1.8. Solution of exercises CHAPITRE 1. VECTOR SPACES

1.3 Solution of exercises

P
5S01ution 1.2.1

1. F is a subspace vector space (s.e.v.) if and only if :

F#¢
VX,Y € FYApu€R, AX +puY € F.

(a) Ogs = (0,0,0) € F< F # ¢ because 2-0+0—0=0.
(b) For all X = (x,y,2), Y = (2/,y,2') € F, and A\, u € R, we want to show that :

?

ANz,y,2) + u(z’,y',2) € F,

i.e.,
?
Az + pz', My + py', Az + p2') € F.
20 +pa’) + Ay +py') = Az +p2’) = A2z +y —2) +p22' +y' —2") =A-0+p-0=0,
since (z,y,2) € F=2r+y—z=0and (¢/,y,2) e F =22 +y — 2 =0.
Thus, A(z,y,2) + u(z',y',2') € F, and F is a subspace vector space of R3.
2. Basisof ' : Let X € Fiie,2x+y—2=0=2z=22+y. X = (2,y,2) = (z,y,2x +y) =
x(17072) +y(07171)a SO
F={(z,y,2) €R’ |20 +y — 2 =0} = {2(1,0,2) + (0,1, 1) | 2,y € R}.

Hence, F is generated by {v1 = (1,0,2),v2 = (0,1,1)}. Let’s show that this family is linearly
independent if and only if :

VA17>\2 S R, A1 + Agvg = (0,0,0) = A =X =0.

A(1,0,2) + A2(0,1,1) = (0,0,0) = (A1, Az, 2\ + A2) = (0,0,0).

This implies Ay = —\; and Ay = Ay = 0.

Therefore, {v1,v,} is a basis (linearly independent and generating) of R3.
3. F # R3 since dimF = 2 # 3 = dimR3.

- J

p
EgSolution 1.2.2
1. (0,0,0) € F because (0,0,0) =(0—-0,2x04+0+4x0,3x0+2x0)) = F #¢.

VXY € F, A\, u € R, let’s show that AX + uY é F
XeF, Iu,y,2) eR3/ X = (v —y,2x+y+4z2,3y + 22)
YeF, I, y,7)eR/ Y = (2 —y, 22 +y + 42,3y +22)
AX +uY =z — Ay + px’ — py', 207 + Ay + 44Xz + 2ux’ + py’ + 4pz’, 30y + 20z + 3uy’ + 2uz’ )+
Ax — Ay + px’ — py', 2 + Ay + 4z + 2ux’ + py’ + 4pz’, 3Ay + 2z + 3uy’ + 2uz2’)
= ((Az+px’) — Ay + py'), 200 + px’) + Ay + py') +4(Az + p2’), 3(Ay + 2uz) + 2Xz + 2u2")
=((Az+pz’) — Ay + py'), 2(Ax + px’) + Ay + py') + 4(Az + p2’), 3(Ay + 2uz) + 2(A + p)2’)
" = Az + pa'), Iy = Ay + wy'), 32”7 = (A\z + p2’), thus
AX 4+ pY = (2 —y”, 22" +y" + 42", 3y" +22") € F.
2. Basis of F :
Let X € F, I(z,y,2) €ER3/ X =(v—vy, 2z +y+4z, 3y +22),
X =(zx—y2x+y+4z3y +22) =z(1,2,0) + y(—1,1,3) + y(0,4, 2), thus
F={2(1,2,0) +y(~1,1,3) + y(0,4,2)/z,y € R}.
Therefore, F' is generated by {v; = (1,2,0),ve = (—1,1,3),v3 = (0,4,2)},
let’s show that this family is linearly independent if and only if
VAL 2, Ag € R, Av1 + Aava + Agvs = (0,0,0) = Ap = Ay = A3 = 0.
AL(1,2,0) + Aa(—1,1,3) + A3(0,4,2) = (0,0,0) = ( A, Aa,— A1, —A2) = (0,0,0)
Thus the dimension of F is 3, as {v1, v, v3} is a basis (linearly independent and generating) of R3.
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L 3. F = R3 because dim F = 3 = dim R3. J

p
fgSolution 1.2.3
1. ¢ (0,0,0,0) € F' = F # ¢ because (0+ 0 =0) A(0+0 = 0).

o VX = (z,y,2,t), Y = (a/,y/,2/,t') € F, A\, p € R, let’s show that :

Mz, y, z,t) + p(2,y, 2, ) é F
We have :
{ XeF=(z+z=0A(y+t=0)
YeF= (' +2Z=0AW+t=0)
Mz+2z)=0Ap' +2)=0
=<{ A
My+t)=0Apy +t')=0

A+ px’ + Az +p2’ =0
= A

Ay + pt+ M+ pt’ =0
Therefore :
Az +px’ + Xz 4+p2") = 0N Ay +pt+ A+ ut’) =0
which means
Mz, y, z,t) +u(a’,y', 2/, t') € F hence the result.

2. Basis of F :

For X e F,x=—2ANy=—t,
X = (x,y,2,t) = (x,y, —z,—y) = 2(1,0,—1,0) + y(0,1,0, —1)
F = {x(1,0,~1,0) + y(0,1,0, ~1)/z,y € R}.
Therefore, F is generated by {v; = (1,0,—1,0), vy = (0,1,0,—1)}, let’s show that this family is
linearly independent if and only if
A /\1, Ay € R, AU + AUy = (0,0,0,0) = A1 = Ay =0.
A(1,0,-1,0) + A2(0,1,0, —1) = (0,0,0,0) = ( A1, Aay— A1, —A2) = (0,0,0,0)
Therefore, the dimension of F is 2, as {v1,vs} is a basis (linearly independent and generating) of

4
g R J/

QSolution 1.2.4

1. The family {(1,2),(—1,1)} generates R? if and only if
For every X = (z,y) € R?, there exist A, u € R such that X = A\(1,2) + u(—1,1).
Let (z,7) € R?, let’s find A\, u € R such that :
(,y) = A(1,2) + p(=1,1) = (A — 1, 2X + p1)

So we have :
z=A—p (1)
y=2XA+p (2)

= \= Igﬁ and p = #
Hence, this family is generating.
2. Which among the following families are linearly independent :
F, ={(1,1,0),(1,0,0),(0,1,1)},
F, ={(0,1,1,0),(1,1,1,0),(2,1,1,0)}.
(a) F1 ={(1,1,0),(1,0,0),(0,1,1)} is independent if and only if
For all A1, A2, A3 € R, A1(1,1,0) + A2(1,0,0) + A3(0,1,1) = (0,0,0)

AM+A=0
A1+)\3:0 = A =X =X3=0.
A3 =0

Therefore, Fi is linearly independent.

(b) F» ={(0,1,1,0),(1,1,1,0),(2,1,1,0)} is not independent because
There exist A\; = 1, Ao = —2, A3 = 1 in R such that A\1(0,1,1,0) + X2(1,1,1,0) + A3(2,1,1,0) =
(0,0,0,0).
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3. The family {(1,2),(—1,1)} is a basis for R?, because when the number of vectors = 2 = dim R?,
it is sufficient to show that it is either generating or independent for it to be a basis. According to
question (1), it is generating.

The family F; = {(1,1,0),(1,0,0),(0,1,1)} is a basis for R?, because the cardinality of F; is equal
to 3 = dim R3, and F} is linearly independent, making it a basis for R3.
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