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1 Course Objectives

By the end of this course, students will:

• Define and understand the concept of inverse functions.

• Identify and compute inverse functions using various methods.

• Analyze the relationships between functions and their inverses.

• Apply inverse functions to solve mathematical problems and real-world
scenarios.

2 Course Content

2.0.1 Definition of a Function

A function f is a relation that assigns exactly one output for each input from
its domain.

2.0.2 Domain and Range

• Domain: The set of all possible input values (x-values) for a function.

• Range: The set of all possible output values (y-values) produced by a
function.

2.0.3 One-to-One Function

A function is one-to-one if it assigns different outputs to different inputs.

2.0.4 Definition of an Inverse Function

The inverse of a function f , denoted as f−1, is a function that ”reverses” the
effect of f . That is, if f(x) = y, then f−1(y) = x.

1



2.0.5 Horizontal Line Test

A method to determine if a function is one-to-one; if any horizontal line inter-
sects the graph of the function more than once, the function does not have an
inverse.

2.0.6 Method to Find Inverses

To find the inverse of a function:

1. Replace f(x) with y.

2. Swap x and y.

3. Solve for y.

4. Replace y with f−1(x).

2.0.7 Example

For f(x) = 2x+ 3:

y = 2x+ 3

x = 2y + 3

x− 3 = 2y

y =
x− 3

2

f−1(x) =
x− 3

2

3 Graphs of Functions and Their Inverses

3.1 Example 1: Linear Function and Its Inverse

Consider the function f(x) = 2x+ 3 and its inverse f−1(x) = x−3
2 .

3.2 Example 2: Horizontal Line Test

The horizontal line test can be visualized as follows. A function passes the
horizontal line test if no horizontal line intersects the graph more than once.

3.3 Properties of Inverse Functions

3.3.1 Composition

f(f−1(x)) = x

f−1(f(x)) = x
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3.3.2 Continuity and Differentiability

Discuss the conditions under which the inverse function is continuous or differ-
entiable.

3.4 Inverse Trigonometric Functions

3.4.1 Definition and Range

Inverse trigonometric functions like sin−1(x), cos−1(x), and tan−1(x) have spe-
cific domains and ranges that differ from their original functions.

3.4.2 Applications

Solving equations involving trigonometric identities.

3.5 Inverse Functions in Calculus

3.5.1 Derivative of Inverse Functions

The derivative of an inverse function can be calculated using the formula:

(f−1)′(y) =
1

f ′(x)

3.5.2 Application

Optimization problems where inverse functions help find maximum and mini-
mum values.

3.6 Applications of Inverse Functions

3.6.1 Real-World Contexts

Use inverse functions to model situations in physics (e.g., velocity and time),
economics (e.g., demand and price), and engineering (e.g., pressure and volume).

3.6.2 Case Studies

Analyze specific examples where inverse functions are applicable.
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Figure 1: Graph of f(x) = 2x+ 3 and its inverse f−1(x) = x−3
2
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Figure 2: Graph showing the horizontal line test for f(x) = x2
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