 
function f(x), it is required to find a function F(x) such that its 
dérivative is equal to f(x), that is,

F' (x) = f(x)
Définition 1. A function F (x) is called the anticLerivative of the 

function f(x) on the interval [a, b) if at ail points of the inter- 
val F'(x) = f(x).

Example. Find the antiderivative of the function f(x) =  x2.
From the définition of an antiderivative it follows that the functionjçS / jç# \ f

F ( x) = y  is an antiderivative, since I — J = x 2.

It is easy to see that if for the given function f(x) there exists 
an antiderivative, then this antiderivative is not the ooly one. 
In the foregoing example, we could take the following functionsĵ3
as antiderivatives: /7(x) =  y + l ,  F(x) = -^— 7 or, generally,

F (x) =  -g- +  C (where C is an arbitrary constant), since

( f + c ) - , .

On the other hand, it may be proved that functions of the form
y  +  C exhaust ail antiderivatives of the function x*. This is a
conséquence of the following theorem.

Theorem. I f  F1(x) and Ft (x) are two antiderivatives of a func­
tion f(x) on an interval [a, b], then the différence between them 
is a constant.

Proof. By virtue of the définition of an antiderivative we hâve
F[(x) = f(x) \
K(x)  = f(x) f  

for any value of x on the interval [a, b].

( 1)
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Let us put 

Then by (1) we hâve
F y ( x ) — F 2 (x) = (f(x)

f ; w - f ; w = / W - / W = o

(2)

or
q>' (*) =  [^i (*)—F,, (*)] ' =  o

for any value of x on the interval [a, b\. But from <p'(*) =  0 it 
follows that <p(x) is a constant.

Indeed, let us apply the Lagrange theorem (see Sec. 4.2) to the 
function <p(x), which, obviously, is continuous and différentiable 
on the interval [a, b]. No matter what the point x on the interval 
[a, b], we hâve, by virtue of the Lagrange theorem,

«P (*)—<P («) =  ( * — a ) <P' (Ê)
where a <  £ <  x.

Since q>' (ê) =  0,
<pW - t (û) = o

or
<p(*) =  q>(a) (3)

Thus, the function <p(x) at any point x of the interval [a, b] 
retains the value <p(a), and this means that the function <p(x) is 
constant on [a, b]. Denoting the constant <p(a) by C, we get, 
from (2) and (3),

From this theorem it follows that if for a given function f(x) 
sonie one antiderivative F (x) is found, then any other antideri- 
vative of f(x) has the form F(x) +  C, where C =  constant.

Définition 2. If the function F(x) is an antiderivative of f(x), 
then the expression F (x)-\-C is the indefinite intégral of the
function f(x) and is denoted by the symbol  ̂ f (x)dx. Thus, by 
définition

J f (x)dx = F(x) +  C

if
F'(x) = f(x)

Here, the function f(x) iscalled the integrand, f(x)dx is the élément 
of intégration (the expression under the intégral sign), and J is 
the intégral sign.

Thus, an indefinite intégral is a family of functions y=F (x) + C.
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From the geometrical point of view, an indefinite intégral is a 
collection (family) of curves, each of which is obtained by trans- 
lating one of the curves parallel to itself upwards or downwards 
(that is, along the ÿ-axis). •

A natural question arises: do antiderivatives (and, hence, inde­
finite intégrais) exist for every function f(x )? The answer is no. 
Let us note, however, without proof, that if a function f(x) is 
continuous on an interval [a, b], then this function has an antide- 
rivative (and, hence, there is also an indefinite intégral).

This chapter is devoted to working out methods by means of 
which we can find antiderivatives (and indefinite intégrais) for 
certain classes of elementary functions.

The finding of an antiderivative of a given function f(x ) is 
called intégration of the function f(x).

Note the following: if the dérivative of an elementary function 
is always an elementary function, then the antiderivative of the 
elementary function may not prove to be representable by a finite 
number of elementary functions. We shall return to this question 
at the end of the chapter.

From Définition 2 it follows that:
1. The dérivative of an indefinite intégral is equal to the in- 

tegrand, that is, if F' (x) =  f  (x), then also

( l f {x )dx )  =  (F(x) +  C)' =  /(x). (4)

This équation should be understood in the sense that the dériva­
tive of any antiderivative is equal to the integrand.

2. The differential of an indefinite intégral is equal to the 
expression under the intégral sign:

d ( l f ( x ) d x ) = f ( x ) d x  (5)

This results from formula (4).
3. The indefinite intégral of the differential of some function is 

equal to this function plus an arbitrary constant:

\dF(x)  = F(x) + C

The truth of this équation may easily be checked by différentia­
tion [the differentials of both sides are equal to dF(x)\.

10.2 TABLE OF INTEGRALS

Before starting on methods of intégration, we give the following 
table of intégrais of the simplest functions.

The table of intégrais follows directly from Définition 2, Sec. 10.1, 
and from the table of dérivatives (given in Sec. 3.15). (The truth
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of the équations can easily be checked by différentiation: by estab- 
lishing that the dérivative of the right side is equal to the 
integrand.)

p JC* ^
1. \ x*dx= a-̂ j  + C ( a # —1). (Here and in the formulas that 

follow, C stands for an arbitrary constant.)

2. j f = l n | * |  +  C.

3. J sin xdx = — cosx +  C.

4. J cosxdx =  sin x + C.

5- i -EÊk=tanx+ c -

6- î ü § 7  =  - c0tx +  C*
7. ^tanxdx = — ln |cosx | +  C.

8 .  ̂cotxdx =  ln|sinx|-f-C .

9 . Je*dx =  e* +  C.

10. ^ a x dx = - ^  + C.

11. J  ,^*va =  arctanx +  C.

S 3 f r - = - î arctanf + c -

' « • Î s5 ? - b ' " * + *
13.

13'.

+  C.a —ac 1 

arcsinx +  C.

= arcsin —+  C.

ç dx
J yT^ * 5

, r dx
J y a*—x*

Note. The table of dérivatives (Sec. 3.15) does not hâve 
formulas corresponding to formulas 7, 8 . 11', 12, 13' and 14. 
However, différentiation will readily prove the truth of these as 
well.

In the case of Formula 7 we hâve

(— ln |c o sx |) '=  — — sin ac 
cos x ■■ tan x

consequently, $ tan x dx — — ln | cos x | +  C.
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In the case of Formula 8

( ln |s in * |) '= - g ^ = c o t*

Conséquentty, J cot xdx  =  ln | sin x | +  C.
In the case of Formula 12,

ln| a—x\Y

x \  ~ a * — x t  

therefore,
Ç - A i »  ' in [£ ± î | +  cJ  a 2 — jc2 2 a  \ a — x \  1

It should be noted that the latter formula will also follow from 
the general results of Sec. 10.9.

In the case of Formula 14,

( ln |x + K x 4 ± a a|) =  x+ K^ ± a , ( l  +  ŸTF±?

hence,

l T f e - l n U + K l r ï S ! |+ c
This formula likewise will iollow from the general results of 

Sec. 10.10.
Formulas II ' and 13' may be verified in similar fashion. These 

formulas will later be deriyed from formulas 11 and 13(seeSec. 10.4, 
Examples 3 and 4).

10.3 SOME PROPERTIES OF THE INDEFI NITE INTEGRAL

Theorem 1. The indefinite intégral of an algehraic sum of two 
or more functions is equal to the algebraic sum of their intégrais

S [fi (•*) +  /* (*)]<& =  J fi (x)dx +  J f t (x)dx ( 1 )

To prove this, find the dérivatives of the left and right sides 
of this équation. On the basis of (4) of the preceding section we 
hâve

(S IM*)+  /•(*)]<**) = f i  (*) +  /* (*)
(S /i  ( x ) d x + \ f t (x)dx)

=  (S/ i (*)<**) +  (S /»(x)dx) =  f x(x) +  / , (x)
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Thus, the dérivatives of the left and right sides of ( 1) are equal; 
in other words, the dérivative of any antiderivative on the left- 
hand side is equal to the dérivative of any function on the right- 
hand side of the équation. Therefore, by the theorem of Sec. 10.1, 
any function on the left of (1) differs from any function on the 
right of ( 1) by a constant term. That is how we should understand 
équation (1).

Theorem 2 . A constant factor may be taken outside the intégral 
sign; that is, if a = const, then

J af (x)dx = a  ̂ / (x) dx (2)

To prove (2), let us find the dérivatives of the left and right 
sides:

(J  a/ (x)dx) =  af (x)

( a \ f ( x ) d x ) = a ( \ f ( x ) d x )  = af(x)

The dérivatives of the right and left sides are equal, therefore, 
as in (1), the différence of any two functions on the left and 
right is a constant. That is how we should understand équation (2).

When evaluating indefinite intégrais it is useful to bear in mind 
the following rules.

I. If
J f(x)dx = F(x) + C

then
J f(ax)dx =  ̂ -F(ax) +  C (3)

Indeed, differentiating the left and right sides of (3), we get
f(ax)dx) =  f  (ax)

^ F ( a x ) ]  = - ( / r (ax))'x = ̂  F’ (ax) a = F' (ax) =  f  (ax)

The dérivatives of the right and left sides are equal, which is 
what we set out to prove.

II. If
J f  (x) dx =  F (x) +  C

then
J f(xA-b)dx = F(x-\-b) +  C (4)

f (x)dx = F(x) +  C
III. If
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then
§ f(a x  + b)dx = ̂ -F(ax + b) +C (5)

Equations (4) and (5) are proved by différentiation of the right 
and left sides.

Example 1.

J (2JC3 —3 s in x + 5  V~x) dx =  J 2 *» dx — J 3 s in x d * + ^  5 V x d x  

=  2 J * ? d x — 3 J s in x d x + 5  J x 2 dx

4-«
=  2 ^*. . —3 (— cos x) +  5 * -------- f-C =  JC*+  3 cos x + y  x V~>c+C

'3 + 1  

Example 2.

K i k + ï h + x ' / x ) i x “ 3§ x 3 d x + ^ ï x
—z~+\

=  3 1 x~ U i  4-+I

“ T + 1 2 - T + 1 T + 1
f c = y + ^ x + C

£ .2  4 / -
9

Example 3. 

Example 4. 

Example 5.

f â - to'« + s i+ c

J  cos 7x d x =  y s i n  7x + C  

J  sin (2x— 6) dx = — cos (2x—6) +  C

10.4 INTEGRATION BY SUBSTITUTION 
(CHANGE OF VARIABLE)

Let it be required to find the intégral

J f  (x) dx;

we cannot directly select the antiderivative of f(x) but we know 
that it exists.

Let us change the variable in the expression under the intégral 
sign, putting

* =  Ç(0 O)
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where <p(/) is a continuous function (with continuous dérivative) 
having an inverse function. Then dx = y (t)dt\ we shall prove 
that in this case we hâve the following équation:

$/(*)d* =  $/[<p(/)]<p'(0d/ (2)

Here it is assumed that after intégration we substitute, on the 
right side, the expression of t in terms of x on the basis of (1).

To establish that the expressions to the right and left are the 
same in the sense ihdicated above, it is necessary to prove that 
their dérivatives with respect to x are equal. Find the dérivative 
of the left side:

($ f{ x )d x )x = f(x)

We differentiate the right side of (2) wîth respect to x as a com­
posite function, where t is the intermediate argument. The de-
pendence of t on x is expressed by (1); here, -^  =  <p' (t) and by
the ru le for differentiating an inverse function,

dt _ I 
dx ~  (p' (t)

We thus hâve

($ / [q> (0] <P' d )  d t )' := (£ / [<p (<)] <p' ( t ) d t )]-

= / [<p(o] ¥  ( t ) ^ m = n ^(t)]= f(x )

Therefore, the dérivatives, with respect to x, of the right and left 
sides of (2) are equal, as required.

The function x =  q>(/) should bechosen so that one can evaluate 
the indefinite intégral on the right side of (2).

Note. When integrating, it is sometimes better to choose a 
change of the variable in the form of /=i|)(x) and not * =  <p(r). 
By way of illustration, let it be required to calculate an intégral 
of the form

J V(x)

Here it is convenient to put

then
\j>' (x) dx =  dt

The following are some instances of intégration by substitution.



10.4 Intégration by Substitution (Change of Variable) 349

Examplé 1. J J^sin x cos x dx =  ? We make the substitution t — sinx; then 

dt =  cos xdx  and, consequently, ] Y  sin x cos*dx =  \ ÿ t d t — \ t 2 dt =

= ^ +c=|5I, , , +c.

Example 2. J  — ^  =  ? We put / =  l+x** then dt = 2 x d x  and J

= y J f = T ln^+ c = T ln(1+^ )+ c *

Example 3. f -a— i  7—Ta • We Pu* * = —- î then dx =  a d t t
° J ' + ( t )

f *** ^  1 p adf _  I p d*
J  j  i q p T î — J  J  l + * *  = a1 ■ arctan / + C  =  — arctan — 4-C.a a '

Example 4. We put / = — ; then a
p dx _  1 f djc

• j  / . - ( i ) ’

=  a<tt, f  vr-^f • = — f -^=a di.. . =  f  =  arcsin < - f  CJ Ÿ a * - x *  « J  i r f lT ïr  J y j Z I f i

=  arcsin—-[-C (it is assumed that a > 0).

Examples 3 and 4 illustrate the dérivation of formulas 11' and 
13' given in the Table of Intégrais (see abovè, Sec. 10.2).

Example 5. J ( ln x )3^ = ?  Put < =  lnx; then dt = - £ .  ^ (ln x )4^  =

=  j < * d * = - £ + C = l( ln * ) « + C .

Example 8. j T̂ i = ? P u t  r = x « ;  t h e n d ^ 2 * d * .  J ~ = ÿ J  —  =  

=  ÿ  a r c ta n  t +  C =  y  a r c t a n  x* 4 -  C

The method of substitution is one of the basic methods for cal- 
culating indefinite intégrais. Even when we integrate by some 
other method, we often resort to substitution in the intermediate 
stages of calculation. The success of intégration dépends largely 
on how appropriate the substitution is for simplifying the given 
intégral. Essentially, the stüdy of methods of intégration reduces 
to finding out whât kind of substitution has to be performed for 
a given element of intégration. Most of this chapter is devoted 
to this problem.
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10.5 INTEGRALS OF SOME FUNCTIONS CONTAINING 
A QUADRATIC TRINOMIAL

I. Let us consider the intégral

/  =  f **1 J  ax* +  b x + c

We first transform the trinomial in the denominator by represen- 
ting it in the form of a sum or différence of squares:

ax2-\-bx-\-c — a

= 4 ( * + ê ) ' + ( T - ê ) H [ K 4 ) , H

— a

where

a 4a* ± R

The plus or minus sign is taken depending on whether the expres­
sion on the left is positive or négative, that is, on whether the 
roots of the trinomial ax* + bx + c are complex or real.

Thus, the intégral /j will take the form 
j p dx _ 1 p dx

In this intégral we make a change of variable:

x +  ̂  = t, dx = dt

We then get
/  =  ± f_ Ë L _
11 a J t a ±  k*

These are tabular intégrais (see Formulas 11' and 12).
Example 1. Calculate the integra!

f  dx 
J 2** +  8x+20

Solution.
r* dx _  1 (* ^

2 x * + 8 x + 2 0 — 2 J  x*+ 4*  +  10 
1 f  dx _  I Ç dx

~  2 J  x* +  4 x + 4 +  10—4 2 J  (* + 2 )* + 6

Let us make the substitution x + 2  =  f, d x = d t .  Putting it into the intégral.
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we get the tabular intégral

/ = 1 C — =2 J /*  +  6
1 1 arctan t
2 Ÿ~6 “....... V~ë>

Substituting in place of t its expression in terms of x, we finally get

/ = — arctan 
2 V 6 6

II. Let us consider an intégral of a more general form:

/,
- S ;

A x + B dx
a x 2 - \ - b x - \ - c

Perform the identity transformation of the integrand:

. f A.+ a l r  f - g ' * “ + » > + ( ° - £ )
2 J a x 2 4 - b x 4 - c  J a x 2 4 - b x - \ - c

dxl -\-bx-\-c J ax2 +  bx +  c

Represent the latter intégral in the form of a sum of two inté­
grais. Taking the constant factors outside the intégral sign, we 
get

_  A C 2 a x + b  d  ( B  A b \  P dx
2 2a J ax2 +  bx-l-ca 2a J J ax2- \-bx+c

The latter intégral is the intégral /,, which we are able to eva- 
luate. In the first intégral make a change of variable:

ax2-\-bx-\-c = t, (2ax b) dx =  dt
Thus,

I S £S F p - I f - ta l ' l + C =  l" l “ ‘ + ^ + ^ + C

And we finally get

l 2 = -& ln \aX' + bX + C\ + ( B — ÿ )  Il
Example 2. Evaluate the intégral 

Applying the foregoing technique we hâve

, f , +,  JT r> - « n - ( . + ± . )
J x2 — 2x—5 ax J x2 — 2x— 5

_J_ Ç(2x—2)dx f» dx
2 J x2 — 2x— 5 '  J x2 — 2x—£

■dx

= - l n | x 2—2 x - 5|  +  4 dx
(x — I)2—6 
V T -(x -l)= 4 -  In | x2 — 2x—5 1+  2 - L  In , ^ -----------

2 Vë  | K T+(*-l)
+  C
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III. Let us consider the integra!
f dxJ V a x i +  bx-{-c

By means of transformations considered in Item I, this intégral 
reduces (depending on the sign of a) to tabular intégrais of the 
form

f ■ r f* ■■ for a >  0 or f  ■. dt for a <  0J Vt*±k'  J
which hâve already been examined in the Table of Intégrais (see 
formulas 13' and 14).

IV. An intégral of the form

f **+B dx 
J  V axt +  b x + c

is evaluated by means of the following transformations, which 
are similar to those considered in Item II:

A x + B
V ax* +  bx +  c - f

- * l

—  (2 +  g£)
Ÿ axa +  bx +  c 
2 a x + b

dx

ÿ a x 2 +  b x + c
dx

ax2 +  bx +  c

Applying substitution to the first of the intégrais obtained, 
axt + bx + c = t, (2ax +  b) dx =  dt

we get

f l2ax+b)d^  =  [ ^  =  2 V r + C  = 2Vhx* +  bx +  c +  C
J Ÿ ax ' +  b x + c  J V t  ^  T

The second intégral was considered in Item III of this section.
Example 3.

1
5 * + 3____________ ■ dxzy xa-t-4x+ io

2 * + 4
■îy  (2* +  4) +  (3 -1 0 )

= 4 1
■dx

Vr*a +  4*+IO

- ’ f -  *

dx

K * * + 4 * + IO  "" ' J  |/'(jc +  2)2H-6
=  5 V x * + 4 * + 1 0 — 7 l n |x + 2  +  K''(*+2)»+61 + C  
=  5 Y a:2 +  4 x +  10— 7 In | j c + 2 +  K** +  4 * + 1 0 | +  C

10.6 INTEGRATION BY PARTS

Let u and v be two différentiable functions of x. Then the 
difïerential of the product uv is found from the following formula:

d (uv) = udv + vdu
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Whence, by intégration, we hâve

uv =  § u dv +  J v du
or

( 1)

This formula is called the formula of intégration by parts. It is 
most frequently used in the intégration of expressions that may 
be represented in the form of a product of two factors u and du 
in such a way that the finding of the function v from its differen-
tial dv, and the évaluation of the intégral ^vdu  should, taken 
together, be a simpler problem than the direct évaluation of the 
intégral J udv. To become skilled at breaking up a given element 
of intégration into the factors u and dv, one has to solve 
problems; we shall show how this is done in a number of cases.

Example

then

Hence,

J *sin xdx =  7 We Ict

u =  x, dv -  sin xdx

du =  dx, v =  — cos x

J x s \n x d x  =  — x c o s x  +   ̂ cos xdx =  — x cos x +  sin jc+C

Note. When determining the function v from the differential 
dv we can take any arbitrary constant, since it does not enter 
into the final resuit [this can be seen by putting the expression 
v + C into (1) in place of u]. It is therefore convenient to con- 
sider this constant equal to zéro.

The rule for intégration by parts is widely used. For example, 
intégrais of the form

J xk sin ax dx, J xk cos ax dx

JxMn xdx

and certain intégrais containing inverse trigonométrie functions 
are evaluated by means of intégration by parts.

Example 2. I t  is req u ired  to  e v a lu a te  J  a r c ta n xdx. L e ttin g  w =  a rc ta n x ,

dv =  dx, we hâve du =  , v =  x. T hus,
1 +  x2

C C x dx 1
\ a rc tan  **& =  *  a rc ta n  x— \  ̂ ^ 2= x  a rc tan  * —^ ln  | I + * 2 | +  C
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Example 3. It is required to evaluate J x2ex dx. Let us put u — x2, 
dv =  ex dx; then du =  2x dx, v =  ex,

J x2ex dx =  x2ex — 2 J xex dx

We again integrate by parts the latter intégral, letting 
ux =  x , dui =  dx

dv1 =  ex dx, Vi =  ex
Then

J xex dx — xex — J ex dx =  xex —ex -\- C

Finally we get

J x2ex dx =  x2ex — 2 (xex —ex) +  C =  x2ex — 2xe* +  2ex +  C =  ex (x2 — 2x +  2) +  C

Example 4. It is required to evaluate J (x2-\-7x— 5)cos2xdx. We let 
u — x2 +  7x—5; dv =  cos 2x dx; then

du =  (2x +  7)dx, u =  —

J  (** +  7* _ 5) cos 2xdx =  (x2+ 7 x — J  (2x +  7 ) ^ ^ d x

2 x + 7Apply intégration by parts to the latter intégral, letting =  =
=  sin 2* dx; then

. , cos 2x
du1 =  dx, ü i = ------ ^—

f*2x+7 . 0 , 2x +  7 /  cos2x\ Çf  cos 2x\ .
------ 2 /  J \ ------ 2“ ) *

(2 x + 7 )co s2 x  , sin 2x , n 
~ ~  4 +  4 +

Therefore, we finally get

J ( ^  +  7 * - 5 ) c o s a ï<t e - ( ^ + 7 x - 5 ) ^ + ( 2 * + 7 , ^ - 2 ^ + C  

=  (2*2+ 1 4 * - l l ) ^ + ( 2 * + 7 ) ^ + C

Example 5. /  =   ̂ V a 2—x2 d x = ?

Perform identity transformations. Multiply and divide the integrand by
Va2—x2:

x2 dxf - *   ̂r —  r
K  a 2 — * 2 J  V a 2 — * 2 J  V a 2 -

- . x r xdx=  a2 arcsin------\ x ■ ■ ■a J V^oï—jt*
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Integrate the last intégral by parts, letting
u =  x, du =  dx 
xdxdv =  -

V a 2—x2
, v =  —  y, a2— x2

Then

f  x2dX =  f *  xdX - =  — * Va2—x2 +  f  V a 2—x2dx 
J V a2- x 2 J \fa2- x 2

Putting this resuit in the earlier obtained expression of the given intégral, 
we hâve

J  y ra2—x2d x = a 2 arcsin—-|-*  Y  a2— x 2 —J  Y a2—x2dx

Transposing the intégral from right to left and performing elementary transfor­
mations, we finally get

j* y  a2—x2 d x = - Ç  arcsin V a 2—x2+ C

Example 6. Evaluate the intégrais

Ix =  ^ eax cos bx dx and / 2 =  J eax sin bx dx

Applying intégration by parts to the first intégral, we get 
u =  ea x , du =  aeax dx

dv =  cos bx dx, v =  4- sin bx b
J  eax cos b x d x = y  eax sin bx— y  J  eax sin bx dx

Again apply the method of intégration by parts to the latter intégral:
u — eax, du =  aeax dx

do =  sin bxdx, v =  — !- cos bx o
J  eax sin bxdx =  — — eax cos bx +  y  J  eax cos bx dx

Putting the expression obtained into the preceding équation gives us
C 1 . a  a 2 C
\ eax cos bxdx =  -^ eax sin bx-\~-^ eax cos bx— \ eax cos bx dx

From this équation let us find It

( J eax cos bxdx=eax ( ÿ  sin cos bx) +  c ( 1 + 7 ^ )
whence

/ C a* u a e°x (b sin bx+a  cos bx) . „
li  =  J cos bxdx=  — 5— -----------------l+ c

Similarly we find
f C Uv ^ ___ eax (a s in  bx—b cos bx) . _
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10.7 RATIONAL FRACTIONS.
PARTIAL RATIONAL FRACTIONS AND THEIR INTEGRATION

As \ve shall see below, not every elementary function by far 
lias an intégral expressed in elementary functions. For this reason, 
it is very important to separate ont those classes of functions 
vvhose intégrais are expressed in terms of elementary functions. 
The simplest of these classes is the class of rational functions.

Every rational function may be represented in the form of a 
rational fraction, that is to say, as a ratio of two polynomials:

Q (x) =
f(x) A0xn +  ÀiXn- l +  . . . + A n

Without restricting the generality of our reasoning, we shall 
assume that these polynomials do not hâve common roots.

If the degree of the numerator is lower than that of the deno- 
minator, then the fraction is called proper, othervvise the fraction 
is called impropcr.

If the fraction is an improper one, then by dividing the nume­
rator by the denominator (by the rule for division of polyno­
mials), it is possible to represent the fraction as the sum of a 
polynomial and a proper fraction:

=  A f(.* H -7 7 Tf(x) v ’ 1 f(x)
F  (x )Here M(x)  is a polynomial, and is a proper fraction.

Example 1. Given an improper rational fraction
x*—3 

x2 +  2x-i-l
Dividing the numerator by the denominator (by the rule for division of 

polynomials), we get
*4—3 

**+ 2*+l = x*— 2x + 3 4jc—6 
x * + 2 x + \

Since intégration of polynomials does not présent any difficul- 
ties, the basic barrier when intégrâting rational fractions is the 
intégration of proper rational fractions.

Définition. Proper rational fractions of the form:

4̂
II. ———  (k a positive in teg e r^ 2),

III. x̂ -\~~px-j-tf ( ^ e roo ŝ of the denominator are complex, that 
is. Ç —? < o ) .
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IV. ------ i -----  (k a positive integer ^ 2 ;  the roots of the(x^+px+q)*
denominator are complex) are called partial fractions of types I, 
II, III, and IV.

It will be proved below (see Sec. 10.8) that every rational 
fraction may be represented as a sum of partial fractions. We 
shall therefore first consider intégrais of partial fractions.

The intégration of partial fractions of types I, II and III does 
not présent any particular difficulties so we shall perform their 
intégration without any remarks:

I. ^ ^ ^ d x  = A \n \x —a\+ C .

II.  f  A dx = A f ( x — Q)-*dx =  / l ^-~ a)~*+l +  C
J (*-«)* J -*  + «

~ â.
2 P^tpI+ 1  b ~ t )

(1 — k)(x—a)*~l

x't +  p x + q
[. [ _ ^ ± 6 _ d x = l

J x ^ + p x + q  J

_ a  ç 2x+p dX iY B — — ' r-  2 W  + px + qaX + \ °  2 ;  J

= A \n \x*  + px + q\ + ( B - - -

dx
dx

x * + p x  +  q
dx

- A ln | i, + p J :+ , |  +  J ^ . arcta n - p ^  +  C (see

Sec. 10.5).
The intégration of partial fractions of type IV requires more 

involved computations. Suppose we hâve an intégral of this type:
TV. f  Ax+B , dx.

J (jc2 +  P*+<?)*
Perform the transformations:

Ax+ B [ 4 - {2x+p) +  { B ~ T )
( x * + p x + q ) k d x - J  { x 2 + p x + q ) l t  d x

= — f .- 2 ± V  dx+ ( b  ——) f ---- dJL-----
2 J (x* +  px+q)" T \  2 J J (x* +  px+q )*

The first intégral is taken via the substitution, x2 + px + q = t, 
(2x+p)dx = dt:

T — ?£ i£ — dx —
J (x2 +  p x + q ) k

t~hdt
1

/-*+l
1—* C

f C(1—*)(jt2+px+<7)*-1
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We write the second intégral (let us dénoté it by /*) in the form
c dx _  f__________dx_____________r  i t

J o ^ + /*+»)• J [ ( * + £ ) * + ( ’ " £ ) ] *  J(/î+mî)‘
setting

x - \-^  — t, dx = dt, q—-j- =  m2

^it is assumed that the roots of the denominator are complex, 

and hence, <7—^ > o ) .  We then do as follows:

/* =
dt __1_ f (<2+m2)—<2

J  (72 + m2)ft m2 J (/2+m2)*
=  i [ .m2 1 (

dt 1
(<2 +  m2)*-1

We transform the last intégral: 
r t*dt _  r t-tdt 
J (/2+m2)* J(*a +  m2)*

=  J_ f f d(<2+m2)
2 J (<2+m2)*

m 2 J  (<2 +  m 2) *
■dt O)

r

Integrating by parts we get
r  t2 dt _ 1 rJ (<2+m2)* 2 (fc— 1) [ (/2+m2)*-i

Putting this expression into (1), we hâve 
C dt

- _ L _ ( W — !— )

C— * ----- 1J (<1 +  m*)*-2J

Ik  j  (<a +  m2)* m2 ]  (<2+ m2)* - 1
+ ± _ L _ r — ?- - - - - - - f _ Ü L _ 1

m22(£—1) [(/2 +  m2)*-1 J (<2+m2)ft-iJ
t 2k—3

dt

2m* (* —l)(/a+ m 2)* -1 2m2 (k
dt

(<2+m2)*-2

On the right side is an intégral of the same type as Ik, but the 
exponent of the denominator of the integrand is less by unity 
(k—1); we hâve thus expressed Ik in terms of I k_l.

Continuing in the same manner we will arrive at the familiar 
intégral

' - Î
dt

/2 +  m2 — arctan — +  Cm m '

Then substituting everywhere in place of t and m their values, we 
get the expression of intégral IV in terms of x and the given
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numbers A, B, p, q.
Example 2.

i ( x 2 +  2* +  3)2* C l  
2*+ 2

-i-(2* +  2 M - ( - l - l )

dx(x2 +  2 x + 3 )2 
1 1 
2 (*2 +  2x+3)"

(x2 +  2x+ 3)2

- * î  ‘

dx

(*a +  2* +  3)a 
* dx 
(x2+ 2 x + 3 ) 2

We apply the substitution x + \  =  t to the last intégral:

s
dx

(*2 +  2x +  3)2
dx

!(■*+ l)a +  2J2 
1 r dt 

: 2 J/*  +  2 2

-I
H

dt
(t2 +  2)a 

t2
(t2+  2)a

2 J (*a +  2)a af

1 1  , t 1 f  /ad/------—  arctan —— ------- \ -----------
2 / 2  K 2 2 J (/a +  2)a

Let us consider the last intégral:
t2 dt I f t d ÿ * + 2)

S (t2 +2)2 2
(•/<!(/«+2) 1 f (J /  1 ^

J  ( / 2 + 2 ) 2 2 j , a V < 2 + 2 ;
1 t 1 f*  dt 

‘ 2 <2 + 2 + 2 J t 2 + 2

2 (t2 +  2)~2 /"2— arctan
2

(we do not yet Write the arbitrary constant but will take it into account in 
the final resuit).

Consequently,
dx 1 . * + 1

(x2+2*+3)2 2 y  2 arctan y T
_ ±  [ _ _ Ü ± J L _ + _ L _  arctan * ± i l  2 [ 2 (*2 + 2*+3)+2 y 2 O  J

î i

Finally we get 
f  x — 1

(x2 +  2 x + 3 )2 d x =  — x + 2
2(x2 +  2x+ 3) — - arctan — l + C4 V  2 r

10.8 DECOMPOSITION OP A RATIONAL FRACTION 
INTO PARTIAL FRACTIONS

We shall now show that every proper rational fraction may be 
decomposed into a sum of partial fractions.

Suppose we hâve a proper rational fraction
F (x)
f (*)
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We shall assume that the coefficients of the polynomials are 
real numbers and that the giveri fraction is in lowest terms (this 
means that the numerator and denominator do not hâve common
roots).

Theorem 1. Let x = a be a root of multiplicity k of the deno­
minator; that is f(x) =--= (x — a)kfx (x), where f l (a)=£ 0 (see Sec. 7.6).

F ije)Theri the given proper fraction may be represented in the form
of a sum of two other proper fractions as follows:

F (x) _  A  F | (x)
f (x) (x — a)* "*■ (x —a)* -  V, (x)

where A is a nonzero constant, and F, (x) is a polynomial of degree 
less than the degree of the denominator (x—a)k~1f1(x).

Proof. Let us write the identity
F (x) _  A F (x)— A f t (x)
f (x) (x—a)* f  (jc —a)* (jc) W

(which is true for every A) and let us define the constant A so that 
the polynomial F(x) — A f1(x) can be divided by x —a. To do this, 
by the remainder theorem, it is necessary and sufficient that the 
following équation hold:

F (a) — Aft (a) =  0 
Since f\(a)^*  0, F (a) =5̂ 0 , A is uniquely defined by

For such an A we shall hâve
F (x) — Aft (x) = (x—a) Fx (x)

where F,(x) is a polynomial of degree less than that of the poly­
nomial (x—a)k~1f l (x). Cancelling (x—a) from the fraction in for­
mula (2), we get (1).

Corollary. Similar reasoning may be applied to the proper ra- 
tional fraction

Fi (x)
(x—a )* -1 f t (x)

in équation (1). Thus, if the denominator has a root x =  a of 
multiplicity k, we can write

F  ( x ) __ A ._____ A\______ , | Afc—i . Ffr (x)
/(x ) (x—a ) * ^ ( x —a )» -1"1” - ^  x - a  / x (x)

where is a proper fraction in lowest terms. To it we can
apply the theorem that has just been proved, provided / t (x) has 
other real roots.
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Let us now consider the case of complex roots of the denomi- 
nator. Recall that the complex roots of a polynomial with real 
coefficients are always conjugate in pairs (see Sec. 7.8).

When factoring a polynomial into reaUfactors, to each pair of 
complex roots of the polynomial there corresponds an expression 
of the form x2-{-px + q. But if the complex roots are of multi- 
plicity (l i ,  they correspond to the expression (x~ + px + qY.

Theorem 2. If f ( x ) ^ ( x 2-\-px-\-qY^l (x), where the polynomial 
(PiCv) is not divisible by x2 + px + q, theti the proper rational

t* (jf)fraction ma y be represented as a sutn of two other proper
fractions in the following manner:

F (x) _ M x + N  ._________«Pi (x)______
f (x) (x2 +  px+  qY ^  (je2 +  px +  q)v -  ^  (x) ' ’

where O, (x) is a polynomial of degree less than that of the poly­
nomial (x1 +  px +  q)*'1 <p, (x).

Proof. Let us Write the identity
F (x) _ _____ F (x)________ _  Mx +  N , F (x) — (Mx-j-.V) qpt (x)
f ( x ) ~  (x2 -\-px +  q)* (pi (JC) (x2 +  p x + q ) ï  (x̂  +  px +  q f ^  (x) ' >

which is true for ail M and N, and let us define M and N so 
that the polynomial F (x) — (Mx +  NJqp^x) is divisible by x* + px-\-q. 
To do this, it is necessary and sufficient that the équation

F (x) — (jWx +  N) qp, (x) = 0
hâve the same roots a ± t 'P  as the polynomial x2-\-px + q. Thus,

F (a f  ip) — 1M (a -f *'P) +  N] «p, (a -r »P) =  0
or

M{a + » P) +  N =  ̂ Jjifp-j

But F is a definite complex number which may be written<Pl (Œ-f-*P) V 1
in the form K + iL, where K and L are certain real numbers. 
Thus,

M{a + i$) + N = K + iL
whence

Ma + N = K, M$ = L
or

M = — N =  K^ ~ La-m p . « p

With these values of the coefficients M and N the polynomial 
F (x) — (Afx +  /V) <p, (x) has the number a  +  /p for a root, and.
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hence, also the conjugate number a —t'p. But then the polynomial 
can be divided, without remainder, by the différences x —(a-f-i'P) 
and*—(a — t'P), and, therefore, by their product, which isx2-\- px+Ç- 
Denoting the quotient of this division by (D, (*), we get

F (x) — (Mx + N ) <pt (r) =  (*3 +  px +  q) <I\ (*)

Cancelling x2-\-px +  q from the last fraction in (4), we get (3), 
and it is clear that the degree of d>j(*) is less than that of the 
denominator, which is what we set out to prove.

F (je)Now applying to the proper fraction the results of Theo-
rems 1 and 2, we can obtain, successively, ail the partial fractions 
corresponding to ail the roots of the denominator / (*). Thus, from 
the foregoing the resuit follows that

If
/(*) =  (*—a)*. . .(*—b)$  (x2 + px + q y . . . (x3 + /*  +  s)v,

F (je)then the fraction jj-j- can be represented as follows:

F(x) _  A Ax 4 , - t
f(x) (x — —a )* -1 ’ ‘ x —a

( x - b f (x— Ô)?-1 ^  T  x — b
M x + N  M xx + N x

(x* +  px +  qT + { X* +  px +  q ) v - i  +

Px-jrQ , P ix +  Q i
(x2 +  Ix +  s)v ' (x2 +  Ix +  S)v -  1

x2 +  px +  q

P V- 1 ^ +  Q V - 1  

x2 +  !x +  s

(5)

The coefficients A, A lt . . . ,  B, B,, . . .  may be determined by 
the following reasoning. This equality is an identity; and for this 
reason, by reducing the fractions to a common denominator we 
get identical polynomials in the numerators on the right and left. 
Equating the coefficients of the same degrees of *, we get a System 
of équations for determining the unknown coefficients A, Alt . . . ,  
B, Blt . . .  . This method of finding coefficients is called the 
method of undetermined coefficients.

Besides, to détermine the coefficients we can take advantage of 
the following: since the polynomials obtained on the right and 
left sides of the équation must be identically equal after reducing 
to a common denominator, their values are equal for ail particular 
values of *. Assigning particular values to *, we get équations 
for determining the coefficients.
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We thus see that every proper rational fraction may be repre- 
sented in the form of a sum of partial rational fractions.

Example. Let it be required to décomposé th» fraction 
partial fractions. From (5) we hâve

** +  2 A At . A,
( x + l ) 8 (x— 2) ( x + l ^ M x + l ) 2 't~ x + l ' î '

x2+ 2  
(*+!)» (*-2)

B
x — 2

into

Reducing to a common denominator and equating the numerators, we hâve 
*2 +  2 =  A ( x - 2 )  +  A1 ( x +  1) ( x - 2 ) + A2 (x +  l)2 ( x - 2 )  +  f l ( x +  l)8 (6)

or
x2 +  2 =  (A, +  fl) x3 +  (At +  3fl) x2 

+  (A — A1 — 3Aî +  3B)x + ( — 2A — 2A1 — 2A2 +  B)
\

Equating the coefficients of *3, x2, xl , x° (absolute term), we get a System 
of équations for determining the coefficients :

0 =  A2 +  B
1 =  AX +  ?>B
Q = A  — A1S A tl +  W
2 =  — 2A—2A1 — 2A2 +  B

Solving this System we find
I 2 2

A =  - U  A, =  t ; A2 =  - ± ;  B =  f

It might also be possible to détermine some of the coefficients of the équa­
tions that resuit for some particular values of x from (6), which is an identity in x. 

Thus, setting x =  — \ we hâve 3 =  — 3A or A =  — 1; setting x = 2 ,  we
hâve 6 =  27B, B =  y .
If to these two équations we add two équations that resuit from equating 
the coefficients of the same powers of x, we get four équations for determining 
the four unknown coefficients. As a resuit, we hâve the décomposition

x2 +  2 1 1  2 2
(x + i ) 3 ( x - 2 ) “  (x + 1 )3 "| - 3 ( x + l ) 2 9 ( x + l )  "," 9(x— 2)

10.9 INTEGRATION OF RATIONAL FRACTIONS

Let it be required to evaluate the intégral of a rational fraction 
-jl* j  ; that is, the intégral

If the given fraction is improper, we represent it as the sum
F (x)of a polynomial M (x) and the proper rational fraction

(see Sec. 10.7). This latter we represent, applying formula (5), 
Sec. 10.8, as a sum of partial fractions. Thus, the intégration of
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a rational fraction reduces to the intégration of a polynomial and 
several partial fractions.

From the results of Sec. 10.8 it fôllows that the form of partial 
fractions is determined by the roots of the denominator f(x). The 
following cases are possible.

Case I. The roots of the denominator are real and distinct, that is
f(x) = ( x - a ) ( x - b ) . . . ( x - d )

Here, the F (*)fraction is decomposable into partial fractions
of type I

F(x) A B D
/(* ) x — a 1 * — b 1 * * ’ 1 x —d

and then
F(x)
/(*) d x = = $  x - a  +  î  x - b d x + - - +  1  x - d d x

=  A \n \x —a |  +  fî ln | jc—b \  + . . .  + D  ln |.v— d \  4 - C

Case II. The roots of the denominator are real, and some of them 
are multiple:

f(x) =  (x—a)*(x—by  . . .  {x—d f
F (*)In this case the fraction is decomposable into partial

fractions of types I and II.
Example I (see example in Sec. 10.8).

x2 +  2 f  dx
I (*+1)3 (*— 2) 

dx 1 1

dx P dx . 1 P dx 2 P
J ( * + l ) 3 ' 3 J ( x +  l)2 9 J

dx
7+T

1
2 2 (*+1)2 3(*+ 1)- 4 ini* + ' i + 4 ,nijc—2i+ c

2x—  I +1-1" x — 2
x + l +C6(*+l)2

Case III. Among the roots of the denominator are complex non 
repeated ( that is, distinct) roots:

f  (x) =  (x2 +  px +  q) . . .  (*2-f-/x +  s) (*—a)1*. . .  (x—d)8
F (*)In this case the fraction y -^  is decomposable into partial frac­

tions of types I, II, and III.
Example 2. Evaluate the intégral

xdx
î (*2+i)(*— i)
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Décomposé the fraction under the intégral sign into partial fractions [see (5), 
Sec. 10.8]

x _Ax-\~B . C
(x2 + 1) (x—1)~  x2+ l  Xm— 1

Consequently,
x =( Ax  +  B) (x — 1) +  C(x2 +  1)

Setting x = l ,  we get 1 — 2C, C — setting x =  0, we get 0 =  — Æ +  C, 
1

Equating the coefficients of x2, we get 0 -  A-\-C, whence A = — — . Thus,

C xdx ï r x — \ \ r dx
J (x2 +  l ) ( x - l f '  2 J x2+ l  +  2 J x 1

_ 1 P xdx , I T dx . 1 C dx
J J X2" + 1 H' T  J F=T

=  — - f ln l*2-r! IH arctnn x -f* —■ ln | x 1 | +  C

Case IV. The roots of the denominator include complex multiple 
roots

f (x) =  (xs +  px +  qY . .. (x* +  /a: +  s)v(a:— a)' . . .  (x—d)1
F (x)

In th is  case, d écom p osition  of the fraction  w ill a lso c o n ta in  

p artia l fraction s of typ e IV.
Example 3. It is required to evaluate the intégral 

f x4 +  4x3+ l l x 2 +  12x+ 8  
J (x2 +  2x +  3)2 (x +  1)

Solution. Décomposé the fraction into partial fractions:
x4 +  4x3 + 1 lx2 +  12x-)-8_ Ax-\-B . Cx +  D . E

(x2 +  2x +  3)2 ( x + l )  ~ ( x 2 +  2x +  3]2 +  (x2 +  2x +  3 ) ^ j r + I
whence

x* +  4x3 +  1 lx2 +  12x +  8 
=  (Ax +  B) (x + 1  ) +  (Cx +  D) (x2 +  2x +  3) (x + 1 ) +  E (x2 +  2x +  3)2

Combining the above-indicated methods of determining coefficients, we firtd 
A =  1. B = - ~  1, C =  0, D =  0, E =  1

Thus, we get
P x4 +  4x3+  1 lx2 +  12x +  8 . _P x - \  P dx
J (x2 +  2x +  3)2 ( x + l )  J (x2 +  2x +  3)2 ^  J x + 1

x4-2  l/'Ô’ x + 1
= -  2(**+2*+T) -  - + arctan y r +ln 1 *+ 11+ c

The first intégral on the right was considered in Example 2, Sec. 10.7. The 
second intégral is taken directly.
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From the foregoing it follows that the intégral of any rational 
function may be expressed in terms of elementary functions in 
closed form, namely, in terms of:

(1) logarithms in the case of partial fractions of type I;
(2) rational functions in the case of partial fractions of type II;
(3) logarithms and arc tangents in the case of partial fractions 

of type III;
(4) rational functions and arc tangents in the case of partial 

fractions of type IV.

10.10 INTEGRALS OP IRRATIONAL FUNCTIONS

It is impossible to express in terms of elementary functions the 
intégral of every irrational function. In this and the following 
sections we shall consider irrational functions whose intégrais are 
reduced (by means of substitution) to intégrais of rational functions 
and, consequently, are integrated completely.

I. We consider the intégral ^ x n , x s') dx where R 
is a rational function of its arguments. *

Let it be a common denominator of the fractions 
We make the substitution

x =  tk, dx = ktk~1dt

Then each fractional power of x will be expressed in terms of 
an intégral power of t and the integrand will thus be transformed 
into a rational function of t.

Example 1. It is required to compute the intégral

( — - )* The notation R \x ,  x " ,  .... x s J indicates that only rational operations
m r

are performed on the quantities x, x n , . . x s .
This is precisely the way that the following notations are henceforward to

m

be understood: R ( ^ ^ 2 )  " • ■ * • )  » #  (*■ V a x 2 +  b x + c ) ,  R (sin x, cos x),

etc. For instance, the notation R (sin x, cosx) indicates that rational opera­
tions are to be performed on sin x and cos x.
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1 3
Solution. The common denominator of the fractions y , y  is 4; and so we 

substitute * = f4, dx =  4t3dt\ then

II. Now consider an intégral of the form

This intégral reduces to the intégral of a rational function by 
means of the substitution

ax+ b==tk
ex +d

where k is the common denominator of the fractions — , . . . .  —.
n ’ s

Example 2. It is required to compute the intégral

V7+4f ■ dx

Solution. We make the substitution * + 4 =  t2, x=?t2 — 4, dx =  2tdt; then

= 2< + 21n
\ t— 2
;/+  2 + C = 2 /I+ 4  + 21n

y x + 4 —2 

Y 7 + 4 +  2 + C

10.11 INTEGRALS OF THE FORM J R ( x ,  V a x 2+ b x  + c)dx

Let us consider the intégral

J  R (x, V a x 2 - f  bx +  c)dx  ( a ^ O )  ( 1 )

An intégral of this kind reduces to the intégral of a rational 
function of a new variable by means of the following Euler sub­
stitutions.

First Euler substitution. If a >  0, then we put 
Y  ax2 -f bx -f c = ±  Vax  -f-1
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For the sake of definiteness we take the plus sign in front of V a. 
Then

ax2 + bx + c = ax2 +  2 V â x t  + t 2
whence x is determined as a rational function of t :

i 2— c
X = ---------r=r-

b — 2 y  at

(thus, dx will also be expressed rationally in terms of t). Therefore,

Yax2 +  bx -\-c----Yax~\-t =  Y  a °
b —21 Y  a

Thus Yax2 +  bx + c is a rational function of t.
Since Y  ax2 -f bx -|- c, x and dx are expressed rationally in terms 

of t ,  the given intégral (1) is transformed into an intégral of a 
rational function of t.

Example 1. It is required to computc the intégral

f  dx 
J  Y x2+C

Solution. Since here a = l  > 0, we put =  - * + t ;
then

*2 +  c =  *2 — 2xt +  t 2

whence

Consequently,

x =  ~t2—c 
21

dx=i- ÿ - dt

Ÿ ? + i  = - x  + t = -£ = ^ + t= .£ ± Z

Returning to the original intégral, we hâve

ç * r * *  f -  •
J » '* *  “ J  &  J , = "

= ln I * l + C ,  = l n  | * + Y*2+c | + C ,

(see formula 14 in the Table of Intégrais). *

Second Euler substitution. If c >  0, we put 

Y  ax2 + bx +  c =  xt ±  Y~c
then

ax* + bx + c = x*t* + 2 x tY  c+ g
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(For the sake of definiteness we took the plus sign in front of 
the radical.) Then x  is determined as a rational function of t:

2 Ÿ~c t — b .  x = —-— • a — t2

Since dx and Yaxa-\-bx +  c are also expressed rationally in terrns 
of t, by substituting the values of x, Yax2 +  bx +  c and dx into 
the intégral J R(x,]/raxi +  bx-\-c)dx, we reduce it to an intégral 
of a rational function of t.

Example 2. It is required to compute the intégral

f Q -  y 1+*+**)* ^
J x* y  i + * + * *

Solution. We set Ÿ \  + J t+ x 2=jrf + 1, then

l + * + * 2= * 2/2 +  2;irf +  l, * =  à x = ~ ^ à .- £ - d t

y i+x+x*=jc<+ i = —j_ji"

i —v 'r+ *+ * î =■
Putting the expressions obtained into the original intégral, we find

f  ( 1 - ^ 1 + * + * » ) *  , C  ( - 2 t2 + 1)2 ( 1 -< «)» ( 1 - 12) (2P  - 2 t  +  2)
J *2 V l + x + *  J (!-/•)• (»-!)• (<*-< + 1)(1-/*)2

=+2I
t2 dt =  —2/ +  InI— t2

2(Ÿ~ l+ *+ *2—l)

I + t
1 —t
*+ Y  î+x+x*—i

2 ( V l + *+*2— l)

In *-j- r _|_c
x— Y  1 + * + * * + 1  

-ln |2 x + 2  Y l + x + x 2 +  \ | + C

Third Euler substitution. Let a  and p be the real roots of the 
trinomial ajc2 +  b* +  c- We put

V ax2 +  bx +  c — (x—a) t 
Since ax2 + bx + c = a (x—a )(x—P), we hâve

Y  et (x —a) (x—P) =  (x—a) t 
a (x—a) (x—p) =  (x—a)* t2 

a{x—P) =  (x—a) t2 
Whence we find x as a rational function of t:

__a p — at2
X ~~ a — 1%

24—2081
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Since dx and Vax2 + bx-\~c also rationally dépend upon the given 
intégral is transformed into an intégral of a rational function of t .

Note 1. The third Euler substitution is applicable not only for 
a <  0 , but also for a >  0 , provided the polynomial ax* + bx + c lias 
two real roots.

Example 3. It is required to compute the intégral
p dxJ j/>  + 3*_4

Solution. Since x2 +  3x—4 =  (* +  4)(x— 1), we put 

K ( * + 4 ) ( * - 1 )  =  (x + 4  ) t
then

(jt+4)(*—1) = (* + 4)2/2, x — l =  ( x  +  4 ) t *  
1+412 . 10 idx- zdt1 — /2 ' ~~ (1— *2)2 

y r( x + 4 ) ( x - l ) = [ i ± ^ + 4 ]  < = —

Returning to the original intégral, we hâve

C dx Ç 10/(1—/*)^ C 2 , |l  +  tJ yx2-f-3x—4 “ J l - t * dt~ in

=  ln

1 - /

1 +

' - / S i

X—1
jc+ 4 +  C =  ln V x + a + \ T 7 = \  

V  x+4— / x — 1

-K

+ c

Note 2. It will be noted that to reduce intégral (1) to an intégral 
of a rational function, the first and third Euler substitutions are 
sufficient. Let us consider the trinomial ax* + bx-\-c. If b2—4ac >  0, 
then the roots of the trinomial are real, and, hence, the third 
Euler substitution is applicable. If b2 — 4ac<|0, then in this case

axî + bx +  c = ̂ [  2ax +  by +  (4ac—b1)]

and therefore the trinomial has the same sign as that of a. For 
]/raxi +  bx + c to be real it is necessary that the trinomial be posi­
tive, and we must hâve a >  0. In this case, the first substitution 
is applicable.

10.12 INTEGRATION OP CERTAIN CLASSES 
OF T R1GONOMET R IC FUNCTIONS

Up to now our sole concern has been a systematic study of the 
intégrais of algebraic functions (rational and irrational). In this 
section we shall consider intégrais of certain classes of nonalgeb-
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raie functions, primarily trigonométrie. Let us consider an intégral 
of the form

jÆ (sinx, cosx )d \  (1)
We shall show that this intégral, by the substitution

tan — =  t (2)

always reduces to an intégral of a rational function. Let us express 
sin* and cosx in terms of tan --, and hence, in terms of t :

sin*:
2 s in - - c o s - - 2 s i n y  cos y « x X2 tan ~2 21

COS X =

n X  . 9 Xcos2 y  — sin2 —

. 9 x , ,  xsm *—+ c° s* —

cosz —— smz —

l +  tan2Y

* tan2

Furthermore,

„ x , . „ x
cos T + Sin T 1 +  tan2 ---

1+/2

1 —  t2 
l +  <2

x = 2 arctan t, dx = 2 dt
1 + /2

In this way, sinx:, cosx: and dx are expressed rationally interms 
of t. Since a rational function of rational functions is a rational 
function, by substituting the expressions obtained into the intégral 
(1) we get an intégral of a rational function:

j “/?(sinx, cosx)dx =  J ^ ( ï — ,

Example 1. Consider the intégral
C dx 
J sin*

On the basis of the foregoing formulas we hâve

tanT 4-c

This substitution enables us to integra te any function of the 
form R (cos jc, sinx). For this reason it is sometimes called 
a “universal trigonométrie substitution”. However, in practice it 
frequently leads to extremely complex rational functions. It is 
therefore convenient to know some other substitutions (in addition 
to the “universal” one) that sometimes lead more quickly to the 
desired end.
24*
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(1) If an intégral is of the form $ R (smx)cosxdx, the substitu­
tion sinx =  /, cosxdx = dt reduces this intégral to the form
S R(t)dt.

(2) If the intégral has the form J R(cosx)sinxdx, it is reduced 
to an intégral of a rational function by the substitution cosx = t, 
sinxdx = — dt.

(3) If the integrand is dépendent only on tan x , then the sub­
stitution tan x = t, x — arctan /, dx — y— j reduces this intégral to 
an intégral of a rational function:

J / ? ( t a n ^ d x = j i ? ( / ) T̂ 5

(4) If the integrand h^s the form R (sin a:, cosjc), but sinjc and 
cos a; are involved only in even powers, then the same substitu­
tion is applied:

tanjc =  f (2')
because sin2* and cos2 a: can be expressed rationally in terms of 
tanx:

cos2 x =  

sin2 x =

l
l +  tan2 x 

tan2 x 
1 +  tan2 x

dx dt 
1 +  t*

1
I +  *a

*2
1+/2

After the substitution we obtain an intégral of a rational 
function.

C sin3 xExample 2. Compute the intégral j  — — — dx.

Solution. This intégral is readily reduced to the form J /? (cos x) sin x dx. 
Indeed,

f q-t—— <&= [ "  J 2 +  cos x J
sin2 x sin x dx Ç 1 — cos2 x .

[■2 +  cosx J 2 +  cosx J 2 +  cosx

We make the substitution cosx =  z. Then sin xdx =  — dz:

sin xdx

S 2 ^ * = !  ï + t  7 + î  * - 1  ( ‘ - 2+ r j h )  *

= - - 2z+31n(Z +  2)H 

Example 3. Compute J  ^ ^

rr»o2 y
=  — 2z +  3 ln (z +  2) +  C==— —— — 2 cos x +  3 ln (cos x +  2) +  C

dx__
-sin2 x *
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Make the substitution tanjc =  /: 
r  dx r  dt r  dt 1 . t , „

“ 7 ï ‘ ,' l*"('j7=5)+c

(5) Now let us consider one more intégral of the form 
J R (sin x, cos jc) dx, namely an intégral with integrand sin'* x cosn x dx 
(where m and n are integers). Here we consider three cases.

(a) J sinm.ccosn xdx, where m and n are such that at least one
of them is odd. For definiteness let us assume that n is odd. Put 
n — 2/7+1 and transform the intégral:

 ̂sin™ x cos*/’+l xdx =   ̂sin“ x cosip x cos x dx

= J sin1* jc(1 —sin* x)p cos x dx
Change the variable:

sinx =  /, cos xdx = dt

Putting the new variable into the given intégral, we get 

jj sin™ x cosn x dx =  J ( 1 — t2)p dt

which is an intégral of a rational function of t.
Example 4.

f* cos® x ^  Ç cos* x cos x d x  f* (1 —sin* x) cos x dx
J sin4* J sin4 x — J sin4 x

Denoting sin x =  t , cos xdx =  dt, we get

f* cos*x . f*(l — t*)dt  (* dt r  dt

_____ î___«__!__. c
3 sin3 x '  sin x '

3 ^+ 1 "+ °

(b) J sinmxcos’’xdx, where m and n are nonnegative and even 
numbers.

Put m = 2p, n = 2q. Write the familiar trigonométrie formulas: 

sin* jc =  -  cos 2x, cos* *  =  -- +  — cos 2 jc  ( 3 )

Putting them into the intégral we get

J  sin*/’A:cos*î ^djc =  J  —Ÿ cos ( ÿ  +  ÿ  cos2jc^? dx
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Powering and opening brackets, we get terms containing cos 2* 
to odd and even powers. The terms with odd powers are integra- 
ted as indicated in Case (a). We again reduce the even exponents 
by formulas (3). Continuing in this manner we arrive at terms of
the form J coskxdx, which can easily be integrated.

Example 5.

J  sin4 x dx =  ^  J  ( 1 — cos 2x)2 dx =  J  ( 1 — 2 cos 2x +  cos2 2x) dx 

= - i  ĵ jc — s in 2 * + ÿ  J ( l  +  cos4x)d*| = - -  [ y - « - s i n  2 * + ^ — - j  - fC

(c) If both exponents are even, and at least one of them is 
négative, then the preceding technique does not give the desired 
resuit. Here, one should make the substitution tan x = t (or co tx=  t).

Example 6.

P u t%tanx =  /; then x =  arctan/f dx =  j ^]2  and we Set

I  S i  i f ï î - f  '■ "+'*>"'- T + f + c
_tan8 x , tan6x , n

1 5 l" C

(6) In conclusion let us consider intégrais of the form 

J cos mx cos nx dxt J sin mx cos nx dx, J sin mx sin nxdx 

They are taken by means of the following formulas* (m=£n): 

cos mx cos nx = — [cos (m +  n) x +  cos (m—n) x] 

sin mx cos nx = ̂  [sin (m + n)x +  sin (m— n) x] 

sin mx sin nx = ^ [ — cos (m + n)x +  cos (m—n) x]

* These formulas are easily derived as follows:

cos (m +  n) x = cos mxcosnx— sin mx sin nx 
cos (m — /t)x =  cos mx cos n x + s in  mx sin nx

Combining these équations termwise and dividing them in half, we get thefirst 
of the thrce formulas. Subtracting termwise and dividing in half, we get the 
third formula. The second formula is similarly derived if we Write analogous 
équations for sin(m +  n)x and sin (m—n)x  and then combine them termwise.
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Substituting and integrating, we get

 ̂ cosmxcosnxdx = — ^ [cos (m +  n) x +  cos(m—n)x] dx
_sin x  . sin (m— n) x  , n

2 (m +  n) 2 (m—n)

The other two intégrais are evaluated similarly.
Example 7.

J  sin 5x sin =  J  [ — cos 8a: +  cos 2 x ]  d x=  — ^ ^ 4 " —

10.13 INTEGRATION OF CERTAIN IRRATIONAL FUNCTIONS 
BY MEANS OF TRIGONOMETRIC SUBSTITUTIONS

Let us return to the intégral considered in Sec. 10.11:

J R (x, V  ax2 -f bx +  c) dx (1)
2̂

where a^= 0 and c—-^-^O  (in the case a = 0 the intégral has
b2form II, Sec. 10.10; for c— ^- =  0, the expression ax2-\-bx +  c = 

=  a^x  +  ̂ y ,  and we hâve to do with a rational function, if
a >  0; for a <  0 the function Y a x 2 +  bx + c is not defined for any 
value of x). Here we shall give a method of transforming this in­
tégral into one of the form

J ~R (sin z, cos z)dz (2)

which was considered in the preceding section.
Transform the trinomial under the radical sign:

ax2 +  bx +  c =  a ^ x - + ( c —

Change the variable, putting

x + £  =  t ’ d x  =  d t

Then
Y ax2 + bx+ c=  j / "  at2 +  ^c—^

Let us consider ail possible cases.
1. Let a > 0 ,  c— >  0. We introduce the désignations: a  =  m \

l2
c— 7-  =  n2. In this case we hâve

4a
V ax2 +  bx -f c = Y  m2t2 + n2
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2. Let a >  0, c— <  0. Then

» **a — m2, c—j- = — n2 ’ 4 a
Thus,

Vax2-\-bx-\-c =  Vm2t2—n2

3. Let a <  0, c— ^ - >  0. Then
_ b2a = — m2, c—— = na ’ 4 a

Hence,
V  o.x2 + bx + c = Kn2—/n2/2 

2̂
4. Let a <  0, c— ;£j-<0. In this case +  +  c is a com-

plex number for every value of x.
In this way, intégral (1) is reduced to one of the following 

types of intégrais:
I. J R(t,  Vm2t2 +  n2)dt (3a)

IL $/?(<, Vm2t2—n2)dt (3b)

III. \ R ( t ,  Vn2—mH2)dt (3c)

Obviously, intégral (3a) is reduced to an intégral of the form 
(2) by the substitution

t = — tan z m

Intégral (3b) is reduced to the form (2) by the substitution
i n/ =  — sec ztn

Intégral (3c) is reduced to (2) by the substitution
, n . t  =  — sin / m

Example. Compute the intégral

I dx
V  (a2— jc2)»

Solution. This is an intégral of type III. Make the substitution x =  a s \n z ,  
then
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dx =  a cos z dz 

_ a cos z dz
J V(a2—jc2)3 J V  (a2—aasin2z)3

1 P dz 1 l . r  1 sin z
a2 J cos2 z a2 a n z ' ~  a2 cos z

=-L *

f  a c

=J “*
c =

a cos zd z*  
:s cos3 z 

sin z
“2 V 1— sin* z

10.14 ON FUNCTIONS WHOSE 1NTEGRALS CANNOT 
BE EXPRESSED IN TERMS OF ELEMENTARY FUNCTIONS

In Sec. 10.1 we pointed out (without proof) that any function 
f(x) continuons on an interval (a, b) has an antidérivative on 
that interval; in other words, there exists a function F (x) such 
that F’ (x) — f(x). However, not every antiderlvative, even when 
it exists, is expressible, in closed form, in ternis of elementary 
functions.

Such are the antiderivatives expressed by the intégrais ^e~x*dx, 

j ^ ^ d x ,  J  K l —Æ2sin2xdx, and many others.

In ail such cases, the antiderivative isobviously some new function 
which does not reduce to a combination of a finite number of 
elementary functions.

For example, that one of the antiderivatives

7=-jV* d x + c
which vanishes for x =  0 is called the Laplace function and is 
denoted by O (x). Thus,

<D(*) =  y = - ^e~*t dx +  C1 if <D(0)=0

This function has been studied in detail. Tables of its values 
for various values of x hâve been compiled. We shall see how 
this is done in Sec. 16.21 (Vol.t II). Figs. 208 and 209 show the 
graph of the integrand y = e~x* and the graph of the Laplace 
function y = <D(x). That one of the antiderivatives

J K l —£2sin2xdx-|-C (k <  1)

* ÿ~ 1— sin2 z ---= | cos z |. For the sake of definiteness, we only examine the 
case | cos z | =  cos z.
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which vanishes for x = 0 is called an elliptic intégral and is 
denoted by E (*),

—&2sin2j<dx + C2 if £(0) =  0 

Tables of the values of this function hâve also been compiled

Exercises on Chapter 10

I. Compute the intégrais: 1. ^x*dx. Ans. —|-C. 2. j ( x + y j ) d x .

A „s. * + * f i + c .  s.

f i s . .  t e .  I , * v ~ + C .  s. j ( J s +  - j L r +  2 )* .

te . : . i  _  +  2>+c. .. i  V e U

7. C ( *2 +  Y  dx. Ans. x% +  3 \ / x + C .
K -
Intégration by substitution: 8. J  ehx dx. i4ns. —ebx +  C. 9 . ^cosbxdx

C. 11. J i j î- sin 5jc ,Ans. —=------ f-C. 10.

Ans. -^ ln ax:+C. 12.

sin axdx.
dx 

sin2 3x '

Ans.

Ans.

cos ax
a

cot3x fC.

Ans. tan 7x
13. j cos2 7x

C■ «• f ï ê j -  '*"*• j '" |3 . - 7 |+ C .  13.
Ans. — l n | l —*|  +  C. 16. 4/is. — -g-ln 15 — 2x| +  C. 17. J  tan2xd*

i4ns. —  ln | cos 2jc | +  C. 18. J co t ( S x — 7) d x . Ans. --In  | sin (5x—7)| +  C

19. ^ CQtsy • — y  ln I cos3y | +  C. 20. ^  cot —• d*. 4/is. 3 ln | sin y |  -|-C

21. ^tan <p*seca<pd<p. Ans. --ta n 2(p +  C. 22. ^(cotex)exdx. Ans. \n\s\nex \-\-C 

23. J  (  tan 45 — cot - -  )  dS. Ans. — — ln | co s4 5 | —4ln + c.
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i24. \ sin2 x cos x dx. Ans. sind x
îC. 25. \ cos3 x sin x dx. Ans. —COS4 X -C.

26. C V 'x * + lx d x .  Ans. 1  V(jc2 + I )3 + C .  27. f  xdx
J  3  .  J

Ans. — Ÿ~2x2 +  3 +  C.

29. cos x dxP cos
J  " s is\n*x Ans. — r

28.

1

y  2x2 +  3 ■
r x̂ dx Ans 2_
J yiF + 7 Q T n

sin* -C. 30. sin x dx 
cos3 x

31

33

• Ç—  dx.J  COS2 *

f

Ans. 32.
I

J sin2 *

Ans. 1
2 cos2 * -C.

dx. ------- —  . Ans. 2 V t̂an * — l-j-C.
J cos2 * y  tan * — 1

Ans. iH Ü £± 21+ C . 35

Ç sin 2x dx .36. \ — ------- — s . Ans.
J (1 +  cos 2x)2

f cos * dx 
y  2 sin* +  1

____ !____ +
2 ( 1+  cos 2x y C.

a» . -  ? p + c .

34. [ 'n lX + ' ] d ,
J  X + \

Ans. |^ 2 s i n * + l + C .

2 xdx37. P s in 2*ÉJ i^r+irsin2 *

Ans. 2 Ÿ  \ + s in 2 * +  C. 38. f  V^tan^+ l ^  4 /is. ^(tan  * +  1)3 +  C.
d COS * ü

C cos 2xdx . 1 1 ,  ̂ . .  f  sin 3x dxQn f  cos 2xdx A
3 9 ‘ J  (2 + 3  sin 2 x f  j4nS- 12 ( 2 + 3  sin 2x)*

i4ns. -  1 41. Ans. 1 + + C .  42. f 3" * 1* *
j /c o s 3 *  J x 3 J VT=72 •

40. r sin 3x dx

J y /  cos4 3*
42. r arcsin xdxJ V i - x 2

A » . + C . 43. f  arctan * dx
J i+*4 • 44 ns. arctan* x +  C.2 1 J 1+** ' 2

. .  farccos** . . arccos** , „ . .  farccot x , arccot** , „
) V ^   ~ + s• ------- ^ ~ +  •

x * + Z e + 3 dx' Ans~ T ln (•**+2jc+3)+C.^ 4 I"<*, + I>+C , ,  S:

“ • '*“ ■ t '"i<2sI^ + 3)+c' *•
J  2 * ( * * + l ) 4 d*. Ans. ^ - — - ^ - + C .  51. J  t a n 4 xdx.  i 4 / i s . ^ £ — _  t a n * + * + C .50

52 r dx 
• J ( l + * 2) aiarctan * * Ans. In | arctan * | +  C.

"• h
dx

cosa* (3 ta n * +  1 ) *

yl/M.4-In|3tanx-f 1I +  C.54. 34ns. î+ ^ f - C .  55. f  ■ dx .
3 1 ' Jcos*x 4 ^  J K T =x*arcsinx

c1 cos 2x 1
i4ns. In | arcsin * [ +  C. 56. J 2 +  3sin2* dx‘ ^ nS* -g-ln | 2 +  3sin  2*| +  C.

57. Jcos (ln x)— . Ans. sin (ln*) +  C. 58. Jcos (a +  bx) dx. i4ns.— sin(a+6*)+C .
*  x

59. J e2x dx. Ans. y g a* +  C. 60. J e 3 dx. Ans. 3e3 + C . 61. ÿ e slnxcos xdx.

a JL JL
Ans. esinx-\-C. 62. ja**xdx. Ans. + C . 63 J e ° d * . Ans. oea + C .
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64. J (e a*)a d*. Ans. i-e»* +  C. 65. §3*e*tix. Ans. + C . 6 6 . J e-» * d * .

— ÿ e~3x +  c ■ 67- ei x + a 6x)dx . Ans. ÿ ( e‘* + f i ^ + C) -

. ^ e * ,+ tx + 3 (x+2)dx .  Ans. ex*+*x +3 +  C. 69. j * dx-

.. w - m

Ans

68

ln a — In b ■2 x + C .  70. ex dx 
3 + 4e*' Ans. ÿ l n ( 3  +  4e*) +  C.

71- J  2 + e 3* ' ^ns- - J l n (2 +  e8x) +  c - 72- J r f b 5 ' i4ns y :| arctan(>/2 * ) + c - 

73. f  , *  i4ns. -^ -a rc s in  ( K 3* )+  C. 74. [  ; d* ■
J K l-3 * *  K 3 J K  16— 9**

Ans. 'arcsin  ^ + C .  75. (* —. .dns. arcsin -Î--I-C. 76. Ç f '* , .
3  4  J  ^ 9 - * 2 3  J  4  +  * 2

'4ns' i-a r c ta n - i+ C . 77. j • 4 « -  ÿ a r c t a n ^ + C . 78.

JJ In 2 + 3 *

80.

2—3* 
dx

+ c . 79. J d*
K*2+  9

.4/is. In |a: +  K * a +  9 | +  C.

f  ■■ ***------■ i4ns. - i -  ln |fc *  +  y~b2x2—a2 | +  C. 81. 1 *** —
J  ] ^ 6 V - a a b J  y  +  a 2x a

Û*— c
ÛJC +  C

+c./4«s. -j- ln \ax-\- V <>a+ a a*a |+ C . 82. J  â*&Lc*  ' j4”s' 2ëë  

83. f * * * »  ‘ ln t ± J Œ + c .  84. f + ^ . ^ s 'arcsin*a+C .
J 5 -x «  6 1^5 * * - K 5 |  J K l - * »  2 ^

85. [ ~ r r ^ 4 - ^ n s .+ a r c ta n -^ s-+ C . 86 . f  e dx -  i4ns. arcsin e* +  C. 
J *»+a» 2aa oa ‘ J K l —e**

f  dx . 1 . - i / 5  , .  f  co sxdx87. I .....  . j4«s. ■—  arcsin 1 /  -%-x+C. 8 8 . V -=-:— =—5— .
J K 3 -5 * a K 5  r 3  J a a+ s in a*

i4/ts. ÿarctan

«O. r —
J K l - * *

89.
I;

d*—  . Ans. arcsin (ln x ) +C .
x V 1 — ln® jc

i4ns. — (arccos*)a +  \  1— *a +  C.

91. J  -— arct^an^  ln (1 + * 2) — y (arctan *)2 +  C. 92. j*

Ans. K ( l  +  » n * ) a + C .  93. ^ l ^ ï ^  dx. Ans. i - K ( l +  V~x)3 +  C. 

94. f  ***-----------. Ans. 4 Y 1 +  Y  * +  C .  95. T y -r^ï x ’ ^ nSt arctan **+£•
j V xV i +  yic  J [~re

96. f  ™s x d x  . i4ns. 3 3 /S iT i+ C . 97. f  K 1 +  3 cos* x sin 2x dx. 
J y  sin* x ^

/4ns. — g- KO + 3  cos2 *)3 +  C. Ç sin 2x dx
J K̂ l + COS2̂ Ans. —2 K  1 +  cos8 jc+ C .
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nn Pcos8* . - 1 199. \ - —.—dx. Ans. —---------- —J s in 4* sm x  3 sin3x ioo. J \ /  tan2 x 3 3 .----- =— - dx. Ans. j /  tan6 jc+C.cosa x 5  v 1

101 dx
~x - Ans. ÿ = - arctan (  Y \  tan*) +  C'j2sin2x+3cosa.

Integralsoftheform ^ - ^ t ^ - d x :  102-f c , + 2 j t + 5
dx Ans. ~  arctan^—i -(-C.

103.

Ans.

106

r  dx 
J 3a:2 —2x

V~5
ln

^r+4* ^ s*
2jc +  3 — ^ 5  

[•2* +  3 +

1 i 3a — 1 .,__ -arctan —= r 4 - C .
/ T T  / T T

m . J dx
*a+ 3 * + r  

+c.+ c- ,05- J iT Z ^ + 5 -  Ans- T ln\ h

' J 2za—i L + r  ‘ ^  a^ a"(2a- D + C .  «07. J 3T2_ ^ + 2 .

>4rts. - arctan ? - ^ + C .  108. - Ans• In |3*a— 7*+11 | +  C.

,09- U ^ - ê r-2- Ans• to 1" ^ - 3*4*2)-

110.

111
(* 3jc-
J* a-

3a;+ 2  ’ 

3jc— 1
* + l

-dx. Ans.

11 . 10a:—3 , _------- 7=  arctan — -= r - \-C .5 / 3 l  /TI
-|ln (*a—x + !) + •— - arctan ï y = - + C .

• î .
7* + 1  dx. Ans. - |ln (3 j ï— l) + 4 - ln ( 2 * + l ) + C .  112 2x— 1

) 6 jc2 +  x — 1

Ans. 4 - ln (5*2 —^x+2)------- arctan
« 5 / 3 9

, , ,  p6x«—5**+4** «*113

2
IOjc— 1 

/ 3 9

, f 2x- 
‘ J 5a:* — jc+ 2 d*.

-C.

114

Ans. * 3 _ Ç + | , „ | 2 ^ - JC+I| +  - ^ r c t a n 4̂ = i + C .

2
2 cosa * + s in  x cos jc-|-sin2 jc * ÿ ~7 t,4^ve,“

A x + B  115>

. 2 tanx +  l . _ arctan------■==+— h C.

117.

118.

Ans.

Ans.

Ans

Î !
Intégrais of the form f  A x + B  _ ^x. 115, f  —

J /< w a +  t>* +  C J / 2 - 3 * -

j ^  ln H 4 +  l+ c-
l n | s + a +  y r 2 5 s + S r | + C .

Ax*

Ans. 4-arcsin -|-C. 116.2 /TT
f  dS
J /  2aS +  Sa -

i4/is.

f  d* . 1 . 6*+7 , r  t t t . [* dx\ „ - . . Ans. —— arcsin — = - + C .  119. \ _ =
J / 5 —7*-3*a / 3  /TÔ9 r J /x(3*+5)

Ç dx
J / 2 — 3*—x*
C dx
J V 5 x * - x —

- p = l n  |6 * + 5  +  /  12*(3* + 5 ) |-|-C . 

2 * +  3arcsin
/ l 7

120.

121.

i. -p = ln  | 1 0 * - 1 +  /2 0 ( 5 * a—* — 1 ) |  +  C. 1 2 2 . j" j —2 a x  +  b

+ b x + C

1
d x .
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Ans. 2 \  ax  ̂-J- bx -Ç~c C. 123. I (jc+3) dx 
V 4x2 +  4x + 3  ’

124.

125.

Ans. 1  y  4x2 + 4 x + 3 + | - t n  \ 2x +  1 +  / 4 x 2 + 4 x + 3  | +  C.

f  (x—3)<ix------------------  Ans _  1 y r3+66jc_ i u a +  c
J V 3 + 6 6 x — llx 2 11

f  <x + 3>dx - . Ans. V 3 +  4x— 4x2+-^- arcsin 2- ^ -  + C .
J  y 3 +  4 x - 4 x 2 * 4  2  ~

126. f  i4/is. | / 2 ï2- * + - ^ r l n  (4x - 1  +  ^ 8 (2x2 — x ))+ C .
J / x ( 2x - l )  2 4 ^ 2

II. Intégration by parts:

127.  ̂xex dx. Ans. ex (x— \) +  C. 128.  ̂x ln x dx. Ans. -^-*2 ^ ln * — i-^ + C .

129. J x sin x dx. Ans. sin x —x cos x -fC. 130. J \nxdx. Ans. x ( \n x — 1) +  C. 

131. J arcsin xdx. Ans. x arcsin * +  Y l  —x2-\-C. 132. J In (1 — x) dx.

Ans. — x — (1— * ) ln ( l—*)+C. 133.  ̂xn \nxdx. Ans. x - — - ^ + C .

134. ^  jcarctan xdx. Ans. y  [(x2 +  1) arctan x —*] +  C. 135. J  x arcsin xdx. 

Ans. -—l(2x2— 1) arcsin x + x  ÿT ^ x^ J  +  C. 136. J  ln (x2+  l)dx.

Ans. x ln (*2+  1 ) — 2a:+ 2  arctan * -fC . 137. J arctan Y  xdx.

Ans. (* + 1 ) arctan Y x  — Y x + C .  138.
J  y x

Ans. 2 l^jc’arcsin Y x  + 2  Y 1— x + C .  139. Jarcsin V i è i * -

Ans. x arcsin jq p j— Y *  +  arctan Y x + C .  140. j* * cos2 * d*.

i4ns. ^  -j- ̂  x sin 2x+ -- -  cos 2* +  C.

Ans. x — Y 1 — x* arcsin x +  C. 142

x , 1 _ _ x__ .. 1 arctan x

C x arcsin x , 141. \ ~dx.
J Y i - * a

. f *  arctan x ,
" J  T F + îF * '

x \ 1 arctan x f*
Ans. 4- 4- arctan ac — - - p — . + C .  143. \ x arctan Vx* — Xdx.

Ans. y  x* arctan / x 2-  1+C . 144. J arc^ n * ^

i  Y  i  x2 î p  _ _ _ _ _
Ans. ln -------   — arcsin x + C . 145. 1 In (ac+  V \  +  x*) dx.

Ans. x ln | x - f  V 1 +  x2 1— Ÿ" 1 + x 2 +  C. 146. f  arcsin x .
J V ( l - x 2)4

Ans. i££ÜE£_ , i lB| i - * | , r  
K î ^ i + T ln|T+3i|+ c -
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147

Use trigonométrie substitutions in the following examples:

f Vaï-x* Ans =
x2 x -arcsin---- (-C.a 148.

Ans. 2 arcsin x l r 4 —x2 +  -r x3 Y  4 —x2 +  C.

j* •** ŸT—

' h

x2 dx.

V\+>
Ans. ^  X— |-C. 150. f   ~ d x .  Ans. V ^ 2 -—a2—a arccos— -f-C.

151. I VT*

X

dx
+ x 2f

Ans. fl2 V a2 -f- x2 •C.

Intégration of rational fractions:
p 2x_1

152. \ ----- 7Y7----- ôr dx. Ans. InJ (x— l) (x—2 )
(x+ 3)6

(x—2)8
x — 1

Ans. -g- ln
l * + 5 | # | * + l .

C.

-+ C. 153

154
■s xdx

(x ~f" 0  (x ~f~ 3) (x -f- 5) * 
Ç xb +  x*— 8  .

■j " ^  dx-
Ans. - j + y  +  4x +  ln 

Ans. ij-— 2x+-g- ln ■

je2 (x— 2)6 
(* +  2)3 

x — 1 | ,

+  C.

16,

155. Ç___ x*_
j (*2—i

dx

Ans. 

158.

Ans.

161.

162.

163.

164.

Ans. 

i4ns. 

Ans. 

Ans. 

Ans.

■ln x — 2

0 (* +  2) ’
Î T I F -r T i„l , + s l + c. j ,—

Jï-1

J  *(*+!)•* ' 2 (*+!)■

+ c - 157 f  S - J + * *- ■4“
* 2  i f>  . e n  P  * 2 <**4x +  3

'ii+ îi»+c- 1M- j  ( , + w Z + w
( S I ) ’+ c ' m ■ ^  l n + c -

P 2a;2— 3x-  
J  ( x  1 )  (a ;2

I ?
x3—6

-2* +  5)

■ dx. Ans. ln

Ans. ln (*2~~2*-j~5) 1
I x — 1|

x2+ 4  . 3  , x■■■+■-5- arc tan ■s - Vx» +  2 2 2

i - a r c ta n  — i

3 v
arctan +  C.

^  ir  ln S q r T+ - i 7 f  ̂arctan — + c .  
•2_* -

+ 6jc2 + 8 
C dx
J ^ + 1 ‘

[■SjTîXT-TI- Ans- ln/v"na- +  T arctanT + C- ,fl5- Ç 4 ^ tJ x3 + x 2 + 4 x + 4  ( x + 1 )2 2 2 ' J x* + 1
>,„*•+* r i + i  + y -î„ clmJp q _

y 2 x2—x Ÿ^2 + 1  1 — -*2
-C. dx.

•y  [■** +  ln (ac* — 1 )] +  C. 167. f xP +  x —- 1 A 
J (*2+2)2

2—x 
4 (x2 

3*2—jc

^ - + l n ( x 2 + 2 ) 2 -------^  arctan - Ï = + C .  168. f —̂+  2) 4^2 ŷ 2 J (*—•)
-8x)dx

12 (x2 + l )2 •

ln (x - l)2
(x— l)(x2+ l ) ^  *2+ l

. I*— Il 10 . 2x— 1ln --------  —  arctan ——
* I 3^3

■arctanx +  C. 169. J } (f f _ x +  1)a ■

2x—  1
Ÿ 3  3(x2- x + \ )

-C.
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Intégration of irrational functions:

) v
Ans. x*— \ n ( î / x® +  l) ]  +  C

,7,‘ I ̂e î / f x~dx' Ans' Z * ^ x' ~ i ^ xis + c - 172• j*

2 In x — 24 ln ( y^x +  l)  +  C.

/  **+l
3

V *

6 / J + i

\Y X1 + V  Xh
dx.

Ans.

173

V x V x [  
2 + y  x ■ dx.

ÿ  x + % / x  +  V x  + 1  

Ans. y  y / ’jc4 — y  ^ jc * + 4  V x — 6  ^ jc  + 6  ^ x  — 9In ( * / *  +  i)  +

+ y  ln ( ^ J C + l )  +  3arctan ^ / x + C .  174. j

y  i —x +  t^i+jc _ y  î —xa _j_c  17g J ÿ \ _  —x dxAns. ln
1 —x — Y  1 +  x

Ans. 2 arctan Y T + ^ + ln

175.

y r+ x — y  1—x +  C. 176.y r + ^ + y r —;

i4ns. 14 x — ÿ  V  * + y  'V *  -  y  V  ** + ÿ  k 'V ]  +C.

177. j  Y ^ ^ d x -  Ans. ÿ 3 x i — 7 x —6 +   ̂ X

X ln ^x—y +  Y *2 — y * - 2 ) + c -

f V x  + V x
J V 7 * + V ^  '

178.

179.

180.

Intégrais of the form Ç R (x, Ÿ a x 2 +  b x + c )  dx:

f dxJ * y xa-jç + 3 *J dx
x |/ " 2 + x —x* 

dx

4ns. 1 ln
n  1

. Ans. --  L_ ln
y 2

- .  44ns. i— arcsin
j* x y * * + 4 x - 4 ..........  2 ...........  x y  2

Ans. y  xa-f-2x +  In | x +  1+  y  x2 +  2x\ +  C.

y x2- x + 3— y i  , 13 2 y  3y 2+x—xa+  y ? , >
X 1 2 y i

■ -  - 1-

+  C. 

+ C .  

-d x .

Ans. x — 1 -C. 183.

182 

x2 dx. 

184

j
dx

y (2x—xa)4 •
y 2x—x*

<4/is. -i- [(x— 1) y 2 x - x * + a r c s in ( x - l ) ]  +  C.

Ans — +  — y  x2 — 1— - ln  | x +  y x 2 — 1 |+ C . 185. f ------------—
2 2 2 J ( l+ x > y  1+x+x* ’

• f---
J  X —  ^  X2 ---- 1
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Ans.

Ans.

Ans.

Ans.

In x +  y  \ + x + x *
2 +  x +  Y  1 -j- x -j- x* 

1

+ c. 186. (*+0

y  2x + x2 + C .

In -2-}-x— 2 Ÿ \  -j-jc +  jc5

187.

+  C.

i
J  (2jc +  jc2) Ÿ~2x-\-x2 

1*— Y 1 + x  -}-*2

dx.

x  Y  1 + *+ dx.

8
x +  y  x2 +  4x

x2 j
|-ln |; c - f 2 +  Y  x2 + 4 x  | +  C.

188. + 4* dx.

Intégration of trigonométrie functions:

189.

Ans.

Ans.

J  s i n 3 x dx. Ans. —- cos3jc — cos * +  C.

— cos jc+  -g- cos3 x- cos5 x -C. 191.

190. J  s i n 6 x dx. 

c o s 4  x s i n 3 jc dx.

193.

i4ns.

1 1  P COS3 X  1
— = -  c o s B jc +-=- c o s 7 j c + C .  1 9 2 .  \ -r-t— dx. A ns. e s c  jc— ;t- csc3 jc +  C .  

5  ' 7  ‘ J  s i n 4 jc 3 1

J c o s 2 jcdjc. Ans. sin 2jc +  C. 194. J  sin4 jcdjc.

• i195.3 s i n  2jc . s i n  4jc . _
t x— — f “ 3 i r + c -

Ans. ^ 5 * + 4 s i n  2 x — — s i n  4* j - f - C .  196. J  sin4*

Ans. sis i n  4 jc -

3
s i n  8 *

c o s 0 jc dx. 

196. c o s 4 jc dx.

Ans.

Ans.

203.

tan’ jc , 3 tan6jc 
7  1 5

tan7 jc , tan6 jc

+  C. 197. J  ta n 3 jedjc. Ans, 

si

î

tan2 jc -ln|cosjc|+C.

198. ^ c o t 6 Jcdjc. Ans. —  — c o t4 J C + - -  c o t2 jc +  ln | sin je | +  C. 199. J  cot8 jccIjc 

Ans. — ̂ i_ i_ . in |s in  x\ +  C. 200 .

- t a n 3 j c + t a n  jc+ C .

7  1 5

COS JCr C05
J  ^

- dx.

-C. 202.

Ans.
î -

dx
c o s 4 JC 

C — e s c  jc .

sec8 jc dx.

201 . J  tan4 x sec4 x dx. 

Ans. tan jc + -g-tan8 jc+C .

204.

1 I sin3 jc dx

Ans. - j j -  cos 3 jc +  3 cos 3 j c + C .  205. \ sin jcsin3jcdjc. Ans.• î -

|/*  COS4 JC
sin4jc , sin 2jc

f  C.

6 .  J  c o s2 0 6 .  \  c o s  4jc cos 7jc dx. Ans.

c o s  6jc cos 2jc

sin 11 jc , sin3jc 
— 22 1 6

8  ‘ 4

C. « 7 .  J  c o s  2jc s i n  4jc dx.

Ans.

209.

12
r i  3f-C. 208. \ s i n  — x cos x dx. Ans. c o s  jc . 1 , ^------- (-COSy*+C.

C ~l— — • Ans. -i- J 4—5 sin jc 3 In
t a n  | - 2

2  t a n  y - 1

+ C . 210. f  * L
J 5 —-3 cc3 cos jc.

25—2081
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Ans. — arctan 2 ta n - J + C . 211. C g * * *  .J 1 +  sin x

212 I-
cos xdx Ans. x — tan-^-j-C.

1 +  cosx *

Ans. arctan (2 sin2 x — 1) +  C. 214. J

Ans.

213.

l + t a n y
p sin 2x 
) cos4 x +  sin- a ;

- x + C .

dx.

dx
(1 +  cos x)2 Ans. 4 - ta n -£ + 4 -  tan3 — + C .

2IS. f —
J sin2 x + t

Ans. — —
2

cot X-
c+ ta n a x

216. f - —-? -*  dx. Ans. Ÿ  2 arctan / ta^  \  —X-\- C.
J 1 “i~ cos2 x \ \ T 2  J ^

1 . /  tan x \~~r=- arctan ( — ■ ■ )
v  2 \ \ n J +  C.


