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Exercise 0.1 Domain of de�nition

f1 (x) =
1

4� x2 , f2 (x) =
1p
4� x2

, f3 (x) =
p
x� x3, f4 (x) = 3

p
x+ 1, f5 (x) = ln

�
2 + x

2� x

�
,

f6 (x) =

s
x2 � 2

(x� 1) (x+ 1) , f7 (x) =
cosx

ex � 1 , f8 (x) =
p
ln (x) + 1

f1 de�ned () 4� x2 6= 0, then Df1 = R� f�2; 2g
f2 de�ned () 4� x2 � 0, then Df2 = ]�2;+2[
f3 de�ned () x� x3 > 0, then Df3 = ]�1;�1] [ [0;+1]
Df4 = R

f5 de�ned ()
2 + x

2� x � 0 and 2� x 6= 0, then Df5 = ]�2;+2[

f6 de�ned ()
x2 � 2

(x� 1) (x+ 1) > 0 and (x� 1) (x+ 1) 6= 0, then Df6 =
�
�1;�

p
2
�
[ ]�1;+1[ [�

+
p
2;+1

�
f7 de�ned () ex � 1 6= 0, then Df7 = R�

f8 de�ned () ln (x) + 1 > 0 , then Df8 =
�
1
e ;+1

�
Exercise 0.2 limits

� lim
x!0

xp
1� x2 �

p
1 + x

= 0
0 , that is indeterminate forms (IF), we multiply with the conjugate we get

lim
x!0

xp
1� x2 �

p
1 + x

= lim
x!0

x
p
1� x2 +

p
1 + x

�x2 � x = lim
x!0

p
1� x2 +

p
1 + x

�x� 1 = �2

� lim
x!1

lnx

x� 1 =
0
0 , (IF), by Hospital rule we get

lim
x!1

lnx

x� 1 = lim
x!1

1
x

1
= 1

� lim
x!0

ln
�
1 + x2

�
sin2 x

= 0
0 , (IF), by Hospital rule we get

lim
x!0

ln
�
1 + x2

�
sin2 x

= lim
x!0

2x
1+x2

2 cosx sinx
= lim
x!0

x

sinx

1

(1 + x2) cosx



2
we have lim

x!0

x

sinx
= 1, sinse lim

x!0

sinx

x
= 1

and lim
x!0

1

(1 + x2) cosx
= 1

Hence,

lim
x!0

ln
�
1 + x2

�
sin2 x

= lim
x!0

2x
1+x2

2 cosx sinx
= lim
x!0

x

sinx

1

(1 + x2) cosx
= 1

� lim
x!0

ln (1 + x)� x
x2

= 0
0 , (IF), by Hospital rule we get

lim
x!0

ln (1 + x)� x
x2

= lim
x!0

1
1+x � 1
2x

= lim
x!0

1
1+x � 1
2x

= �1
2

� lim
x!+1

ln
�
1 + e2x

�
x

= 1
1 , (IF), by Hospital rule twice we get

lim
x!+1

ln
�
1 + e2x

�
x

= lim
x!+1

2e2x

1+e2x

1
= lim
x!+1

4e2x

1+e2x
= 2

� lim
x!4

3�
p
x+ 5

1�
p
5� x

= 0
0 , (IF), by Hospital rule we get

lim
x!4

3�
p
x+ 5

1�
p
5� x

= lim
x!4

1
2
p
x+5
1

2
p
5�x

= lim
x!4

p
5� xp
x+ 5

= 1
3

lim
x!+1

p
x2 + 4x+ 3 � (x+ 2) = +1 � 1, that is indeterminate forms (IF), we multiply with the

conjugate we get

lim
x!+1

p
x2 + 4x+ 3� (x+ 2) = lim

x!+1
�1p

x2+4x+3+(x+2)
= 0:

Exercise 0.3 I)

f1 (x) =
x2

x� 2 ; f2 (x) = ln
�
2 + x

2� x

�

f1 is a rational function and its domain of de�nition Df1 = R � f2g, then f1 is continuous on its
domain R� f2g
f2 (x) is logharithmic function its domain of de�nition Df2 = ]�2;+2[, then f2 is continuous on its
domain ]�2;+2[
II)

f1 (x) =
1� cosx
x2

, f2 (x) =
ex � e�x

x

we heve Df1 = R� f0g, then f1 is continuous on R� f0g, and we have
lim
x!0

1�cosx
x2

= lim
x!0

sinx
2x = 1

2



3So we can extend by continuity at the point x0 = 0 the function f1 and we write

h1 (x) =

(
1�cosx
x2

, if x 6= 0
1
2 , if x = 0

is the extension by continuity of f1

Similarly we have f2 is continious on its domain Df2 = R� f0g

and lim
x!0

ex � e�x
x

= 2, So we can extend by continuity at the point x0 = 0 the function f2 and we write

h2 (x) =

(
ex�e�x

x , if x 6= 0
2, if x = 0

is the extension by continuity of f2

Exercise 0.4 Let f a function de�ned by8<:
2x

1 + x2
if x 2 [�1; 0[

p
x if x 2 [0; 3]

1) Determine if the function f is continuous and di¤erentiable at the points: x0 = �1; x0 = 0 and

x0 = 3:

We have

For continuity

lim
x!�1

2x

1 + x2
= �1 = f (�1), then f is continuous at x0 = �1

lim
x
�!0
f (x) = lim

x
�!0

2x

1 + x2
= 0 = f (0), and lim

x
�!0
f (x) = lim

x
�!0

p
x = 0 = f (0)

Hence f is continuous at x0 = 0

lim
x!3

p
x =

p
3 = f (3), then f is continuous at x0 = 3

for di¤erentiability

lim
x!�1

2x

1 + x2
+ 1

x+ 1
= lim
x!�1

1 + x

1 + x2
= 0, hence f is di¤erentiable in right at a point x0 = �1

lim
x
�!0

2x

1 + x2
x = 2 and lim

x
�!0

p
x
x = +1, so hence f is not di¤erentiable at x0 = 0

lim
x�3

p
x�
p
3

x�3 = 1
2
p
3
, hence f is di¤erentiable in left at a point x0 = 3

2) From Q1 we deduce that f is continuous on its domain [�1; 3], and �¤erentiable on [�1; 0[ [ ]0; 3]



4

3)

f
0
(x) =

8><>:
2�2x2
(1+x2)2

, if x 2 [�1; 0[
1

2
p
x
, if x 2 ]0; 3]


