Matrix Factorization Methods

5.3 LU Factorization (Crout-Doolittle Method)
Given a system AX = B, we factorize A as:
A=LU
where:
e L is lower triangular (I;; = 0 for j > i)

e U is upper triangular with u;; =1 (u;; = 0 for ¢ > j)

Factorization Process

For each 7 from 1 to n:

1. Column ¢ of L:
i—1
Zki :aki_zlkjuji for k:i,...,n

j=1
2. Row i of U:

1—1
ik — D bijUje
lis

Ui = fork=:i+1,...,n

Example Solution

Given system:

1 1 2 z 9
1 2 1| ([y] =18
2 11 z 7
Step 1: LU Factorization
1=1: l11:a11:1
loy =agn =1
I31 = az; =2
U12 = aﬁ 1
lll
U3z = (lﬁ 2
I
1=2: l22:a22—121u12:27(1)(1):1
l32 = asz2 — 131U12 =1- (2)(1) =-1

az3 — 12111,13 _ 1 — (1)(2)
122 1
1=3: l33 — as3 — 131U13 — l32u23 =1- (2)(2) — (—1)(—1) =1-4-1=-4

=-1

U23 =



Thus:

1 0 0 11 2
L=|[1 1 o), u=(0o1 -1
2 -1 -4 0 0 1
Step 2: Forward Substitution (LY = B)
ly1 =9=y1 =9
ly1 + 1y =8 =y = —1
2p1 — lyy —dys =T = y; = B =3

Step 3: Backward Substitution (UX =Y)

lz2=3=2=3
ly—lz=-1=y=2
lr+1y4+22=9=2x=9-2-6=1

Final solution:

r=1| |y=2| |z=3

5.4 Cholesky Factorization

For symmetric positive-definite A:
A=MM"

where M is lower triangular.

Factorization Process

For i =1 ton:

mi; =
For j =4+ 1 ton: 4
g = Y mamye
Mji = e
17
Example Solution
Given system:
2 11 T 4
1 21 yl =14
1 1 2 z 4

Step 1: Cholesky Factorization



== () - (i

M =

Thus:

Step 2: Forward Substitution (MY = B)

V2 =4 =y =22

%y1+\/§y2=4=>y2=4
Tt et =4

“f5,

2= V3

Step 3: Backward Substitution (M7X =Y)

<

%z:\/ﬁ:z:%

Vvt o= =y=}
ﬂa:—i—%y—k%z:%/ﬁém:l

Final solution:

a=1] |v-

ol o
w
I
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