Minimum Variance Portfolio of Two Risky Assets
Problem Statement
Consider two risky assets, Asset A and Asset B, with the following characteristics:
- Asset A: 
  - Expected return (E(R_A)) = 8%
  - Standard deviation (σ_A) = 12%

- Asset B: 
  - Expected return (E(R_B)) = 10%
  - Standard deviation (σ_B) = 20%

- Correlation between Asset A and Asset B (ρ_AB) = 0.3

Find the weights of Asset A and Asset B in the minimum variance portfolio. Additionally, calculate the variance and standard deviation of this portfolio.
Solution
Step 1: Define the Variance of the Portfolio
The variance of a two-asset portfolio is given by:
σ_P^2 = w_A^2 σ_A^2 + w_B^2 σ_B^2 + 2w_A w_B ρ_AB σ_A σ_B

where:
- w_A and w_B are the weights of Asset A and Asset B, respectively.
- σ_A and σ_B are the standard deviations of Asset A and Asset B.
- ρ_AB is the correlation coefficient between Asset A and Asset B.

Since w_A + w_B = 1, we can express w_B as w_B = 1 - w_A.
Step 2: Differentiate the Portfolio Variance with Respect to w_A
Substitute w_B = 1 - w_A into the portfolio variance formula and expand it. After differentiation and simplifying, we get:

d(σ_P^2)/dw_A = 2w_A (σ_A^2 + σ_B^2 - 2 ρ_AB σ_A σ_B) + (-2 σ_B^2 + 2 ρ_AB σ_A σ_B)

Set d(σ_P^2)/dw_A = 0 to find the weight that minimizes variance:
w_A = (σ_B^2 - ρ_AB σ_A σ_B) / (σ_A^2 + σ_B^2 - 2 ρ_AB σ_A σ_B)
Step 3: Substitute the Given Values
Substitute σ_A = 0.12, σ_B = 0.20, and ρ_AB = 0.3 into the formula:
w_A = (0.20^2 - (0.3)(0.12)(0.20)) / (0.12^2 + 0.20^2 - 2(0.3)(0.12)(0.20))

After calculating, we find:
w_A = 0.82
w_B = 1 - w_A = 0.18
Step 4: Calculate the Variance and Standard Deviation of the Portfolio
Substitute w_A = 0.82, w_B = 0.18, σ_A = 0.12, σ_B = 0.20, and ρ_AB = 0.3 into the portfolio variance formula:

σ_P^2 = (0.82)^2 (0.12)^2 + (0.18)^2 (0.20)^2 + 2(0.82)(0.18)(0.3)(0.12)(0.20)

After calculating:
- Portfolio Variance: σ_P^2 = 0.011626
- Portfolio Standard Deviation: σ_P = √0.011626 ≈ 10.78%
Final Answer
- Weights: w_A = 0.82, w_B = 0.18
- Portfolio Variance: σ_P^2 = 0.011626
- Portfolio Standard Deviation: σ_P = 10.78%
