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For example, consider an experiment where we record the distance traveled by an object as a function 

of time. The results are given in the following table: 

t(sec) 0 1 2 3 4 

X(m) 0 5 15 0 3 

 

We want, for example, to calculate the position of the object at time t=2.5 sec or the speed of the 

object at a given time. To do this, we need to have an analytical form of X as a function of t, X(t). This 

form must at least coincide with the points given in the table. Then we can calculate X(2.5),  ∫ 𝑿(𝒕)𝒅𝒕
𝟒

𝟎
  

or  𝒗(𝒕) =
𝒅𝑿(𝒕)

𝒅𝒕
. 

In this chapter, we will consider the approximation of X(t) by a polynomial form, that is: 

𝑿(𝒕) = 𝒂𝟎 + 𝒂𝟏𝒕 + 𝒂𝟐𝒕
𝟐 +⋯+ 𝒂𝒏𝒕

𝒏 

where 𝒂𝒊 (𝒊 = 𝟎, 𝒏) are coefficients to be determined. 

The polynomials that we will study differ only in the way the coefficients 𝒂𝒊 (𝒊 = 𝟎, 𝒏) are determined, 

because for a given table of values, the interpolation polynomial is unique. 

1 Lagrange Interpolation Polynomial 

Let (n+1) distinct points 𝒙𝟎, 𝒙𝟏, …… , 𝒙𝒏 and f be a function whose values are 𝒇(𝒙𝟎), 𝒇(𝒙𝟏), …… , 𝒇(𝒙𝒏). 

Then, there exists a unique polynomial of degree less than or equal to n that coincides with the 

interpolation points, i.e.: 

𝒇(𝒙𝒌) = 𝑷𝒏(𝒙𝒌), 𝒌 = 𝟎, 𝟏, 𝟐, …… , 𝒏 

This polynomial is given by: 

𝑷𝒏(𝒙) =∑ 𝒇(𝒙𝒊)𝑳𝒊(𝒙)
𝒏

𝒊=𝟎
= 𝒇(𝒙𝟎)𝑳𝟎(𝒙) + 𝒇(𝒙𝟏)𝑳𝟏(𝒙) + ⋯…+ 𝒇(𝒙𝒏)𝑳𝒏(𝒙) 

where 

       𝑳𝒌(𝒙) = ∑
(𝒙−𝒙𝒊)

(𝒙𝒌−𝒙𝒊)
=𝒏

𝒊=𝟎,𝒊≠𝒌
(𝒙−𝒙𝟎)

(𝒙𝒌−𝒙𝟎)

(𝒙−𝒙𝟏)

(𝒙𝒌−𝒙𝟏)
… . .

(𝒙−𝒙𝒌−𝟏)

(𝒙𝒌−𝒙𝒌−𝟏)

(𝒙−𝒙𝒌+𝟏)

(𝒙𝒌−𝒙𝒌+𝟏)
…

(𝒙−𝒙𝒏)

(𝒙𝒌−𝒙𝒏)
   (k=0,..,n) 

𝑳𝒌(𝒙) are called Lagrange polynomial coefficients. They are orthogonal, that is, 𝑳𝒌(𝒙𝒋) = 𝟎 and 

𝑳𝒌(𝒙𝒌) = 𝟏. 

Example: Let's take the table given at the beginning of the chapter and try to calculate the Lagrange 

polynomial for this table. Note that for n+1 points the degree of the polynomial is less than or equal 

to n. In our case we have 5 points, this gives us a polynomial of degree less than or equal to 4. 

𝑿(𝒕) ≈ 𝑷𝟒(𝒕) =∑ 𝒇(𝒕𝒊)𝑳𝒊(𝒕)
𝟒

𝒊=𝟎
= 𝒇(𝒕𝟎)𝑳𝟎(𝒕) + 𝒇(𝒕𝟏)𝑳𝟏(𝒕) + 𝒇(𝒕𝟐)𝑳𝟐(𝒕) + 𝒇(𝒕𝟑)𝑳𝟑(𝒕) + 𝒇(𝒕𝟒)𝑳𝟒(𝒕) 

The coefficients 𝒇(𝒕𝒊) are the values of X(ti)  at the given points ti, we substitute and write: 

𝑿(𝒕) ≈ 𝑷𝟒(𝒕) = 𝟎 ∗ 𝑳𝟎(𝒕) + 𝟓 ∗ 𝑳𝟏(𝒕) + 𝟏𝟓 ∗ 𝑳𝟐(𝒕) + 𝟎 ∗ 𝑳𝟑(𝒕) + 𝟑 ∗ 𝑳𝟒(𝒕) 
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Then, we calculate the Lagrange polynomial coefficients: 

𝑳𝟎(𝒕) = ∑
(𝒕−𝒕𝒊)

(𝒕𝒌−𝒕𝒊)
=𝟒

𝒊=𝟎,𝒊≠𝟎
(𝒕−𝒕𝟏)

(𝒕𝟎−𝒕𝟏)

(𝒕−𝒕𝟐)

(𝒕𝟎−𝒕𝟐)

(𝒕−𝒕𝟑)

(𝒕𝟎−𝒕𝟑)

(𝒕−𝒕𝟒)

(𝒕𝟎−𝒕𝟒)
 .  

Note that it is useless to calculate the polynomial coefficients 𝑳𝟎(𝒕) and 𝑳𝟑(𝒕) because they will be 

multiplied by zero in the substitution. 

 

𝑳𝟏(𝒕) = ∑
(𝒕−𝒕𝒊)

(𝒕𝒌−𝒕𝒊)
=𝟒

𝒊=𝟎,𝒊≠𝟏
(𝒕−𝒕𝟎)

(𝒕𝟏−𝒕𝟎)

(𝒕−𝒕𝟐)

(𝒕𝟏−𝒕𝟐)

(𝒕−𝒕𝟑)

(𝒕𝟏−𝒕𝟑)

(𝒕−𝒕𝟒)

(𝒕𝟏−𝒕𝟒)
=

(𝒕−𝟎)

(𝟏−𝟎)

(𝒕−𝟐)

(𝟏−𝟐)

(𝒕−𝟑)

(𝟏−𝟑)

(𝒕−𝟒)

(𝟏−𝟒)
= −

𝟏

𝟔
(𝒕𝟒 − 𝟗𝒕𝟑 + 𝟐𝟔𝒕𝟐 − 𝟐𝟒𝒕)  

𝑳𝟐(𝒕) = ∑
(𝒕−𝒕𝒊)

(𝒕𝒌−𝒕𝒊)
=𝟒

𝒊=𝟎,𝒊≠𝟐
(𝒕−𝒕𝟎)

(𝒕𝟐−𝒕𝟎)

(𝒕−𝒕𝟏)

(𝒕𝟐−𝒕𝟏)

(𝒕−𝒕𝟑)

(𝒕𝟐−𝒕𝟑)

(𝒕−𝒕𝟒)

(𝒕𝟐−𝒕𝟒)
=

(𝒕−𝟎)

(𝟐−𝟎)

(𝒕−𝟏)

(𝟐−𝟏)

(𝒕−𝟑)

(𝟐−𝟑)

(𝒕−𝟒)

(𝟐−𝟒)
=

𝟏

𝟒
(𝒕𝟒 − 𝟖𝒕𝟑 + 𝟏𝟗𝒕𝟐 − 𝟏𝟐𝒕)  

𝑳𝟒(𝒕) = ∑
(𝒕−𝒕𝒊)

(𝒕𝒌−𝒕𝒊)
=𝟒

𝒊=𝟎,𝒊≠𝟒
(𝒕−𝒕𝟎)

(𝒕𝟒−𝒕𝟎)

(𝒕−𝒕𝟏)

(𝒕𝟒−𝒕𝟏)

(𝒕−𝒕𝟐)

(𝒕𝟒−𝒕𝟐)

(𝒕−𝒕𝟑)

(𝒕𝟒−𝒕𝟑)
=

(𝒕−𝟎)

(𝟒−𝟎)

(𝒕−𝟏)

(𝟒−𝟏)

(𝒕−𝟐)

(𝟒−𝟐)

(𝒕−𝟑)

(𝟒−𝟑)
=

𝟏

𝟐𝟒
( 𝒕𝟒 − 𝟔𝒕𝟑 + 𝟏𝟏𝒕𝟐 − 𝟔𝒕) 

 

Finally, we substitute the polynomial coefficients and obtain: 

𝑿(𝒕) ≈ 𝑷𝟒(𝒕) = −𝟐𝟓. 𝟕𝟓𝒕 + 𝟓𝟎. 𝟗𝟓𝟖𝟑𝟑𝒕
𝟐 − 𝟐𝟑. 𝟐𝟓𝒕𝟑 + 𝟑. 𝟎𝟒𝟏𝟔𝟕𝒕𝟒 

 

2. Newton Interpolation Polynomial 

We have seen that the Lagrange polynomial uses (n+1) polynomial coefficients which are themselves 

polynomials of degree less than or equal to n. The calculation of these polynomial coefficients is also 

a delicate task, which is why it is interesting to use another, more flexible formulation: the Newton 

polynomial. 

The calculation of the Newton polynomial begins with the construction of a polynomial of degree 1, 

𝑷𝟏(𝒙), which passes through the first two points. Then, the latter will be used to calculate another of 

degree 2, 𝑷𝟐(𝒙), which passes through the first three points, and so on until the final polynomial of 

degree less than or equal to n, 𝑷𝒏(𝒙). We have the following recurrence relation between two 

successive polynomials 𝑷𝒊−𝟏(𝒙) and 𝑷𝒊(𝒙) (i=2,3,..,n+1): 

 

{
 
 

 
 

𝑷𝟏(𝒙) = 𝒂𝟎 + 𝒂𝟏(𝒙 − 𝒙𝟎)

𝑷𝟐(𝒙) = 𝑷𝟏(𝒙) + 𝒂𝟐(𝒙 − 𝒙𝟎)(𝒙 − 𝒙𝟏)

𝑷𝟑(𝒙) = 𝑷𝟐(𝒙) + 𝒂𝟑(𝒙 − 𝒙𝟎)(𝒙 − 𝒙𝟏)(𝒙 − 𝒙𝟐)
……………………………………… . .

𝑷𝒏(𝒙) = 𝑷𝒏−𝟏(𝒙) + 𝒂𝒏(𝒙 − 𝒙𝟎)(𝒙 − 𝒙𝟏)… (𝒙 − 𝒙𝒏−𝟏)

 

We note that the coefficients 𝒂𝒌 (k=0,…,n)  are the essential elements in the calculation of Newton 

polynomials. These coefficients are the divided differences of order k of the function f. 

2.1 Calculation of Divided Differences of a Function f 

The divided differences of a function f based on the points  𝒙𝟎, 𝒙𝟏, …… , 𝒙𝒏 are given by: 

𝒂𝒌 = 𝒇[𝒙𝟎, 𝒙𝟏, …… , 𝒙𝒌] = ∑
𝒚𝒊

∏ (𝒙𝒊−𝒙𝒋)
𝒌
𝒋=𝟎,𝒋≠𝒊

𝒌
𝒊=𝟎   

In practice, and for a limited number of points, the divided differences are calculated using a table 

that has the following form: 
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𝒙𝒌 𝒇(𝒙𝒌) = 𝒇[𝒙𝒌] DD1 DD2 DD3 DD4 

𝒙𝟎 

𝒙𝟏 

𝒙𝟐 

𝒙𝟑 

𝒙𝟒 

𝒇[𝒙𝟎] 

𝒇[𝒙𝟏] 

𝒇[𝒙𝟐] 

𝒇[𝒙𝟑] 

𝒇[𝒙𝟒] 

𝒇[𝒙𝟎, 𝒙𝟏] 

𝒇[𝒙𝟏, 𝒙𝟐] 

𝒇[𝒙𝟐, 𝒙𝟑] 

𝒇[𝒙𝟑, 𝒙𝟒] 

 

 

𝒇[𝒙𝟎, 𝒙𝟏, 𝒙𝟐] 

𝒇[𝒙𝟏, 𝒙𝟐, 𝒙𝟑] 

𝒇[𝒙𝟐, 𝒙𝟑, 𝒙𝟒] 

 

 

𝒇[𝒙𝟎, 𝒙𝟏, 𝒙𝟐, 𝒙𝟑] 

𝒇[𝒙𝟏, 𝒙𝟐, 𝒙𝟑, 𝒙𝟒] 

 

 

 

 

𝒇[𝒙𝟎, 𝒙𝟏, 𝒙𝟐, 𝒙𝟑, 𝒙𝟒] 

 

where 

𝑓[𝑥0, 𝑥1] =
𝑓[𝑥1] − 𝑓[𝑥0]

𝑥1 − 𝑥0
,    𝑓[𝑥1, 𝑥2] =

𝑓[𝑥2] − 𝑓[𝑥1]

𝑥2 − 𝑥1
, …… .. 

𝑓[𝑥0, 𝑥1,𝑥2] =
  𝑓[𝑥1, 𝑥2] − 𝑓[𝑥0, 𝑥1]

𝑥2 − 𝑥0
,      𝑓[𝑥1, 𝑥2,𝑥3] =

  𝑓[𝑥2, 𝑥3] − 𝑓[𝑥1, 𝑥2]

𝑥3 − 𝑥1
, …… .. 

𝑓[𝑥0, 𝑥1, 𝑥2, 𝑥3] =
  𝑓[𝑥1, 𝑥2, 𝑥3] − 𝑓[𝑥0, 𝑥1, 𝑥2]

𝑥3 − 𝑥0
,      𝑓[𝑥1, 𝑥2, 𝑥3, 𝑥4] =

  𝑓[𝑥2, 𝑥3, 𝑥4] − 𝑓[𝑥1, 𝑥2, 𝑥3]

𝑥4 − 𝑥1
 

𝑓[𝑥0, 𝑥1, 𝑥2, 𝑥3, 𝑥4] =
  𝑓[𝑥1, 𝑥2, 𝑥3, 𝑥4] − 𝑓[𝑥0, 𝑥1, 𝑥2, 𝑥3]

𝑥4 − 𝑥0
 

 

3. Interpolation Error 𝜺(𝒙) 

This is the error made when replacing the function f with the equivalent interpolation 

polynomial. It is denoted by ε(x) because it varies from one point to another in the interpolation 

interval. This error must be zero at the interpolation points,  𝜺(𝒙𝒊) = 𝟎, (i=0,…n). 

If the function f is continuous and (n+1) times differentiable on the interpolation interval 

[𝒂 = 𝒙𝟎, 𝒃 = 𝒙𝒏],  then for all x∈[a,b] there exists z∈[a,b] such that: 

𝜺(𝒙) = |𝒇(𝒙) − 𝑷𝒏(𝒙)| =∏
(𝒙 − 𝒙𝒊)

(𝒏 + 𝟏)!

𝒏

𝒊=𝟎
𝒇(𝒏+𝟏)(𝒛) 

If |𝒇(𝒏+𝟏)(𝒛)| ≤ 𝑴   ∀ 𝒛 ∈ [𝒂, 𝒃], we can write: 

𝜺(𝒙) = |𝒇(𝒙) − 𝑷𝒏(𝒙)| ≤∏
(𝒙 − 𝒙𝒊)

(𝒏 + 𝟏)!

𝒏

𝒊=𝟎
𝑴 

In this case, M is an upper bound of the function 𝒇(𝒏+𝟏)(𝒙) on the interval [a,b]. 

Example: Let's take the table given at the beginning of the chapter and try to calculate the Newton 

polynomial for this table. Note that for n+1 points the degree of the polynomial is less than or equal 

to n. In our case we have 5 points, this gives us a polynomial of degree less than or equal to 4. Let's 

write the Newton polynomials: 

 

{
 
 

 
 

𝑷𝟏(𝒕) = 𝒂𝟎 + 𝒂𝟏(𝒕 − 𝒕𝟎)

𝑷𝟐(𝒕) = 𝑷𝟏(𝒕) + 𝒂𝟐(𝒕 − 𝒕𝟎)(𝒕 − 𝒕𝟏)

𝑷𝟑(𝒕) = 𝑷𝟐(𝒕) + 𝒂𝟑(𝒕 − 𝒕𝟎)(𝒕 − 𝒕𝟏)(𝒕 − 𝒕𝟐)

𝑷𝟒(𝒕) = 𝑷𝟑(𝒕) + 𝒂𝟒(𝒕 − 𝒕𝟎)(𝒕 − 𝒕𝟏)(𝒕 − 𝒕𝟐)(𝒕 − 𝒕𝟑)

The ai are the divided differences of order i.
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Let's calculate the table of divided differences: 

𝒕𝒌 𝑓(𝑡𝑘) = 𝑓[𝑡𝑘] DD1 DD2 DD3 DD4 

0 

1 

2 

3 

4 

𝟎 = 𝒂𝟎 

5 

15 

0 

3 

𝟓 = 𝒂𝟏 

10 

−15 

3 

 

𝟐. 𝟓 = 𝒂𝟐 

−12.5 

9 

 

 

−𝟓 = 𝒂𝟑 

7.1667 

 

 

𝟑. 𝟎𝟒𝟏𝟔𝟕 = 𝒂𝟒 

 

Substituting the a_i and t_i by their values in the Newton polynomials, we find: 

𝑷𝟏(𝒕) = 𝒂𝟎 + 𝒂𝟏(𝒕 − 𝒕𝟎) = 𝟎 + 𝟓(𝒕 − 𝟎) = 𝟓𝒕 

𝑷𝟐(𝒕) = 𝑷𝟏(𝒕) + 𝒂𝟐(𝒕 − 𝒕𝟎)(𝒕 − 𝒕𝟏) = 𝟓𝒕 + 𝟐. 𝟓(𝒕 − 𝟎)(𝒕 − 𝟏) = 𝟐. 𝟓𝒕
𝟐 + 𝟐. 𝟓𝒕 

𝑷𝟑(𝒕) = 𝑷𝟐(𝒕) + 𝒂𝟑(𝒕 − 𝒕𝟎)(𝒕 − 𝒕𝟏)(𝒕 − 𝒕𝟐) = 𝟐. 𝟓𝒕𝟐 + 𝟐. 𝟓𝒕 − 𝟓(𝒕 − 𝟎)(𝒕 − 𝟏)(𝒕 − 𝟐) = −𝟓𝒕𝟑 + 𝟏𝟕. 𝟓𝒕𝟐 − 𝟕. 𝟓𝒕 

𝑷𝟒(𝒕) = 𝑷𝟑(𝒕) + 𝒂𝟒(𝒕 − 𝒕𝟎)(𝒕 − 𝒕𝟏)(𝒕 − 𝒕𝟐)(𝒕 − 𝒕𝟑) = −𝟓𝒕
𝟑 + 𝟏𝟕. 𝟓𝒕𝟐 − 𝟔𝒕 + 𝟑. 𝟎𝟒𝟏𝟕(𝒕 − 𝟎)(𝒕 − 𝟏)(𝒕 − 𝟐)(𝒕 − 𝟑) 

𝑷𝟒(𝒕) = 3.04167𝑡
4−23.25𝑡3+50.95833𝑡2−25.75𝑡 

This is the same polynomial as that of Lagrange. 
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Fig. 2.1. Plots of Newton interpolation polynomials 

 

 


