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     2ème ST                              Solution of  tutorial n° 04: Power  Series                                        12/2022 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

  Exercice 01 :     

 ℜ =
1

𝑙
 {
  𝑙 = lim

𝑛→+∞
|
𝑎𝑛+1
𝑎𝑛
|

𝑙 = lim
𝑛→+∞

√|𝑎𝑛|
𝑛

 

                          

                         1)  ∑(
𝑥𝑛

𝑛!
)        

𝑛≥0

𝑎𝑛 =
1

𝑛!
    

                                                        |  
𝑎𝑛+1
𝑎𝑛
| =

𝑛!

(𝑛 + 1)!
=

1

𝑛 + 1

𝑛→+∞
→    0  ⇒   ℜ = +∞  et    𝐷 = ℝ.   

 

        

                        2)     ∑(
𝑛

2𝑛 + 1
)
2𝑛−1

𝑥𝑛          𝑎𝑛 = (
𝑛

2𝑛 + 1
)
2𝑛−1

        √|𝑎𝑛|
𝑛

= (
𝑛

2𝑛 + 1
)

2𝑛−1
𝑛
              

𝑛≥0

   

                                           √|𝑎𝑛|
𝑛

= (
𝑛

2𝑛 + 1
)

2𝑛−1
𝑛
 
𝑛→+∞
→     

1

4
 ⇒   ℜ = 4   

                        

                

           𝑖)  𝑥 = 4    We have the numerical serie : ∑(
𝑛

2𝑛 + 1
)
2𝑛−1

4𝑛      

𝑛≥0

  

 

            𝑢𝑛 = (
𝑛

2𝑛 + 1
)
2𝑛−1

4𝑛 =
2𝑛 + 1

𝑛
 (

2𝑛

2𝑛 + 1
)
2𝑛

=
2𝑛 + 1

𝑛
 

1

(1 +
1
2𝑛)

2𝑛

𝑛→+∞
→     

2

𝑒
≠ 0   

                           Then : ∑(
𝑛

2𝑛 + 1
)
2𝑛−1

4𝑛   Diverges.   

𝑛≥0

 

        𝑖𝑖)  𝑥 = −4    We have  :∑(
𝑛

2𝑛 + 1
)
2𝑛−1

(−4)𝑛      

𝑛≥0

  

lim
𝑛→+∞

(
𝑛

2𝑛 + 1
)
2𝑛−1

(−4)𝑛 = lim
𝑛→+∞

(−1)𝑛4𝑛 (
𝑛

2𝑛 + 1
)
2𝑛−1

    Don't exist. 

                                   



 
 

2 

(
4𝑛 (

𝑛

2𝑛 + 1
)
2𝑛−1 𝑛→+∞

→     2𝑒−1

(−1)𝑛
𝑛→+∞
→    ± 1 

)     Then: ∑(
𝑛

2𝑛 + 1
)
2𝑛−1

(−4)𝑛   Diverges.   

𝑛≥0

 

                                          Then :  𝐷 = ]−4   4 [. 

 

             2)     ∑(
𝑛

𝑛 + 1
)(
𝑥

2
)
𝑛

       𝑎𝑛 = (
𝑛

𝑛 + 1
)2−𝑛  

𝑛≥0

      |
𝑎𝑛+1
𝑎𝑛
| =

(𝑛 + 1)2

𝑛(𝑛 + 2)
2−1

𝑛→+∞
→    2−1   ⇒   ℜ = 2.  

                 𝑖)  𝑥 = 2     ∑
𝑛

𝑛 + 1
      

𝑛≥0

 

                           𝑢𝑛 =
𝑛

𝑛 + 1
 
𝑛→+∞
→     1 ≠ 0 ,   Then : ∑

𝑛

𝑛 + 1
    is divergent.   

𝑛≥0

  

               𝑖𝑖)  𝑥 = −2        ∑
𝑛

𝑛 + 1
  (−1)𝑛    

𝑛≥0

 

                                        lim
𝑛→+∞

𝑛

𝑛 + 1
  (−1)𝑛 = ±1 ≠ 0 ,  then: ∑

𝑛

𝑛 + 1
(−1)𝑛    is divergent.   

𝑛≥0

 

                                     Then :  𝐷 = ]−2   2 [.  

 

           3)     ∑(
3𝑛 + 5

2 + 𝑛
)

𝑛

𝑛≥0

𝑥𝑛           𝑎𝑛 = (
3𝑛 + 5

2 + 𝑛
)

𝑛

 ,   √|𝑎𝑛|
𝑛

=
3𝑛 + 5

2 + 𝑛
 
𝑛→+∞
→    3  ⇒   ℜ =

1

3
.   

           𝑖)  𝑥 =
1

3
        ∑(

3𝑛 + 5

𝑛 + 2
)

𝑛
1

3𝑛
=∑(

3𝑛 + 5

3𝑛 + 6
)

𝑛

      

𝑛≥0

     

𝑛≥0

 

           𝑢𝑛 = (
3𝑛 + 5

3𝑛 + 6
)

𝑛

= (
1 +

5
3𝑛

1 +
6
3𝑛

)

𝑛

=
(1 +

5
3𝑛)

𝑛

(1 +
6
3𝑛)

𝑛  
𝑛→+∞
→     𝑒−

1
3 ≠ 0,  then : ∑(

3𝑛 + 5

𝑛 + 2
)

𝑛 1

3𝑛
 is divergent.   

𝑛≥0

 

               𝑖𝑖)  𝑥 = −
1

3
           ∑(

3𝑛 + 5

𝑛 + 2
)

𝑛 (−1)𝑛

3𝑛
      

𝑛≥0

 

            lim
𝑛→+∞

 (
3𝑛 + 5

𝑛 + 2
)

𝑛 (−1)𝑛

3𝑛
   Don't exist ,   Then : ∑(

3𝑛 + 5

𝑛 + 2
)

𝑛 (−1)𝑛

3𝑛
   diverges.   

𝑛≥0

 

                                      

                                                     𝑇ℎ𝑒𝑛  :  𝐷 = ]−
1

3
   
1

3
 [ .  
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               4)     ∑
1

3𝑛
𝑥𝑛          𝑎𝑛 =

1

3𝑛
     √|𝑎𝑛|

𝑛
=
1

3
    Then : ℜ = 3.   

𝑛≥0

 

                                         𝑖)  𝑥 = 3     ∑1     Diverges. 

𝑛≥0

  

                                        𝑖𝑖)  𝑥 = −3        ∑  (−1)𝑛    

𝑛≥0

Diverges. 

                                      Then  :  𝐷 = ]−3   3 [. 

          5)   ∑(1 + 𝑛)𝑥𝑛    

𝑛≥0

       𝑎𝑛 = (1 + 𝑛)  , |
𝑎𝑛+1
𝑎𝑛
| =

𝑛 + 2

𝑛 + 1
 
𝑛→+∞
→     1   Then : ℜ = 1.    

                    𝑖)  𝑥 = 1     ∑(1 + 𝑛)     Diverges. 

𝑛≥0

((1 + 𝑛)
𝑛→+∞
→    +∞ ≠ 0)  

                   𝑖𝑖)  𝑥 = −1      ,  ∑  (1 + 𝑛)(−1)𝑛    

𝑛≥0

Diverges. ( lim
𝑛→+∞

(1 + 𝑛)  (−1)𝑛 = ±∞)   

                                 

                                    Then  :  𝐷 = ]−1   1 [. 

 

Exercice 02 :  

                   1)       ∑𝑛2𝑥𝑛           |
𝑎𝑛+1
𝑎𝑛
| =

(𝑛 + 1)2 

𝑛2
 
𝑛→+∞
→     1   Then : ℜ = 1.               

𝑛≥0

 

       We have :   
1

1 − 𝑥
=∑𝑥𝑛

𝑛≥0

  ⇒    (
1

1 − 𝑥
)
′

= (∑𝑥𝑛

𝑛≥0

)

′

=∑𝑛𝑥𝑛−1 

𝑛≥1

⇒
1

(1 − 𝑥)2
=∑𝑛𝑥𝑛−1

𝑛≥1

 

⇒     
1

(1 − 𝑥)2
=∑𝑛𝑥𝑛−1

𝑛≥1

=∑(𝑛 + 1)𝑥𝑛 =∑𝑛𝑥𝑛

𝑛≥0

+∑𝑥𝑛

𝑛≥1𝑛≥0

=∑𝑛𝑥𝑛

𝑛≥0

+
1

1 − 𝑥
 

 

  
1

(1 − 𝑥)2
−

1

1 − 𝑥
=

𝑥

(1 − 𝑥)2
=∑𝑛𝑥𝑛

𝑛≥0

  (with derivation and multiplication by 𝑥) ⇒ 
(1 + 𝑥)𝑥

(1 − 𝑥)3
=∑𝑛2𝑥𝑛

𝑛≥1

   

                                                   ∑𝑛2𝑥𝑛

𝑛≥0

=
(1 + 𝑥)𝑥

(1 − 𝑥)3
 . 

 

 



 
 

4 

 

 

    2)     ∑
(−1)𝑛−1

𝑛
𝑥𝑛    

𝑛≥1

   ℜ = 1.  

We have  : ∑(−1)𝑛𝑥𝑛 =
1

1 + 𝑥
  By integration term by term : ∑

(−1)𝑛

𝑛 + 1
𝑥𝑛+1 = 𝑙𝑛(|1 + 𝑥|)   

𝑛≥0

 

𝑛≥0

 

                                                            ∑
(−1)𝑛−1

𝑛
𝑥𝑛 = 𝑙𝑛(|1 + 𝑥|).   

𝑛≥1

 

   3)   ∑
𝑥𝑛

𝑛(𝑛 + 1)
              ℜ = 1.

𝑛≥1

 

   We have   : ∑𝑥𝑛 =
1

1 − 𝑥
   By  integration  ∑

1

𝑛 + 1
𝑥𝑛+1 = −𝑙𝑛(|1 − 𝑥|)  .

𝑛≥0

 

𝑛≥0

  

                                            ∑
𝑥𝑛

𝑛
= −𝑙𝑛(|1 − 𝑥|).   

𝑛≥1

 

 

 Exercice 03 :  

      1)   𝑓(𝑧) =
𝑥2

1 − 𝑥
=∑𝑥𝑛

𝑛≥2

  =  ∑𝑥𝑛+2

𝑛≥0

      

 

       2)   ℎ(𝑧) =
1

(1 + 𝑥)2
      We have : 

1

1 + 𝑥
=∑(−1)𝑛𝑥𝑛  By derivation : 

𝑛≥0

−1

(1 + 𝑥)2
=∑(−1)𝑛𝑛𝑥𝑛−1 

𝑛≥1

 

                      ℎ(𝑧) =
1

(1 + 𝑥)2
=∑(−1)𝑛+1𝑛𝑥𝑛−1 

𝑛≥1

=∑(−1)𝑛(𝑛 + 1)𝑥𝑛 .

𝑛≥0

 

 

               3)    𝑔(𝑧) =
2

𝑥(𝑥2 − 4)
 =

1

2𝑥
(
1

𝑥 − 2
−

1

𝑥 + 2
) =

1

2𝑥
(−
1

2
∑

𝑥

2𝑛

𝑛

+
1

2
∑(−1)𝑛

𝑥𝑛

2𝑛
𝑛≥0𝑛≥0

) 

                       𝑔(𝑧) =∑((−1)𝑛 − 1)
𝑥𝑛−1

2𝑛+2
=∑((−1)𝑛 − 1)

𝑥𝑛−1

2𝑛+2
𝑛≥0𝑛≥0

. 

 

 

                   


