THE INDEFINITE INTEGRAL

10.1 ANTIDERIVATIVE AND THE INDEFINITE INTEGRAL

In Chapter 3 we considered the following problem: given a func-
tion F(x), find its derivative, that is, the function f(x)=F’(x).
In this chapter we shall consider the reverse problem: given a
functien f(x), it is required to find a function F(x) such that its
derivative is equal to f(x), that is,
F' (x)=f(x)

Definition 1. A function F(x) is called the antiderivative of the
function f(x) on the interval [a, b] if at all points of the inter-
val F’ (x)=f(x).

Example. Find the antiderivative of the function f(x)=x2.

From the definition of an antideriavative it follows that the function

F (x) =J‘;—3 is an antiderivative, since (%) =x2,

It is easy to see that if for the given function f(x) there exists
an antiderivative, then this antiderivative is not the only one.
In the foregoing example, we could take the following functions

as antiderivatives: F(x)=f3i—|—l, F(x)=%n—7 or, generally,

F(x)=§+C (where C is an arbitrary constant), since
xs ’
(5+c) =

On the other hand, it may be proved that functions of the form
’—g—-{—C exhaust all antiderivatives of the function x2. This is a

consequence of the following theorem.
Theorem. If F,(x) and F,(x) are two antiderivatives of a func-
tion f(x) on an interval [a, b]), then the difference between them

is a constant.
Proof. By virtue of the definition of an antiderivative we have

Fi(x)=F(x) }
Fi(9) = F(x) M
for any value of x on the interval [a, b].
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Let us put
Fi(x)—Fy(x) = (x) @)
Then by (1) we have
Fi()—F,(x)=f(x)—f(x)=0
or
@ (%)= [F,(x) —F, (%)) =0

for any value of x on the interval [a, b]. But from ¢’ (x)=0 it
follows that @ (x) is a constant.

Indeed, let us apply the Lagrange theorem (see Sec. 4.2) to the
function ¢ (x), which, obviously, is continuous and differentiable
on the interval [a, b]. No matter what the point x on the interval
[a, b], we have, by virtue of the Lagrange theorem,

@ (x)—@ (@) =(x—a) ¢’ (§)
where a < E < x.
Since ¢’ (§) =0,
¢ (x)—p(a)=0

?(x)=9(a) 3)

Thus, the function @(x) at any point x of the interval [a, b]
retains the value @(a), and this means that the function ¢ (x) is
constant on [a, b]. Denoting the constant @(a) by C, we get,

from (2) and (3),

or

F,(x)—F,(x)=C

From this theorem it follows that if for a given function f(x)
some one antiderivative F(x) is found, then any other antideri-
vative of f(x) has the form F(x)+C, where C = constant.

Definition 2. If the function F(x) is an antiderivative of f(x),
then the expression F(x)+C is the indefinite integral of the

function f(x) and is denoted by the symbol Sf(x)dx. Thus, by
definition
§fmdx=F@+C
if
F' (x)=f(x)
Here, the function f(x) is called the infegrand, f(x)dx is the element

of integration (the expression under the integral sign), and S is

the integral sign.
Thus, an indefinite integral is a family of functions y=F (x) 4 C.
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From the geometrical point of view, an indefinite integral is a
collection (family) of curves, each of which is obtained by trans-
lating one of the curves parallel to itself upwards or downwards
(that is, along the y-axis). .

A natural question arises: do antiderivatives (and, hence, inde-
finite integrals) exist for every function f(x)? The answer is no.
Let us note, however, without proof, that if a function f(x) is
continuous on an interval [a, b], then this function has an antide-
rivative (and, hence, there is also an indefinite integral).

This chapter is devoted to working out methods by means of
which we can find antiderivatives (and indefinite integrals) for
certain classes of elementary functions.

The finding of an antiderivative of a given function f(x) is
called integration of the function f(x).

Note the following: if the derivative of an elementary function
is always an elementary function, then the antiderivative of the
elementary function may not prove to be representable by a finite
number of elementary functions. We shall return to this question
at the end of the chapter.

From Definition 2 it follows that:

1. The derivative of an indefinite integral is equal to the in-
tegrand, that is, if F'(x)=f(x), then also

(§Fimdx) =F @ +0y =F(x). (@)

This equation should be understood in the sense that the deriva-
tive of any antiderivative is equal to the integrand.

2. The differential of an indefinite integral is equal to the
expression under the integral sign:

d(§Fax)=fxydx (5)

This results from formula (4).
3. The indefinite integral of the differential of some function is
equal to this function plus an arbitrary constant:

(dF=Fw)+cC

The truth of this equation may easily be checked by differentia-
tion [the differentials of both sides are equal to dF (x)].

10.2 TABLE OF INTEGRALS

Before starting on methods of integration, we give the following
table of integrals of the simplest functions.

The table of integrals follows directly from Definition 2, Sec. 10.1,
and from the table of derivatives (given in Sec. 3.15). (The truth
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of the equations can easily be checked by differentiation: by estab-
lishing that the derivative of the right side is equal to the
integrand.)

1. x“dx-—-f—_:ll—l—C (¢ 5= —1). (Here and in the formulas that
follow, C stands for an arbitrary constant.)

2. Sd—x=ln|x|+C.

3. Ssmxdx —cosx+4C
4. S cosxdx=sinx+C.

5. Scoisx—tanx—;-c

6. Ssm,x —cotx+C.

7. Stanxdx——lnlcost—C
8. S cotxdx=In|sinx|4C.
9. {erax=e1C.

10. {ardr=rz+C.

11. S%=arctanx+0.
1. Sa%x,=l arctani—i—C.
19. dx 2—‘1 a+x

13. jﬁ=arcsmx+c.
13°. j_VT_:ix_’:x—3=arCSin%+C'

dx ] -
14. SV.—T—?;=IHIX+VX2:}:02‘+C.

Note. The table of derivatives (Sec. 3.15) does not have
formulas corresponding to formulas 7, 8, 11, 12, 13’ and 14.
Holv]vever, differentiation will readily prove the truth of these as
we

In the case of Formula 7 we have
—sinx

o = tanx

(—Injcosx|)’ = —

consequently, S tanxdx=—In|cos x| +C.
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In the case of Formula 8

cos x
sin x

(In|sinx|)’ = =cotx

Consequently, S cot xdx=In|sinx|+4C.
In the case of Formula 12,

(%m“""—"‘)l =2—la [Inja+x|—In]a—x]|])’

a—x
1 1 1 1
T2 [a+x+a-—x] Ta—a

therefore,

dx a+x
Sa’—x’_2_al |+C

It should be noted that the latter formula will also follow from
the general results of Sec. 10.9.

In the case of Formula 14,

(In|x4+V¥¥xai|) = !

1 14+ * —
x+Vx§¢aﬂ( Vx";i;a’)-]/'x’ia’

hence,

j V.x_:uﬁ—lnlx-f—l/x’ +a|+C

This formula likewise will 1otlow from the general results of
Sec. 10.10.

Formulas 11’ and 13’ may be verified in similar fashion. These
formulas will later be derived from formulas 11 and 13 (see Sec. 10.4,
Examples 3 and 4).

10.3 SOME PROPERTIES OF THE INDEFINITE INTEGRAL

Theorem 1. The indefinite integral of an algebraic sum of two
or more functions is equal to the algebraic sum of their integrals

§ 1.0+ Fa (e = § f, () de+ § £ () ax (1)

To prove this, find the derivatives of the left and right sides
of this equation. On the basis of (4) of the preceding section we
have

(§ 1@+ @]de) =f,(®) +Fa ()
(§hyde+§ fa (v dx)
=(§ rde) + (§fawyax) =F (0 + fa ()
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Thus, the derivatives of the left and right sides of (1) are equal;
in other words, the derivative of any antiderivative on the left-
hand side is equal to the derivative of any function on the right-
hand side of the equation. Therefore, by the theorem of Sec. 10.1,
any function on the left of (1) differs from any function on the
right of (1) by a constant term. That is how we should understand
equation (1).

Theorem 2. A constant factor may be taken outside the integral
sign; that is, if a=const, then

(af(ydx=alf(x)dx (@)

To prove (2), let us find the derivatives of the left and right
sides:

(§af(max) =af (v
(a§ieax) =a(§ F(x)dx) =af (x)

The derivatives of the right and left sides are equal, therefore,
as in (1), the difference of any two functions on the left and
right is a constant. That is how we should understand equation (2).

When evaluating indefinite integrals it is useful to bear in mind

the following rules.
I. If

{fydx=F(x+C
then
(tands=ZFan+C 3)

Indeed, differentiating the left and right sides of (3), we get
(§F(@xdx) =F(ax)
(§F@)) =4 (F@))=7F (@)a=F (ax)=f (ax)

The derivatives of the right and left sides are equal, which is

what we set out to prove.
II. If

§fde=Fn+C
then
§ Fletb)de=F(x+b)+C (4)
ITI. If
{fxydx=Fx)+C
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then
Sf(ax+b)dx=-:7F(ax+b)+C )

Equations (4) and (5) are proved by differentiation of the right
and left sides.

Example 1.
S(2x3—35inx+5 V—x)dx=s2x"dx—53$inxdx+85 V xdx

=2Sx~’dx—3§sinxdx+58x2dx

5+l

+1 2
=2xa——3(—cosx)+5x—+C=ix‘+3cosx+£)xVT:-l—C
341 1 1 2 3
-+
Example 2.
3 ) -1 PSR | 5
A= 3 2 )
—t——+=x de=3\* “dxt—o\x “dx X dx
J(taysted/s)ama | Tag [ Tart
-%H { --l—+l —:’-+l 9 4
x X x 3/~ 4/—
=3 I+ —HC=5V B+ Vit PV x+C
—=}1 —=t1 -1
2 4
Example 3.
dx
Sx+3_.ln|x+3|+c
Example 4.
Scos Txdx= -,lr—sin 7x+C
Example 5.

S sin (2¢—6) dx = — = cos (2¢—6)+C

10.4 INTEGRATION BY SUBSTITUTION
(CHANGE OF VARIABLE)

Let it be required to find the integral
§Fax

we cannot directly select the antiderivative of f(x) but we know
that it exists.
Let us change the variable in the expression under the integral

sign, putting
x=q() (1)
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where @ () is a continuous function (with continuous derivative)
having an inverse function. Then dx=¢’(¢)dt; we shall prove
that in this case we have the following equation:

(fmax=(fle®] ¢ t)at 2)

Here it is assumed that after integration we substitute, on the
right side, the expression of ¢ in terms of x on the basis of (1).

To establish that the expressions to the right and left are the
same in the sense indicated above, it is necessary to prove that
their derivatives with respect to x are equal. Find the derivative
of the left side:

(§Fwax).=F)

We differentiate the right side of (2) with respect to x as a com-
posite function, where ¢ is the intermediate argument. The de-
dx

pendence of ¢ on x is expressed by (1); here, —_-(p () and by
the rule for differentiating an inverse function,

a1

dc ¢’ (¥)

We thus have
(§remiewat) =({feme @a) g
~Flo®] & () 5oy =T o] =F(x)

Therefore, the derivatives, with respect to x, of the right and left
sides of (2) are equal, as requnred

The function x =@ (¢) should be chosen so that one can evaluate
the indefinite integral on the right side of (2).

Note. When integrating, it is sometimes better to choose a
change of the variable in the form of =1 (x) and not x=g (7).
By way of illustration, let it be required to calculate an integral

of the form

V' (x) dx
P (x)
Here it is convenient to put
Px)=t
then
\b’ (x)dx=di
P (x)dx __=
B In|t[+C=In]px)|+C

The following are some instances of integration by substitution.
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Example 1. S V'sin x cos x dx=? We make the substitution #-=sin x; then

1
dt =cosxdx and, consequently, j‘ Vsinx cosxdx:j‘ Viadt =§t 24t =

8
= 2t3 ! +C_— sin/sx4C.

Example2 S-——g-——? We put £=1-+44 thendf= 2xdxand5———-§_

1 (dt_

=\ 7= 1 t4+C= —ln(1+x8)+c.

dx 1 dx X, _
Example 3. S“'—H;:?jqi_)i. We put f=7. then dx=adt,

adt 1
Sa‘—i—x’ o= Sl+t3=7arctmt+c —arctan—+C

Example 4. SVa’—x’ Sl/_l— =

adt
dx=adt, = =arcsinf{ 4 Ce=
yVa*—-x' fV —7 jw—t* +
= arcsin —:—-}-C (it is assumed that a > 0).

x
We put t-;, then

Examples 3 and 4 illustrate the derivation of formulas 11’ and
13’ given in the Table of Integrals (see above, Sec. 10.2).

Example 5. S(ln PZ=? Put t=Inx then at=2%, S(ln P

S o 1 1
= tdt=—-|-C=T(Inx)4+C.

1 dt
ERRETL

2.
Example 6. S =x3; thend!=2xdx, S|+x‘

l+x"
1
2

arctant4-C= ? arctan x84 C

The method of substitution is one of the basic methods for cal-
culating indefinite integrals. Even when we integrate by some
other method, we often resort to substitution in the intermediate
stages of calculation. The success of integration depends largely
on how appropriate the substitution is for simplifying the given
integral. Essentially, the study of methods of integration reduces
to finding out what kind of substitution has to be performed for
a given element of integration. Most of this chapter is devoted
to this problem.
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10.5 INTEGRALS OF SOME FUNCTIONS CONTAINING
A QUADRATIC TRINOMIAL

I. Let us consider the integral
dx
I =Sax’+bx+c

We first transform the trinomial in the denominator by represen-
ting it in the form of a sum or difference of squares:

ax*+bxtc=a [x=+—x+—]
me[rremrt(m) +o-(a)]
=“[("+zz)+(— @) =e[(++z)=#]

b2
b= ek 1

where

The plus or minus sign is taken depending on whether the expres-
sion on the left is positive or negative, that is, on whether the
roots of the trinomial ax®+bx+c are complex or real.

Thus, the integral I, will take the form

I 1 dx
17\ ax®fbx+c aS b\2
J [(x+2) +#]
In this integral we make a change of variable:

x+——t dx=dt

l
S‘tﬂ:!: I’x]

These are tabular integrals (see Formulas 11’ and 12).
Example 1. Calculate the integral

We then get

S
2x’ + 8x + 20
Solll“ol‘l.

=S 2x® 8x+20 2 S x3+4x F10
dx

=2 Sx’+4x+4+10 =7 S(x+2)2+6
Let us make the substitution x+4+2=¢, dx=d¢. Putting it into the integral,
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we get the tabular integral

t
_—§ e arctan V_G +C
Substituting in place of ¢ its expression in terms of x, we finally get
I= arctan x+_2 C.
Ve

II. Let us consider an integral of a more general form:

_ Ax+B
l={ st

Perform the identity transformation of the integrand:
A Ab

; _S Ax+B dx_SW(2""+")+(B_§E)d

=Jadfrtc T ax® { bxtc *

Represent the latter integral in the form of a sum of two inte-
grals. Taking the constant factors outside the integral sign, we

get
_ A 2ax+b dx
I”_%Sax2+bx+cdx+(3 2a / ax®+bxFc

The latter integral is the integral I,, which we are able to eva-
luate. In the first integral make a change of variable:

ax*+bx+c=t, (2ax+4-b)dx=dt

Thus,

2 b) dx dt
‘(Ix‘;:_':x)_i_c =In|t|+C=In|ax®*+bx+c|+C

And we finally get
A A
lLy=5; In|ax*+bx+c|+ (B——ij) I,
Example 2. Evaluate the integral

S‘ x+3
x2— 2x— 5

Applying the foregoing technique we have
1 1
—(2x—2)+(3+—2)
1=S"—+3d _S 2 2 Jax

2x—5 —2x—5
(2x 2) dx S
2x—5+ x3— 2x 5

—— n|x3—2x—5 |+4 Sﬁa—-

V66— Ve—(x=]|, ¢
Vo+(x—1)

In|x2—2x 5|+2
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III. Let us consider the integral

jlfax’—i—bx—l—c
By means of transformations considered in Item I, this integral
reduces (depending on the sign of a) to tabular integrals of the
form
for a <0

glftz;tkz for a>0 oer

which have already been examined in the Table of Integrals (see

formulas 13’ and 14).
IV. An integral of the form

Ax+4-B __Axt+B 4
Vax?+bx+c
is evaluated by means of the following transformations, which
are similar to those considered in Item II:

A
_AxtB 5‘2""'*”’“"(3_%)
Vax’+bx+c Vax2+bx +¢
_A (x4 (g A\(__dr
o Vax® fbx+c dx+ (B 2a )5‘ Vax®¥bx+fc

Applying substitution to the first of the integrals obtained,
axt+bx+c=t¢t, (2ax+4b)ydx=dt
we get

(2ax-b) dx - - C— — T
e V‘ =2V t+C=2Vax*fbx+c4C

The second integral was considered in Item IIl of this section.
Example 3.

5
Vx¥F4x+10 V¥ fdx+10
=_5_ 2x+4

dx
e dx—7 | —=
V¥+ax+10 o §V<x+2)2+6
=5 Vx2Fdx+10—7In|x+24+ V(x+27+6|+C
=5V EFax+10—7In|x+2+ V2F+ax+10]/+C

10.6 INTEGRATION BY PARTS

Let # and v be two differentiable functions of x. Then the
differential of the product wv is found from the following formula:

d(uv)=udv+vdu
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Whence, by integration, we have

uv:Sudv—f— Svdu
or ¢

Sudvzuv—gvdu (8]

This formula is called the formula of integration by parts. 1t is
most frequently used in the integration of expressions that may
be represented in the form of a product of two factors u and dv
in such a way that the finding of the function v from its differen-

tial dv, and the evaluation of the integral Svdu should, taken
together, be a simpler problem than the direct evaluation of the

integral Sudv. To become skilled at breaking up a given element

of integration into the factors u and dv, one has to solve
problems; we shall show how this is done in a number of cases.

Example 1. stin xdx=? We let

u=x, dv =sin xdx
then
du=dx, v=—cosx
Hence,

stinxdx:—xcosx-}—s cos x dx=— x cos x-+sin x4 C

Note. When determining the function v from the differential
dv we can take any arbitrary constant, since it does not enter
into the final result [this can be seen by putting the expression
v+ C into (1) in place of v]. It is therefore convenient to con-
sider this constant equal to zero.

The rule for integration by parts is widely used. For example,
integrals of the form

S x*sin ax dx, S x®cosaxdx
S xkes* dx, S xkInxdx

and certain integrals containing inverse trigonometric functions
are evaluated by means of integration by parts.

Example 2. It is required to evaluate Sarctanxdx. Letting u=arctan x,
dx
14 x%’

dv=dx, we have du=

v=x. Thus,

x dx 1
S arctan x dx=x arctan x-—S W=x arctan x -5 In|14x2|4-C



354 Ch. 10. The Indefinite Integral

Example 3. It is required to evaluate S x%e¥dx. Let us put wu==x2,
dv=e* dx; then du=2xdx, v=e¥*,

S x2e% dx = x2e¥ —2 S xe* dx

We again integrate by parts the latter integral, letting
U =x, duy =dx
dvy =e* dx, v, =e*
Then

Sxexdx=xex—Sexdx=xe”—e"+C
Finally we get
S %% di — x2% — 2 (xe¥ — ¢¥) -+ C = x2e% — 2xe% | 2% 1 C—e% (x2— 2+ 2) 4-C

Example 4. It is required to evaluate S (x247x—>5) cos 2xdx. We let
u=x2+4+7x—5; dv=cos 2xdx, then

du=(2x+7) dx, u=s"‘22"
S(x”+7x—5) cos 2x dx = (x2 4 7x—5) 311 2"—5(2 4780 2"
2
Apply integration by parts to the latter integral, letting u;= x2+7 , dvy =
= sin 2x dx; then
cos 2x
du1=dx, Uy =— p)
S2x2+7sin 2xdx=2x+7 _ cos2x _S‘(_ co;2x) dx
_ (2 7 cos 2x sin 2x
Therefore, we finally get
S(x=+7x—5) cos 2 dx = (x3  7x—5) 31 2"-|-(2 +7) 8 2"—5";2"4-0
2
_(2xz+14x—11)§"‘—"+(2 7)) 2 T +C

Example 5. /= S Va—xtdx=>?

Perform identity transformations. Multiply and divide the integrand by
V a®—x2:

—_ a%—x? dx x2dx
a?—x?dx=| ———dx=a? —— e
5 vV \S\ Va—x S Va—xt Vaa—x
= q?arcsin %—jx xdx
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Integrate the last integral by parts, letting

u=x, du=dx
xdx
dt=————, v=— J,a?—x?
Vo=

Then

xide xdx —— —
Vs =) yam VR [ VERe

Putting this result in the earlier obtained expression of the given integral,
we have

S VaE—x2dx= azarcsin%—l—x Va*—x’—s Vat—x2dx

Transposing the integral from right to left and performing elementary transfor-
mations, we finally get

2
S V a*—x? dx=—02— arcsin %—}-—; Va*—x24C
Example 6. Evaluate the integrals

I, = S ed¥*cosbxdx and I,= S e%% sin bx dx

Applying integration by parts to the first integral, we get
u=e%%, du = ae®* dx

dv=cos bx dx, v=—;’-sin bx

S e3% cos bx dx = % ea% sin bx—i;- S e%% sin bx dx
Again apply the method of integration by parts to the latter integral:
u=ea¥, du=ae?* dx
dv=sin bx dx, v=——’l)— cos bx
Sea" sin bx dx=—-ll’— €% cos bx+% Seax cos bx dx
Putting the expression obtained into the preceding equation gives us
2

S e%% cos bx dx = %e‘“ sin bx+—;§ e%% cos bx——g? S e3% cos bx dx
From this equation let us find /,

l—}-a—2 €% cos bx dx=ed% 1 sin bx—i~i cos bx ) +C l+‘i

b2 b b2 [

whence

4% (b sin bx+a cos bx) |

a4 b2 ¢

11=Se“x cos bxdx=

Similarly we find

: €%% (a sin bx — b cos bx)
1,=Se¢x sin bx dx= P +C

23%
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10.7 RATIONAL FRACTIONS.
PARTIAL RATIONAL FRACTIONS AND THEIR INTEGRATION

As we shall see below, not every elementary function by far
has an integral expressed in elementary functions. For this reason,
it is very important to separate out those classes of functions
whose integrals are expressed in terms of elementary functions.
The simplest of these classes is the class of rational functions.

Every rational function may be represented in the form of a
rational fraction, that is to say, as a ratio of two polynomials:

Q(x)_ Box™-i-Bix”-1--... + By

Flx) 7 A Apxn=t4 .. LA,
Without restricting the generality of our reasoning, we shall
assume that these polynomials do not have common roots.

If the degree of the numerator is lower than that of the deno-
minator, then the fraction is called proper, otherwise the fraction
is called improper.

[f the fraction is an improper one, then by dividing the nume-
rator by the denominator (by the rule for division of polyno-
mials), it is possible to represent the fraction as the sum of a
polynomial and a proper fraction:

Qx) _
T M( ©) -

Here M (x) is a polynomial, and =%

F(x)
Ty

X . .
“ %) s a proper fraction.

Example 1. Given an improper rational fraction

xt—3
xE-2x 41

Dividing the numerator by the denominator (by the rule for division of

polynomlak) we get

xi—3 4x—6
Ar T = — 2+ 3— a0

Since integration of polynomials does not present any difficul-
ties, the basic barrier when integrating rational fractions is the
integration of proper rational fractions.

Definition. Proper rational fractions of the form:

A
' x——_a‘
(% a positive integer > 2),
(x—a)
Il _As+8 (the roots of the denominator are complex, that
" x24px+gq plex,

is, %2—4<0),
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Ax+B iy .
. ————— (k a positive integer >2; the roots
it ( P g '/ ' ts of the
denominator are complex) are called partial fractions of types 1,
11, III, and 1V. .

It will be proved below (see Sec. 10.8) that every rational
fraction may be represented as a sum of partial fractions. We
shall therefore first consider integrals of partial fractions.

The integration of partial fractions of types I, II and III does
not present any particular difficulties so we shall perform their
integration without any remarks:

I. S—dx—Aln|x—a|+C
_ -k _ (x__a)—'k+l ]
Il.S(x_a)kdx S(x a)-kdx=A¥=9 " ¢

—k41
A
A p _(l—k)(x—-a)k-1+c
~ | ___P
111 \‘ Ax+B dv:S?(QprH_(B 2)dx
"JxE4pxrg x"+px/—‘|-q
2x+p __Ap\ dx
2Sx2+px¢qu+<3 2 ))xt+pxtgq
Ap dx
=——ln|x +px+ql+(B—v—)S
2 2 p\? p?
o2+
=An1e 4 2B—4p _24p
=3 In|x +px+q|1—marctan V4q—p2+c (see

Sec. 10.5).

The integration of partial fractions of type IV requires more
involved computations Suppose we have an integral of this type:

A S‘ Ax+B
(x’+px+q)" )
Perform the transformations:
A Ap
S Ax+B x_S?“""Jr"H(B—T)dx
o3+ pxtq)F = (x*+px+q)*

— A (e (B ) [
2 ) 5+ px+-q)* 2 /) (x*+ px+-q)k

The first integral is taken via the substitution, x*+4 px4-qg=¢,
(2x+ p)dx =dt:

S_?i‘i—.”-—dm {45= gt-"dt-——tl-k;l-l-c
Y=o

(¥*+ pxtq)*

+C

T (=R pr gt
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We write the second integral (let us denote it by /,) in the form

lb:S(x‘+Z:+q)k=s.[( += ) dx( 2)] j(tz_:tmz)k

setting

x+2=t, de=dt, ¢—F=m

(it is assumed that the roots of the denominator are complex,
and hence, —p—s> 0). We then do as follows:

— (t2+ mz)_tz
S @+ m*)k mzy iy

A4 1_f
mzd (t2+m2)k—1 mzj (tz-l-mz)k
We transform the last integral:

(1)

s‘ 12 dt =g‘ t-tdt
J i) @ o)

=1 (,de4m) td 1
) .) 2+ mz)k 2(k_1) ((t2+m2)k—1)
Integrating by parts we get

pdt 1 [t 1 _( dt
S(t”+ m?)k 2(k—1) | (B4m2e-1 ] (t2—|-m2)k~l]
Putting this expression into (1), we have
dt
”'ZS(t*qu*)*”r—n?u\ (B )1

11 t
Trze—0) [(t’+m3)k-1——5(tz+m‘z)k-l]
_ t 2% —3 dt
T omr(k—1)(P2+mYE-1  2mP(k—1)) (> mB)k-1

On the right side is an integral of the same type as /,, but the
exponent of the denominator of the integrand is less by unity
(k—1); we have thus expressed /, in terms of J,_,.

Continuing in the same manner we will arrive at the familiar
integral

t
St2+m, —arctan 7+C

Then substituting everywhere in place of ¢ and m their values, we
get the expression of integral IV in terms of x and the given
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numbers A, B, p, ¢
Example 2.

dx

S o S 5 @x+ et (—1—1)
— =
T3P RS R
1 2x+42 dx
~7 i mraTe
__1_ 1 _25‘ X
7 B+ 2x+3) - 2x 3¢

We apply the substitution x+l=t to the last integral'

S dx S S B+
WFZ I [(x+‘)’+212“ [GEPL 2 #+2p

St”+2 2 S(t’+2)’
l —— arctan ——— p dt
V V 2 @420 2)?

Let us consider the last integral-

t2 dt id(lz—-l-?) 1 1
Soro=2{ e =—2{4(apz)
1

e +2+7St*+2
¢ 1 ¢
— — arctan ——
ZEFD a Y Vs
(we do not yet write the arbitrary constant but will take it into account in

the final result).
Consequently,

dx 1 x+1
F2x+37 3 V_ arctan V3
_A [ xt1
2 [ 2(x2+2x+3)+2 V-— arctan V__:I

Finally we get

*—1 - %42 V2
S(x”+2x+3)2 = o foxyy) 4 octan V—+C

10.8 DECOMPOSITION OF A RATIONAL FRACTION
INTO PARTIAL FRACTIONS

We shall now show that every proper rational fraction may be
decomposed into a sum of partial fractions.
Suppose we have a proper rational fraction
F (x)
f(x)




360 Ch. 10. The Indefinite Integral

We shall assume that the coefficients of the polynomials are
real numbers and that the given fraction is in lowest terms (this
means that the numerator and denominator do not have common

roots).
Theorem 1. Let x=a be a root of multiplicity k of the deno-

minator; that is f(x)=(x—a)*f, (x), where f,(a)==0 (see Sec. 7.6).
Then the given proper fraction TF((TJ;) may be represented in the form
of a sum of two other proper fractions as follows:

Fix) A Fy(x)
T~ G—aff T G—ak-1, (9 (M
where A is a nonzero constant, and F,(x) is a polynomial of degree
less than the degree of the denominator (x—a)k=!f, (x).
Proof. Let us write the identity
Fixy A F(x)— Afy (x)
0~ G—at T G—aF fr 0 (2)

(which is true for every A) and let us define the constant A so that
the polynomial F(x)— Af,(x) can be divided by x—a. To do this,
by the remainder theorem, it is necessary and sufficient that the
following equation hold:

F(a)—Af,(a)=0

Since f,(@)0, F(a)#0, A is uniquely defined by
_F)
A= h (@
For such an A we shall have
F(x)— Af, (x) = (x—a) F, (x)
where F,(x) is a polynomial of degree less than that of the poly-
nomial (x—a)*~!f, (x). Cancelling (x—a) from the fraction in for-

mula (2), we get (1).
Corollary. Similar reasoning may be applied to the proper ra-
tional fraction

Fi(x)
(x—a)*-1 f (x)
in equation (1). Thus, if the denominator has a root x=a of
multiplicity %k, we can write

F (X)_ A Al Ak- Fk (X)
0 ek T a—ap T T R
where 20 is a proper fraction in lowest terms. To it we can

fr(x)
apply the theorem that has just been proved, provided f, (x) has

other real roots.
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Let us now consider the case of complex roots of the denomi-
nator. Recall that the complex roots of a polynomial with real
coefficients are always conjugate in pairs (see Sec. 7.8).

When factoring a polynomial into realefactors, to each pair of
complex roots of the polynomial there corresponds an expression
of the form x*+4px+¢q. But if the complex roots are of multi-
plicity p, they correspond to the expression (x*--px - g)*.

Theorem 2. If f(x)=(x*+px+q)*@,(x), where the polynomial
Q,(x) is not divisible by x*-+px-+q, then the proper rational
Fx)

fraction may be represented as a sum of two other proper

fractions in the following manner:
F (x) _ Mx—+N + D, (x) (3)
) (Erpx+qp (B px+qp e (x)

where @, (x) is a polynomial of degree less than that of the poly-
nomial (¥*-+px-+q)~1 @, (x).
Proof. Let us write the identity
F (x) — F (x) _ Mx-+N _,_F(x)—(Mx—:—,V) @1 (%) (4)
F)  (P4pr+tqrer(x)  (P+pxtqr ' (2 px+9) @ (1)
which is true for all M and N, and let us define M and N so
that the polynomial F (x) —(Mx+ N) @, (x) is divisible by x2+ px+-g.
To do this, it is necessary and suificient that the equation

F(x)—(Mx+N) g, (x)=0
have the same roots a4 iff as the polynomial x4 px-+g¢q. Thus,
F(a+ip)—[M(a+if)+Nlg, (e-rif)=0

or
. __F(a4iP)
M@+ +N =g arm
But % is a definite complex number which may be written
(o
in the form K4-iL, where K and L are certain real numbers.
Thus,
M(@+ip)+N=K+iL
whence
Ma+N=K, MB=L
or
_ L — Kp— Le
M=% N="3

With these values of the coefficients M and N the polynomial
F (x)—(Mx+ N) ¢, (x) has the number a-+if for a root, and,
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hence, also the conjugate number a—if. But then the polynomial
can be divided, without remainder, by the differences x— (o +-if)
and x — (o —iB), and, therefore, by their product, which is x>+ px+4.
Denoting the quotient of this division by ®,(x), we get

F(x)—(Mx+N) @, (x) = (x* + px + q) D, (x)

Cancelling x*+4 px+q from the last fraction in (4), we get (3),
and it is clear that the degree of ®,(x) is less than that of the
denominator, which is what we set out to prove.

Now applying to the proper fraction % the results of Theo-

rems 1 and 2, we can obtain, successively, all the partial fractions
corresponding to all the roots of the denominator f(x). Thus, from
the foregoing the result follows that

1

fF(x)=(x—a)*...(x—b)B (x*+ px+q)*...(x2+1x+5),
then the fraction % can be represented as follows:

Fxy A A A,
O = T (x_a‘),_l 4. =t

B B, By,
o T e T T
Mx+4N Mix+ N, ,
+(x2+px+tl)*‘ _l"(x*—ch+q)l*"+ et x24+px+gq

Px4-Q Pix+Q . 'P,,._ x—l—Q,,_ .
+(x2+1x+5)" +(x2—|-11x—|—s;"-1_’— et xzii-!x—}-s'

The coefficients 4, A,, ..., B, B,, ... may be determined by
the following reasoning. This equality is an identity; and for this
reason, by reducing the fractions to a common denominator we
get identical polynomials in the numerators on the right and left.
Equating the coefficients of the same degrees of x, we get a system
of equations for determining the unknown coefficients 4, 4,, ...,
B, B,, ... . This method of finding coefficients is called the
method of undetermined coefficients.

Besides, to determine the coefficients we can take advantage of
the following: since the polynomials obtained on the right and
left sides of the equation must be identically equal after reducing
to a common denominator, their values are equal for all particular
values of x. Assigning particular values to x, we get equations
for determining the coefficients.
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We thus see that every proper rational fraction may be repre-
sented in the form of a sum of partial rational fractions.
x242

(x+1)°(x—2)

Example. Let it be required to decompose the fraction into

partial fractions. From (5) we have
X242 A Ay Ay B
EFPG=2 @FP T ErE T T2
Reducing to a common denominator and equating the numerators, we have

2= A (x—2)F+ Ay x4+ 1) (x =)+ 4, (x+ 12 (x—2)+ B (x+1*  (6)

or
x?+2=(Ay+ B) ¥*4 (A, 43B) «*
+(A—A;—34,+43B) x+(—2A—24,—24,+B)
Equating {he coefficients of ¥3, x2, x!, x0 (absolute term), we get a system

of equations for determining the coefficients :

0=A,+8B

1=A4,43B

0=A—A,—34,+3B

=—2A—24,—2A,+8B

Solving this system we find
I 2 2
A=—1; A1=?, A2=—§, B=§
It might also be possible to determine some of the coefficients of the equa-
tions that result for some particular values of x from (6), which is an identity in x.
Thus, setting x=—1 we have 3=—34 or A=—1; setting x=2, we
have 6=278, B=‘-§-‘
If to these two equations we add two equations that result from equating
the coefficients of the same powers of x, we get four equations for determining
the four unknown coefficients. As a result, we have the decomposition

242 1 1 2,2
+D3(x—2)  FIP +3(x+l)’— 9(x+1 ' 9(x—2)

10.9 INTEGRATION OF RATIONAL FRACTIONS
Let it be required to evaluate the integral of a rational fraction

Q) . ; :
ok that is, the integral
Q(x)
S o
If the given fraction is improper, we represent it as the sum

of a polynomial M(x) and the proper rational fraction —[;((;))

(see Sec. 10.7). This latter we represent, applying formula (5),
Sec. 10.8, as a sum of partial fractions. Thus, the integration of
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a rational fraction reduces to the integration of a polynomial and
several partial fractions.

From the results of Sec. 10.8 it follows that the form of partial
fractions is determined by the roots of the denominator f(x). The
following cases are possible.

Case 1. The roots of the denominator are real and distinct, that is

f(x)=(x—a)(x—0b) ... (x—d)

Here, the fraction %—; is decomposable into partial fractions

of type I:

F
(x)_A_*_Bb_*_.”_{_x_*D_d_

f(x) — x—a x—

and then
F (x) A B D
Sf—(x;dx=s x—a dx—i—S ~—b dx—i——i—Smdx
=Aln|x—a|+BIn|x—b|+ ... +DIn|x—d|+C

Case 11. The roots of the denominator are real, and some of them
are multiple:

f(x)=(x—a)*(x—b)* ... (x—d)?

F(x)

%) is decomposable into partial

In this case the fraction
fractions of types I and II.

Example I (see example in Sec. 10.8).

X2+2 1 D)
u—wwdx=—g———(x+l,u+—§j(x+ - 1
1 2 2
9§ 2(x+l)2 —sern 9 M lEtlitginls=2{+C
2x— 1 2
=—sagte | FE |

Case II1. Among the roots of the denominator are complex non
repeated (that is, distinct) roots:
FO) = 4px+q) ... (R+Ix4s)(x—a) ... (x—d)

In this case the fraction F) 4 decomposable into partial frac-
tions of types I, II, and III.

Example 2. Evaluate the integral

xdx
.S‘(x“—l)(x—l)
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ls)eccr;'g)g?e the fracticn under the integral sign into partial fractions [see (5),
ec
X _Ax+B + Cc
() (x—=1)" x241 " x—1

Consequently,
x=(Ax+B)(x—1)+C (x2+1)

Setting x=1, we get 1=2C, C:%; setting x=0, we get 0=— B4-C,
. 1
B

Equating the coefficients of 1%, we get 0:=A-C, whence 4_—-%. Thus,
S xdx LS‘ x—1 S‘
(x +l)(x—l) 2 x‘~'—|—l x—1

xdx
- S,\z—l—l x-—l—l+ Sx—l
=—Tln|x2-1'-l H—?arctan x+—2—ln |x—1]4+C

Case IV. The roots of the denominator include complex multiple
roots
fxX)=x24+px+q)¥ ... (x2+Ix+s)(x—a)*... (x—d)

In this case, decomposition of the fraction f((x)) will also contain

partial fractions of type IV.
Example 3. It is required to evaluate the integral
Sx‘-i—4x"+llx2+12x+8dx
(*+2x+3)? (x+ 1)
Solution. Decompose the fraction into partial fractions:
4434 11x24-12x4-8 Ax4-B + Cx+D + E
(x2+-2x+3)2 (x+1) (x2+2x+3)‘ (x2+2x+43)  x+1

whence
x4 4-4x34- 11x24-12x 48
=(Ax+B) (x4 1) 4 (Cx+ D) (x* +2x+3) (x + 1)+ E (x2 4-2x 4 3)%
Combining the above-indicated methods of determining coefficients, we find
A=1l, B=-—1, C=0, D=0, E=1

Thus, we get

x4t -4x3 4 11x24-12x4-8 __‘S‘ x—1 dx+S dx
(x242x+3)2 (x+1) T J (x24+2x-+3)2 x+1

x+2 V2 x+1
—rm— —Tarctan V‘§'+lﬂlx+ll+c

The first integral on the right was considered in Example 2, Sec. 10.7. The
second integral is taken directly.
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From the foregoing it follows that the integral of any rational
function may be expressed in terms of elementary functions in
closed form, namely, in terms of:

(1) logarithms in the case of partial fractions of type I;

(2) rational functions in the case of partial fractions of type II;

(3) logarithms and arc tangents in the case of partial fractions
of type III;

(4) rational functions and arc tangents in the case of partial
fractions of type IV.

10.10 INTEGRALS OF IRRATIONAL FUNCTIONS

It is impossible to express in terms of elementary functions the
integral of every irrational function. In this and the following
sections we shall consider irrational functions whose integrals are
reduced (by means of substitution) to integrals of rational functions

and, consequently, are integrated completely.

I. We consider the integral SR(x, ", ..., xT)dx where R
is a rational function of its arguments. *

Let £ be a common denominator of the fractions %, ceey % .
We make the substitution

x=1k dx=~Fktt-1dt

Then each fractional power of x will be expressed in terms of
an integral power of ¢ and the integrand will thus be transformed
into a rational function of ¢.

Example 1. It is required to compute the integral

1

x? dx
3
x4 41
m L
* The notation R (x, x", L, x® )indicates that only rational operations
m r

are performed on the quantities x, x ", $

his is precisely the way that the fo'll.c;\;/ing notations are henceforward to

m
be understood: R (x, (%) S ) , R(x, Vax*+bx+c), R (sinx, cos x),

etc. For instance, the notation R (sinx, cosx) indicates that rational opera-
tions are to be performed on sinx and cos x.
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Solution. The common denominator of the fractions -%— , % is 4; and so we

substitute x =14, dx=4t3dt; then

1 o
x® dx 12 s 12

—4 £ dt =4 - __n
) EES mrr =4\ (o)
x* 41

—4St3dt 4St3+ldt ———ln|t3+l|-|—C

8 3
=-§-[x4-—ln x"—l—l ]-{-C

II. Now consider an integral of the form

ax+ b = ax+b 5
gR [x’(cx-w) e (5F) ]d"

This integral reduces to the integral of a rational function by
means of the substitution

ax-b

cx +d_ t*

where & is the common denominator of the fractions % ey =

Example 2. It is required to compute the integral

Vx;|-4dx

Solution. We make the substitution x+4=12, x=12—4, dx=2¢dt; then

j‘—@dx=2( = J(H't’ )dt_ jdt—l—S i4
=2t+2ln|t+2|+c 2 Vx¥4+42in VW+2'—|—C

10.11 INTEGRALS OF THE FORM SR(x, Vax*¥oxFc)dx
Let us consider the integral
(R, Varrtixto)dx (a50) (1)
An integral of this kind reduces to the integral of a rational
function of a new variable by means of the following Euler sub-
stitutions.
First Euler substitution. 1If a >0, then we put

Vax*+bx+c==4+Vax+t
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For the sake of definiteness we take the plus sign in front of V a.
Then
ax*+bx+c=axt*+2Vaxt+1t2

whence x is determined as a rational function of ¢:
12—

X = ——
b—2V ot

(thus, dx will also be expressed rationally in terms of ¢). Therefore,

avtboxtc=Vax4t=Va—L=C_ 4
Var 4-bx s =V b—2t Va '
Thus l/ax2+bx+cis_a rational function of ¢.

Since Vax?*+ bx--c, x and dx are expressed rationally in terms
of ¢, the given integral (1) is transformed into an integral of a
rational function of ¢.

Example 1. It is required to compute the integral

f dx
J Vate
Solution. Since herc a=1 >0, we put VY xX*Fc=—x-+#
then
x4 c=x2—2xt 42
whence
e 12—c
7
Consequently,
2-4¢
W=

Fooe —gpt—_t2—c, ,_+c¢
Vidte=—x+t= =

Returning to the original integral, we have

t’+cdt
dx 212 dt =Inlt1+C =1 VAT
V'xz—_l_—c— 2+c T—nl |+Ci= njx+4 x+cH—Cl
2t
(see formula 14 in the Table of Integrals). “

Second Euler substitution. 1f ¢ >0, we put

Vax2+bx+c=xt +Ve
then
axt+bx+c=x2+2xtV c4¢
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(For the sake of definiteness we took the plus sign in front of
the radical.) Then x is determined as a rational function of ¢:

2V ct—b

x a—12

Since dx and V ax*+hx+c are also expressed rationally in terms
of ¢, by substituting the values of x, Vax*¥bx+c¢ and dx into
the integral S R(x,Vax*¥bx+c)dx, we reduce it to an integral
of a rational function of £.

Example 2. It is required to compute the integral

[ogyrEmr,

2VTfx+a
Solution. We set ¥V T+ xFx2=xt+1, then
I x4x2 =324 20t 41, x=f—’-_"7‘, dx=2'_:;::2_§;;_2dz
ViFero=n+1=C2HL
I— VTFera=—2

Putting the expressions obtained into the original integral, we find

[P 7 s ) L e (2 A—PR (1) @2 —212) ,
AViteta ) ==y E—i+D(I—)
12

=+2S L dt=—2t+ln|i§§-‘+c

__2(Vifxfai—1) x+1/m_,l
= x +In —ViTsrat +C

')+1n |2¢42 VidFxFa+1| +C

__ 2V iFxfei—
X

Third Euler substitution. Let a and B be the real roots of the
trinomial ax?+4bx+c. We put

Var+bx+c=(x—a)t
Since ax?*+bx+c=a(x—a)(x—p), we have
Vax—a)(x—B)=(x—a)t
a(x—a) (x—PB) = (x—a)* 1
a(x—p)=(x—a)t?
Whence we find x as a rational function of ¢:

af —at?
r=—a—p

24—2081
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Since dx and V ax*+ bxc also rationally depend upon ¢, the given
integral is transformed into an integral of a rational function of ¢.

Note 1. The third Euler substitution is applicable not only for
a <0, but also for a > 0, provided the polynomial ax®--bx ¢ has
two real roots.

Example 3. It is required to compute the integral

[

j Vx2+3x—4
Solution. Since x24-3x—4=(x+4)(x—1), we put
VEFDHa—D=(x+4)¢

then
x+4) (x—1)=(x+4)28, x—l=(x+4 12
L _ ot .
1— ta' —( tz)a

GIHGE=T) 1 {42 5t
Ve+oex— [ = 5 +4] ‘——_—ti
Returning to the original integral, we have

d (10t (=) c2 |14t
ij’—l—T_‘ —ypsr 4= J l—tzd‘—'“ll—t I+C

x—1
I+ 1/x+4 1C=1n Viti+Vx—1
14

— |+C
_ 1/::—1 x+4—l/x—ll+
x+4

Note 2. It will be noted that to reduce integral (1) to an integral
of a rational function, the first and third Euler substitutions are
sufficient. Let us consider the trinomial ax? 4 bx 4 c. If b*—4ac > 0,
then the roots of the trinomial are real, and, hence, the third
Euler substitution is applicable. If 4*—4ac<C0, then in this case

ax’+bx+c=4la [ 2ax 4+ b)* + (4ac—b?)]

and therefore the trinomial has the same sign as that of a. For
Vax*+bx+c to be real it is necessary that the trinomial be posi-

tive, and we must have a > 0. In this case, the first substitution
is applicable.

10.12 INTEGRATION OF CERTAIN CLASSES
OF TRIGONOMETRIC FUNCTIONS

Up to now our sole concern has been a systematic study of the
integrals of algebraic functions (rational and irrational). In this
section we shall consider integrals of certain classes of nonalgeb-
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raic functions, primarily trigonometric. Let us consider an integral
of the form

SR(sin X, cosx)dx ))
We shall show that this integral, by the substitution
tan % =t 2)
always reduces to an integral of a rational function. Let us express
sinx and cosx in terms of tan > 5 and hence, in terms of ¢:
. X X . X X X
) 25m—2—cos§ 2sm7cos? 2tan—2— o7
sinx = = =

x  1+8#

1 ig X 2 X 2 X
sin 2—}-cos > 14-tan 5

2 ¥ _gin2 X 2 X _ginzX  1—tanz X
cos? 5 —sin? 5 cos? = —sin 7 1—tan 71—
COS X = i =

2
cos? = +51n2 ; 14 tan? ; T T
Furthermore,
2dt
i¥a
In this way, sinx, cosx and dx are expressed rationally in terms
of ¢t. Since a rational function of rational functions is a rational

function, by substituting the expressions obtained into the integral
(1) we get an integral of a rational function:

1—¢%\ 2dt
SR(smx, cos x) dx = SR (l+i” l+¢”)1+t’
Example 1. Consider the integral

x=2arctan{, dx=—;

dx
sinx

On the basis of the foregoing formulas we have

2dt

a N\ TFE_\ar_ B

=\ EE=\ L=t +c=m tan—l-}C
T+

This substitution enables us to integrate any function of the
form R (cosx, sinx). For this reason it is sometimes called
a “universal trigonometric substitution”. However, in practice it
frequently leads to extremely complex rational functions. It is
therefore convenient to know some other substitutions (in addition
to the “universal” one) that sometimes lead more quickly to the
desired end.

24*
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(1) If an integral is of the form S R (s1n x) cos x dx, the substitu-
tion sinx=¢, cosxdx=dt reduces this integral to the form
{ R(tyat.

(2) If the integral has the form SR(cos x) sin xdx, it is reduced
to an integral of a rational function by the substitution cosx=¢,

sinxdx=—dt.
(3) If the integrand is dependent only on tan x, then the sub-

stitution tan x=¢, x= arctan/, dx = reduces this integral to
an integral of a rational function:

SR(tanx)dx=SR(t)l—jf—ti

(4) If the integrand has the form R (sinx, cosx), but sinx and
cosx are involved only in even powers, then the same substitu-
tion is applied:

dt
1+ 73

tanx=t¢ 2"

because sin?x and cos®x can be expressed rationally in terms of
tan x:
costy— —t 1 _
I+tan?x ™ 1412
tanfx ¢
14 tan2x— 14-¢2

—

sin?x =

dt
dx=-l+—t,

After "the substitution we obtain an integral of a rational
function.

Example 2. Compute the integral S‘L"x_
xample 2. Lomp g 24 cos x

Solution. This integral is readily reduced to the form SR(cos x)sin x dx.
Indeed,

sinfx _  (sin®xsinxdx l-—cos’xsinxdx
24-cosx 24-cosx ) 24cosx
We make the substitution cos x=2z. Then sin xdx=—dz:
sind x 1— 22 22—1
2—|—cosxdx= 25z (—d2)= Sz+2 S( )dz
2
=z——2z+3ln (z+2)+C_M—2cos x+3ln(cosx+2)4+C

Example 3. Compute SW
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Make the substitution tan x=1:

SQ—?ins x=S tzdt =S 2 ittzz }/15 arctan V% +C
AT
= V% arctan(t:/n_;>+c

(5) Now let us consider one more integral of the form
S R (sin x, cos x) dx, namely an integral with integrand sin” x cos” x dx
(where m and n are integers). Here we consider three cases.

(a) Ssin"‘x cos” xdx, where m and n are such that at least one
of them is odd. For definiteness let us assume that n is odd. Put
n=2p+1 and transform the integral:

S sin™ x cos?P*! xdx =S sin™ x cos®’ x cos x dx
= S sin™ x (1 —sin?x)? cos x dx

Change the variable:
sinx=1{, cosxdx=dt
Putting the new variable into the given integral, we get
S sin” x cos” x dx = S ™ (1—¢2)rdt

which is an integral of a rational function of ¢.

Example 4.
cos’xd __(cos®xcosxdx_ ( (1—sin®x) cos xdx
sindx sind x - sind x

Denoting sinx=1{, cos xdx=d¢f, we get

cosdx ,  ((l—t¥)dt (dt a 1,1
Ssimxd"" D —S n-)E="apt7tC
| 1

=—Fsmix s x+c

(b) Ssin"‘xcos"xdx, where m and n are nonnegative and even

numbers.
Put m=2p, n=2q. Write the familiar trigonometric formulas:

. 1 1 1 1
2y — —— 2 ==t =
sin?x =5 —-C0s2x, COS*x =5+ COS2x 3)

Putting them into the integral we get
S sin?? xcos? x dx = X (%——% cos 2x)p (%—l—% cos 2x>q dx
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Powering and opening brackets, we get terms containing cos2x
to odd and even powers. The terms with odd powers are integra-
ted as indicated in Case (a). We again reduce the even exponents
by formulas (3). Continuing in this manner we arrive at terms of

the form Scoskxdx, which can easily be integrated.

Example 5.
Ssin‘xdx:%S (1—cos 2x)3dx=TlS(l—2 cos 2x -+ cos? 2x) dx

.-_—.% [x— sin 2x—l—% S (1 cos 4x) dx] =% [%x—-sin 2%+ sm84x] +c

(c) If both exponents are even, and at least one of them is
negative, then the preceding technique does not give the desired
result. Here, one should make the substitution tan x = £ (or cot x = {).

Example 6.
in2 in2 in2 2 ¥)2
Ssm ,:dx=‘8‘sm x (sin? x4 cos? x) dx=Stan’x(l+tan2x)2dx
cos® x

cos® x

Put tan x=1; then x=arctan¢, dx:l—% and we get

Ssin‘xdx=S 13 (1 4-12) at =Si’(l +22) dt=§+1;—+0

cos®x 14-¢2
tan®x tanbx
=3 t+t—5 1€

(6) In conclusion let us consider integrals of the form
S €OoSs mx cos nx dx, S sinmxcos nxdx, S sinmx sin nxdx
They are taken by means of the following formulas* (m==n):
COS mx cos nx =% [cos (m + n) x+ cos (m—n) x]
sin mx cos nx = % [sin (m 4 n) x+ sin (m—n) x]

sinmx sin nx=% [— cos(m + n) x + cos (m—n) x]

* These formulas are casily derived as follows:

cos (m+-n) x = cos mx cos nx— sin mx sin nx
cos (m— n) x= cos mx cos nx— sin mx sin nx

Combining these equations termwise and dividing them in half, we get the first
of the thrce formulas. Subtracting termwise and dividing in half, we get the
third formula. The second formula is similarly derived if we write analogous
equations for sin (m-}n)x and sin (m—n)x and then combine them termwise.
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Substituting and integrating, we get

S cos mxcosnxdx = % [cos (m + n) x+ cos(m—n) x] dx

__sin(g+n) x | sin(m—n) x
~ 2(m+n) + 2 (m—n) +C

The other two integrals are evaluated similarly.
Example 7.
Ssin 5x sin 3x dx:% S [—cos 8x+cos 2x] dx = —

sin 8x | sin 2x

T4 ¢

10.13 INTEGRATION OF CERTAIN JRRATIONAL FUNCTIONS
BY MEANS OF TRIGONOMETRIC SUBSTITUTIONS

Let us return to the integral considered in Sec. 10.11:

(R (x, VarFbxto)dx (1)

where a0 and c—-%#:O (in the case a=0 the integral has

2
form II, Sec. 10.10; for c——fﬁ=0, the expression ax®4bx+4c¢=
=a(x+%)a, and we have to do with a rational function, if

a>0; for a< 0 the function V ax*+-bxt-c is not defined for any
value of x). Here we shall give a method of transforming this in-
tegral into one of the form

S R (sinz, cosz)dz )

which was considered in the preceding section.
Transform the trinomial under the radical sign:

ax'+bx+c=a(x+%)’+(c—£)
Change the variable, putting
Xt =t, de=dt

Varfbifo= 1/az=+(c_;;;§

Let us consider all po’ssible cases.
1. Let a>0, c— %1— > 0. We introduce the designations: a =m?,

Then

2
c—b—=n’. In this case we have

4a
Vaxt+bx+c=V m:+n?
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2. Let a >0, c—%<0. Then

v}
a=m?, c——:’;=—n3

Thus,

V ax*+bx+c=V m**— n?

3. Let a< 0, c—%>0. Then

a=—m? c—b—2=n’
’ 4a

Hence,

Vaxt+bx+c=V n*—mzet?

4. Let a <O, c—%<0. In this case Vax* +bx+c is a com-

plex number for every value of x.
In this way, integral (1) is reduced to one of the following

types of integrals:
L (R(t, Vmitrtnai)at (3a)
1. {R(t, Vmir—n?)at (3b)
uL. (R, Vi—mi)at (3c)

Obviously, integral (3a) is reduced to an integral of the form
(2) by the substitution

t———%tanz

Integral (3b) is reduced to the form (2) by the substitution

‘_nSCCZ
T m

Integral (3c) is reduced to (2) by the substitution
t= 7’;— sint
Example. Compute the integral
dx
v

N Solution. This is an integral of type IlI. Make the substitution x=asin z,
then
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dx=acoszdz
dx _ acos zdz _J‘acoszdz‘
V<——‘a=_xs>s Vi@—atsintzp ) @cos’z
1 dz I sinz °1 sin z
Ta)costz @ tanz—}-C_ ra cosz+ T @ Yl—siniz
1 s

=a ]/'az_xz

10.14 ON FUNCTIONS WHOSE INTEGRALS CANNOT
BE EXPRESSED IN TERMS OF ELEMENTARY FUNCTIONS

In Sec. 10.1 we pointed out (without proof) that any function
f(x) continuous on an interval (a, ) has an antiderivative on
that interval; in other words, there exists a function F(x) such
that F’ (x) = f (x). However, not every antlderivatlve, even when
it exists, is expressible, in closed form, in terms of elementary
functions.

Such are the antiderivatives expressed by the integrals Se‘”'dx,

Ssin;x dx, Scoxsxdx’ SVdex, Sl‘ril_xx and many others.

In all such cases, the antiderivative is obviously some new function
which does not reduce to a combination of a finite number of
elementary functions.

For example, that one of the antiderivatives

%je"'dx +C

which vanishes for x=0 is called the Laplace function and is
denoted by @ (x). Thus,

0(x)=%$e""dx+€l if ®(0)=

This function has been studied in detail. Tables of its values
for various values of x have been compiled. We shall see how
this is done in Sec. 16.21 (Vol. 1I). Figs. 208 and 209 show the
graph of the integrand y=e~* and the graph of the Laplace
function y =® (x). That one of the antiderivatives

S VI=FEsinxdx+C (k<)

* Y T—sin®z=|cos z|. For the sake of definiteness, we only examine the
case | cos z | =cos 2.
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which vanishes tor x=0 is called an elliptic integral and is
denoted by E (x),

E(x)zS]/l-—kzsinzxdx—f-c2 if £(0)=

Tables of the values of this function have also been compiled
for various values of x. p

Exercises on Chapter 10
. . x8
I. Compute the integrals: 1. Sx*"dx. Ans. ——|—C. 2, \ (x4 V'x)dx.

Ans. 2+?x Vx—|—-C 3. j(i__x V;>dx Ans. 6]/-——--—,!3 Vx+C.

Vxy 4
2 4 2 — 1
4. % 8Ans. 2evitc Z §<F+”f_ +—2)dx.
Ans. — ; —_ W—*— 2x+C 6. ‘v-‘}—‘;—. Aﬂs. 3-1/x’+c.

7. j<x2+/x> dx. Ans. —+—xﬁ/x_;+3i’/;+c.

Integration by substitution: 8. Se"‘dx. Ans. Le”‘—i—C. 9. Scos Sx dx.

ans. oo g, Ssin axds.  Ans. °°s S 4c . '"—"dx.
1 dx cot3x dx

Ans. —2- ln’x,—{-C. 12. —sm—x . Ans. — 3 +C 13. S m
Ans. t"’" Ty Si Ans. lln|3x—7;+c 15. S dx
3x—7 1—

Ans. —lnl I—x|+C. 186. S— Ans. ———ln|5 2% |+C. 17. Stan2xdx.

Ans. —3ln|cos 2x|+C. 18. Scot (5x—7) dx. Ans. glnlsin (5x—7)|+C.
dy
cot3y’
21. Stan ¢-sec2pde. Ans. —;tan‘(p-i-c. 22, S(cote")exdx. Ans. In|sinex|4-C.

19. Ans. —%ln]cos3y|—|—C. 20. Scot%—dx. Ans. 3|n|sm—|+c.

23. S(tan48—cot12—)ds. Ans. —Tl-lnlcos4Sl-—4ln|sin%|+C.
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24. S'sinzxcosxdx. Ans. sin? x-l—C 25. Scos"xsmxdx Ans. _coi“x_*_c.
—— dx
26. S V21 xdx. Ans. —=— V (x241)7° +C. j—i:
+ 3 ¥+ . VoA Ts
S 2
Ans. % VaEF34C. 28. X d" Ans. Vx3+1-|-c.
cos x dx sin xdx 1
29. S sin2x * Ans. _smx+ 30. S cos3 x Ans. 2c053x+c‘
tan x tan2x cot x cot X
31. Smd"' Ans. 5 +C. 32 Smdx. Ans. +C.
t dx —_— In (x+ 1)
33. _ = . Ans. 2 Vianx—1-4C. 34. S dx.
glcos2 y tanx—1 +
Ans. n? (x—|— D C. 35. —M—. Ans. 2sinx41-4C.
—z T V 2sinx41 Vasinxt1 T
sin 2x dx 1 sin 2x dx
% (reom A siTassgtC o j—_‘/m .
Ans. 2 VT Fsintx4C. 38. —V:):,—"jldx Ans. % Y {tanx+1p+C.
cos 2x dx 1 1 " sin 3xdx
3. S (2F3sin 2x)8° Ans. — 12 (2 F3sin 2x)’+ ¢. Ao 5 m .
1 In? x dx Ind x arcsin x dx
Ans. ————-4C. 4l. S . Ans —+C 42, —_—
f/cos 3x Vi—x-
Ans. arc:m x aresin®x | ¢ 43, arcltf: x dx Ans. arctan x—l—C.
arccos L arccos x arccot x arccot x
«jm arccos’x |, ¢ 45Sl+x,dx..4ns— ic.
7 3 x+1 l 3
486. X’+l Ans. In (x34+1)4-C. 47. Sx’+2x+3dx' Ans. —In (x24-2x43)4-C.

cos x dx
2sinx+3°

o | niets

50. S?x(x‘+l)‘dx. Ans.

dx
82. S(l -+ x3) arctan x

Ans. ——In|3tanx+l|+C 54. S

Ans. In|arcsinx|4+C. 586. 52

Ans.

Ans. —ln(2sinx+3)+C 2. S

Q%IZ--FC. 51. S tan® xdx. Ans

In|arctan x |+C.

tan? x tan X
cos’x
cos 2x

+3sin 2x

+C. 85.

dx. Ans.

tan

83. S cos?x (3

.Ans. In|Ilnx|4C.

— tanx+x+4C.

. S
tanx+l)'

5‘ V l—x’ arcsinx’

3

—ln|2+35m 2x|4C.

57. Scos (In x)— . Ans. sin (Inx)+C. 58. Scos (a+bx)dx Ans. —sxn(a+bx)+C.

59. Se"dx Ans. -—-e’x—{-C 60. Se dr. Ans. 3¢° +C. 6l. S"“"cosxdx

Ans. " *1-C. 62. Sa"’x

dx. Ans.

x
2TW+C' 63 Seadx. Ans. ae® 4C.



380 Ch. 10. The Indefinite Integral

6. S(ew)2 dr. Ans. g e%4C. 65. Saxex dr. Ans. 2 1C. 68, Se-sx dr.

in 3+
Ans. —%e—3x+c. 67. S(e"x+a°")dx. Ans. %(es‘x‘hﬁ;“" )

__px\2
68. Sex'+‘”+3(x+2)dx. Ans. le""”""*"~i~C. 69. S(‘Itz—xb[:‘—)—dx

P
(5)-(5)
D) \a e dx 1
Ans. ——m— —_— 2x-|—C. 70. 3—’-—485 . Ans. —' In (3+4ex)+C.
e2x dyx 1 2 dx
1. Sm . Ans. o In (2+e2%)+C. 72. S o Ans. V— ——arctan ( V2x)+C.
dx 1 . = x
—, Ans. — arcsin 3x C. 74. —_—
le—3x2 V3 (V3)+ j}fle—gx%
1 X dx
Ans. —3-arcsm —+C 75. jV___xa Ans. arcsin §+C. 76. iTa
1 1 3x dx
Ans. ?arctan——kc 77. 5‘9*‘72—4'4 Ans. -6-arctan7+C. 78. —oa
2+3x dx —_—
Ans. C. 79. ————. Ans. Inlx x24-9|4C.
in |33, [ e+ VEFS|+
1 P 1 T dx
?_— . Ans. — In|bx b2x2 —a? C. 81. —_—_—,
| v e VERE=a] 4 ) veras
1 ax—c
— 2 2 42 — —
Ans. lnlax+ Voi+aix®|+C. 82 ‘S‘azx"‘ . Ans. o In axFe +C.
dx 1 x3+ 1 4 xdx 1 .
83.§ i . Ans. C. 84, \ ———. Ans. —arcsinx24-C.
5— x‘ 6 V_f, ,+ V'l —x3 2 +
85. L arctan 5o 4-C. 86 S& Ans. arcsin ex4C
"+a4 S 58 P . Vices . .
. 5 cos x dx
5 ﬁ . Ans. 5 arcsin V? x+4C. 88. Sm .
Ans. l arctan (sm x)-i—C 89. j ___dx= . Ans. arcsin (Inx)4C.
x YVi—In?x
90. j‘arccosx  dx. Ans. —l(arccosx)’-t- ¥V 1—x24-C.
yi—a 2
o1. X" l"f:“;"" dr. Ans. - In (142%) — - @arctan x)t 4-C. 92. glf‘_Jf‘de_
x

Ans. §V‘(l+lnx)3+C. 93. Sde Ans. iV’(l+ V x)®+C.
Vx 3

Ans. 4V 1+ V % +C. 95. S‘Ii:—%t; Ans. arctan ex+4C.

o4. S_V}_Vﬁ—ﬁ

cos x dx .
96. §—-— Ans.  3})/sinx4C. 91 S ¥V T+ 3 cos? x sin 2x dx.
3V sin3x

Ans. _2 ¥V (143 cos?x)®4C. 98. % Ans. —2 ¥ 14-cos2x+4C.
9 V1+¥cos®x
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cos3 x 1 1 /tan x
%.Smdx. Ans. o tC. mo.y Vo 2 dr ans. 3V tanb x4C.
dx 1 l/
(s arctan
TSinTxt 3costx” Ans. ( - tan x)+C.

Ax-{—B
Integralsof the form 3+bx+c : 102 S z_|_2 +5

dx 1 3x— dx
103. S m . Ans. —ﬁarctan m +C. 104. S‘ XT—*T—H .

arctan x+ ! ——-C.

1 2x4-3—V'5 S 1 x—sl

Ans. 1 C. 105, An —l — .

™ Vs " larar V| T = T LIS

dz . dx
108. Sm . Ans. arctan (2Z—I)+C. 107. Sm.
1 (6x—7)dx

Ans. V__ arctan V.__ +b 108. jm. Ans. |n|3x!_7x+ 11 l+C.
(Bx—2)dx —l 3 29— 11 10x—3

109. B —3x1 2 Ans. 10 n (5x2—3x+2) ——m arctan Vﬁ +C.
3x—1 2__ —1

110. F—_x-_{-—ldx' Ans. ln RE—x+1)+—= V_ arctan V_ +C.

. (L e s —ln(3x—l)—|-—ln(2x+l)—l—C nzS i NPT

" )62 x— 5x® x+2

1 10x—
Ans. —l 5x2 —x+42)— — arctan C.
ns. —In( +2)—; V o Ly

6x3 —5x3 + 4x2 21 . dr—1
uaS e . Ans. + Din2x *+1l4; l/_..rctanV_.;_c,

dx Ans 2 arctan 2tanx +1

Zcos®xFsinxcosx+tsin®x’ e V._ +cC.
__Ax+4B

Integrals of the form 115, S —_
ax® - bx+F C m

114,

Ans. L-arcsin 8;‘/";_:"+c. ne.ym_ﬂ_?. Ans. 1n’x+2l+ VWH-_IHC.
7. y% Ans. In|S+a+ V 2S+8% |+C.
118. jﬁ% . Ans. V% arcsin 6;;_,17 +C. 119, S _VT-‘:—+-5—)-
Ans. —'/—!3_—ln|6x+5+ ViZGrF5)|+C. 120, yﬁ
Ans. arcsin 2:/_%3—}-0 121. y —V% .
Ans, %mlm—w VRGE—Z=T)|+C. 122 W%%ST—C x
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Ans. 2 Vaxt4+bx+c+C. 123. {—M .
. 4x2 4+ 4x 43
Ans. % V4x2—|-4x+3+%ln |2x+ 14+ VaxrFaxF3|4C.
(x—3)dx 1 —_——
124. —— . Ans. —— 3+66x—11x24C.
V3toor—1ie s —yp V3FE—TIe +
(x+3)dx 1 — 7 . 2x—l
125. —_—— . Ans. ——— 3+4x— 4x2 —ar Sin
V3tdr—ax® Vit + ¢
3x+5
———————dx. Ans. —V?tz—x —
Vx@x—1) + V
I11. Integration by parts:
127. S‘xexdx. Ans. e (x—1)4C. 128. S‘x]nxdx. Ans. %xz(lnx—?‘)—[-c.

<

129. stin xdx. Ans. sin x—xcos x4C. 130. Slnxdx. Ans. x(Inx—1)4-C.

+C.

126. In (4x—14 V8 (2x2—x)) 4-C.

131. Sarcsin xdx. Ans. xarcsinx+V 1—x24C. 132, Sln(l—x)dx.

1
Ans. —x—(1—x)In(1—x)4+C. 133. (x"lnxdx Ans. ?(l nx— +l)+C.
134. Sxarctan xdx. Ans. —[(x’—{— 1) arctan x—x]4-C. 135. S x arcsin y dx.
Ans. —‘1—[(2x”—l)arcsin x+xV1=x%|+C. 136. Sln(xﬂ-{-l)dx.
Ans.  xIn (x4 1)—2x-42arctan x+C. 137. Sarctan V xdx.
Ans. (x+1)arctan Vx —Vx+C. 138. j‘arcsm Vx
Ans. 2V xaresin Vx 42V 1i—x4C. 139. jarcsm ]/—dx.
Ans. xarcsin ‘/-J%—- ¥V x + arctan V'x +C. 140. j‘xcos2 xdx.
x2 1. 1 x arcsin x
Ans. T—I—szln 2x+?cos 2x+C. 141. s"y.—' mdx
Ans. x— VYV T=x%arcsinx 4-C. 142, ‘S‘x(a:ialr;zx .
1 arctan x _—
Ans. 4(l+x2) -]—4 arctan x——2- T +C. 143. Sxarctan Vi — ldx.
Ans. —;-x” arctan Y x2— 1—5 VZ—1+C. 144. Sarcsi’nx dx.
x
I—VI1I—x? 1 . R
Ans. In # —aresin x4-C. 145. Sln (x4 V1) dx.
Ans. xlnlx—i—Vl—I—x"‘l—Vl-{-xz—}—C. 146. jarcsinx-—xdx—.
. V (1—x2)
Ans, Aresinx c.
Vl—x’ |l+xl+
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Use trigonometric substitutions in the following examples:
147, “ __—'azz_.xz dx. Ans. _ #—arcsin i+c_ 148. sz Vi=<3dx.
< x a .

Ans. .‘Zarcsini_i xV4—x2+—l—x° Vi=x+cC. 149, j dr

2 2V 1L I
Ans. Vl;i—x +C. 150. (l/—x?-—a—dx Ans. Vx*—ai—aarccos—-{-c

x 1

Integration of rational fractions:

+C.

2x—1 (x 2) xdx
L . C.
152. S(x DE—g % Ans In Fle S(x+l>(x+3)(x+5)'
(x+3)® Biri—8
Ans. 1——-_|x+5|5,x+”+c. 154S i
x% (x—2)b
ans. T+ TE e 5. | ey

Ans. x—;—&:-}—% In #_:—Illl—-l—glnlx—l-?[-{-c. 156. Sm
Ans. Lt 1n |—|+c 157. Smdx. Ans. xi2+1n"‘;2)”+p
158. xi(’;i—zl),dx. Ans. 2‘tii?)2+1n(x+l),+c. 159. S%E
Ans. _xfi“;x‘isw (x+4) +-C. 160. Sx(x’+l) Ans. In VI;I+I+C'
1o1- S (x—l)(x?i2:+5)dx' Ans. 1n Tx2iTI5)2 b aretan 5 oc.
162. Sx‘+6x*—|—8dx Ans. ln%-&—%arctan ;—%arctanr
163. Sx’_—i—l Ans. —ln (x+xl_){_l Vl_arctan?ljs_ +C.
164. Wi%;zxﬁ' Ans. In (z:—_’_l‘;z+§arctan?+0. 165. ;—.‘ff_—l.
Ans. Vl2 In f‘—i—i-%'}% + V2arctan V22+c 166. S xe"il
Ans. %(x’—l—ln(x"—l)]-l—c. 167, ’%}%dx.

Ans. fo—,__%ﬁ+ In (8 +2)%— “1[5 arctan VL§+C. 168. ‘. &%,
Ans. x_sxl;_(—x:_}_l)-l—ln(;:_ll)z+arctanx+c. 169. S(x”—x) (::—:é-l-l)”'
Ans. lnl"_'l— V5 arctanQ;/_l 3(f,"_“x'_*_l)ch
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Integration of irrational functions:

170, S Vg ans. 5 [V —in (V@ 41+ c.

Vel
— x+1
m. \ Y2= YE—Vx dx. Ans. 2;/ 2' ¥ 4C. 17, Vit VI i
6 ;/x 1/x7+1/x5
Ans. _+ 12 L omx—2a1n (V% +1)+c.
Vi Vs
3
173. Sé — 23+_'/" ——dx.
VetV s+ V41
%:/F—— 3;/ 2+4Yx—6 ;/x +61/x—91n(1/x+l)+
+%In(?/;+l)+33rctan |/x+C. 174. S‘]/:—:;i;:
V]—x+Vl—|—x AT 175 y T—xdx
Ans. VI——'E—VT%-—x P +C. 5 ]/-l-}-xx .
Vi4x—VY C. |/x+Vx
176.
Ans. 2arctan l/l-i—x |V|+x+m +- s+l/x15dx'
Ans. l4[;/x——|- /% +l 11/,753__ 2+_ l/x°]+C
2+3x Vi —7x —6
177. j 3 dx. Ans. 3x?—7x 6+2V§
X In (x—%+ x’-——%x—2)+c.
Integrals of the form SR(x. Vax* L bx+c)dx:
dx 1 V2E=xf3—V3
78. —_—— . Ans. — 1
= S a“| 3 +2V§l+c
dx 1 V2¥x—2+ V2 1
9. —_— . -
17 jxl/-2+x—x’ Ans V3 n P +2V__ +C.
dx 1 YV tfox
180. y———ym Ans. arcsmx'/ +C. 181. S——dx,

Ans.  Vx*f2x+In|x4+14 VEF2x|+C. 182. j dx

A . _xl C. 183. 2—_—5- )
" Veea 8. | Vo=
Ans. L [(x—1) V2x =4 arcsin (x—1)] +-C. 184. S d.y
2 Ja—Vae—1’
2
ans X oL x4+ VE—=T|+C. 185. dx
22 2 (I4+x)V Tzt



Exercises on Chapler 10 385

x+VIifx+
24x+ V1442

(1)
2x+x2) V 2x+x2

Ans. —_— e 187. j"—' fxfa
Vx+x? A Vitat o

Ans. In 186.

— y T x L2 Varix
Ans. lnl bt AR LT |—}—C. 188. Sxx—j_u- dx
8
Ans,. ————o——1In|x4-2 x2 {4x|4C.
PR ey + lx424 V |+
Integration of trigonometric functions:

189. S sin3 x dx. Ans. —;- cos® x —cos x+C. 190. S sin® x dx.
Ans. —cos x+- %— cosd x— Cos® x +C. 191. S cost x sind x dx.
. 1 . cos® x 1 s
Ans. 5 CoS x—|—7 cos x—l—C. 192, Ssin‘x dx. Ans. csc X—-z-csc x+4C.
193. S cos? x dx. Ans. %4——1- sin 2x+C. 194, S sin4 x dx.

3 sin 2x | sin 4x s
Ans. 353 +- 33 +C. 195. S cos® x dx.

sm 2x

Ans. —I- (5x+4 sin 2x —

s o )+c. 197. S tand xds. Ans.

+— sin 4x)—|-—C. 196. Ssin‘xcos‘xdx.

ian

Ans. 98 (3x—— sin 4x - +ln|cosx]-|—C

198. Scot"xdx. Ans. —-Tcoﬁx—]-—;—'coﬂx—i-lnlsian—C. lﬂQ.Scot’x-dk.

2
Ans. -—COtQ X In | sin x| 4-C. 200. S sec® x dx.
Ans, la_;_x 3 tan® x-|—tan3 x-+tanx+C. 201. Stan‘xsec‘xdx.
tan? x tanls x dx 1,
Ans. 7 +T+C' 202. R Ans. tan r+ tan®x 4-C.
in3
203. S COSX dx. Ans. C—oscx. 204, [ Sxdc
5'5“ * . /COS‘ x
3 — -——
Ans. 5 cos 3x+3cos 3 x+C. 205. \ sinxsin3xdx. Ans. — sin 4x+51r;2x +C.

206. S cos 4x cos 7xdx. Ans. szz”x -+ sm63x +4C. 207. S cos 2x sin 4x dx.

Ans. __cols26x o8 2x-{-C 208. Ssm—x cos%xdx Ans. =8 x+ os—x+C.
x
tan - —2
dx 1 2 dx
S 4—5sinx ’ Ans. ?ln 2tan X1 +C. 210. S5—-3 cos x.
2

25—2081
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Ans. 4 arctan| 2 tan = |+C. 211, SM . Ans. ——2-—+x +C.
2 2 1+ sinx x
]-}-tan?
cosx dx x sin 2x
212, T cosz * Ans. x—tan ?—}-C. 213. S——cos“x—i—sin*x X
. dx 1 X 1 X
Ans. 1x—n4c 218 ( —% _ dns. LtanX4 L X e
ns. arctan (2sin? x—1)4-C. 214 S(H—cos P Ans 5 tan ) + 3 tan 5 +C
dx 1 [ 1 tan x
215. —_————— ., Ans. ——|cotx — arctan C.
5 sin® x4 tan? x 2 [ + V2 ( V_2>]+
sin? x — tan x
216, —————dx. Ans. 2 arctan —x+C.
5‘1—]—cos’x 4 ( V2 ) t




