3.9. Solution of exercises

CHAPITRE 3. MATRICES

s N

? Exercise 3.8.4

Consider the matrix A defined as :

1 1

A=11 0 1

1 1 0

1. Find a, b € R such that A? = al3 + bA.

L 2. Deduce that A is invertible and determine its inverse. )
N

p
? Exercise 3.8.5

Consider the matrix associated with the linear transformation f defined on R3 with respect to the canonical

basis :
-1 5
A=1|3 0 2
1 1 4

1. Determine the linear application f.
2. Find ker f and Im f, along with their dimensions. Is f bijective ?
3. Let S ={v; = (1,1,1),05 = (1,0,1),v3 = (2, 1,0} :

(a) Show that S is a basis for R3.

(b) Find the matrix associated with f with respect to the basis S. )

r? Exercise 3.8.6
Consider the matrix A defined as :
0 2 -1
A=1[3 -2 0
-2 2 1
1. Determine the eigenvalues of A.
2. Show that A is diagonalizable.

3. Find P and calculate A*. )

3.9 Solution of exercises

4 . A
fQSolutlon 3.8.1
1 0 O 1 0 O 1 0 0
1. ® A% = 0O 0 1 X 0 0 1 = 0o -1 o0
0 -1 0 0 -1 0 0o 0 -1
1 0 0 1 0 O 1 0 0
e A3 =A?x A= 0 -1 0 X 0O 0 1 = 0 -1
0o 0 -1 0 -1 0 0 1 0
1 0 0 1 0 0 1 0 O 1 0 0
o AP A2+ AT = 0 0 -1 -0 -1 0 +{ 0 0 1 - 0 1 0 =
01 0 0o 0 -1 0 -1 0 0 0 1
0 0 O
00 0 |=0
0 0 0
2. A3 - A2+ A-T=0AA?-A+1)=1 donc A~ ' =A2—-A+1
L 3. A3=A2—A+Tdonc A*=A(A2 - A+1)=A3 - A2+ A= (A2 - A+1)-A2+A=1 )
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3.9. Solution of exercises CHAPITRE 3. MATRICES

e N
gSolution 3.8.2
3 0 1 1 0 0 1 0 1
A-2)=[ -1 3 =2 |-2|l 010 ]=|-11 -2
-1 1 0 0 0 1 -1 -2
1 0 1 1 0 1 0o 1 -1
A-212=| -1 1 -2 | x| -1 1 =2 |=[0 -1 1
-1 1 =2 -1 1 =2 0o -1 1
0o 1 -1 1 0 1 0 00
(A—2P3=A-202xA-2D0=[0 -1 1 |x|[ -1 1 =2 ]=|000]=0
0 -1 1 -1 1 =2 0 0 0
This implies that :
A3 —3x242+3x22A-231=0
Because A and I commute.
Which is equivalent to
A3 —6A? +12A -8 =0
Or
A% —6A% +12A =81
Then by dividing by 8 and factoring out A
A(%AQ—%A—F%I):I
L This shows that A is invertible and A= = (§4% — 3A + 31) )
e N
ﬁSolution 3.8.3
1. A is invertible if and only if detA # 0.
5 6 -3 5 1 -3 5 1 -3
A= -18 =19 9 || —18 1 9 ||EEI —18 1 9
-30 -30 14 -30 0 14 0 6 68
5 1 -3 5 1 -3 5 0 ¢
=/l 025 =45 ||=|[{ 01 =2 |]|=|| 0 1 8 =5x1x 22 =242 #£0.
0 6 68 0 6 68 0 0 2§3
Hence, A is invertible.
2. Let’s calculate A2 — A — 215 = 0.
7 6 -3
A=A A=|-18 17 9
-30 —-30 16
2 00
A?—A=10 2 0| =2]
0 0 2
So, A2 — A —2I3=0.
L We observe that A(A —I3) =23 = A (%A — %Is) == A"1= (%A — %Id) )

p
ﬁSolution 3.8.5

1. Find a, b € R such that A2 = al3 + bA.

01 1 0 1 1 2 11
A2=A-A=1|1 0 1| |1 0 1|=|1 2 1

1 1 0 1 1 0 1 1

1 00 0 1 1 a b b

=af0 1 O] +b[1 0 1| =1|b a b

0 0 1 1 10 b b
Therefore, a = 2 and b = 1.
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3.9. Solution of exercises CHAPITRE 3. MATRICES

2. det(A) = — H (1)’ + ‘} (1)‘ =2 =0, hence A is invertible.
, , 1.1 L1 1
. J

p
ﬁSolution 3.8.6

1. Determine the function f.

1 -1 5| |z
flzyy,2)=13 0 2| |y| =@ —y+52,3x+2z,2+y+4z2)
1 1 4| |z

2. Ker f = {(2,9,2) € B | f(a,y,2) = (0,0,0)}
So, dimker f = 0 (since f is injective).

Im f = {f(z,y,2) | (z,y,2) € R*}

Im f = {2(1,3,1) + y(=1,0,1) + 2(5,2,4) | #,y,z € R}

The family {(1,3,1), (—1,0, 1), (5,2,4)} is linearly independent because det((1,3,1),(—1,0,1),(5,2,4)) =

23 # 0. Therefore, dimIm f = 3, and f is surjective, implying that f is bijective.
3. Let S={v; =(1,1,1),v2 = (1,0,1),v3 = (2,—1,0)}.

a) S is a basis of R3 < det(vy,v2,v3) # 0

1 C3=C1+C3

0

_ o =
==

1 1 3
det(vl,vg,vg): 1 0 0 22750
1 11

b) Let A’ be the matrix associated with f using the basis S. A’ = P71 AP, with

1 1 3
P=11 0 0
1 1 1
1 1
, N
Let’s perform a change of basis using P~ = 7 -1 2,
2z 0 -3
i1 =41 -15] [1 13 12 5 —10
A’:P*lApz—?l—lg-3o2 1 0o0fl=|% 2 -3
3 0 =i (1 1 4] [1 11 8 5 -8
§ J
s ; N
55 Solution
0 2 -1
A=1]13 -2 0
-2 2 1
1. Determine the eigenvalues of A, denoted as A € R
0—A 2 -1
Ps(N)=|A- X3 =| 3 —2-A 0 [=0
-2 2 1—A
The eigenvalues are 1, 2, and —4.
2. A is diagonalizable because it has three distinct eigenvalues.
3. Find the eigenvectors.
efFor A\=1
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20—z ==z —r+2y—2=0
Ei={v=(2,9,2) ER® | Av=0v} =3z -2y =y = {3z —-3y=0 S>r=y=2z
—2r+2y+z=1z2 —2x+2y=0
So, By ={z(1,1,1) | € R}, where v; = (1,1,1) is the eigenvector associated with A = 1.
eFor A=2
20—z =2z —2x4+2y—2=0
Ey={v=(2,9,2) ER®| Av =20} = { 30 — 2y = 2y =3z —4y=0
242y +z=2z2 —2x+2y—2=0
— 4
= {77 ig
So, By = {y(g, 5 2) | y € R}, where vy = (4,3, —2) is the eigenvector associated with A = 2.
e For A = —
2y — z=—4x dr+2y—2=0
E s={v=(2,y,2) €R} | Av = —dv} = {32 — 2y = —4y =¢3rx+2y=0
—2x 42y +2z=—4z —2x+2y+52=0
i {
So, E_4 = {z(1,32,1) | # € R}, where v3 = (2, —3,2) is the eigenvector associated with A = —4.
Thus,
1 4 2
P=|1 3 -3
1 -2 2
and A = PDP~! with
10 0
D=1]0 2 0
0 0 —4
and
0 -12 -18 0 -5 =5
Pl=2l0,=2 -5 0 5 =Cl=| —-12 0 6
-5 6 -1 -18 5 -1
We compute P~! by using the change of basis.
Then
(=5)2F+2 —10(—4)F  —124+12(—4)F —18 + (5)2k*2 — 2(—4)k
AP =pDFp-t=| (-15)2%— 15( —4)F 124 15(—4)F  —18 + (5)2k ! 4+ 3(—4)*
(5)2k+1 —10(—4)F  —12+15(—4)F —18+ (5)2kF! — 2(—4)k
\ J
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