2 ST Corrected Tutorial n°03 : EDP & Series 11/2024

Exercise 01 :
du OJu 29 = 0
a) By the characteristics : (E;):{” ax _ dy Y=Y (Rectifier la condition initiale)
u(x,0) = x
The ch teristi ) dx dy du dx dy du
: —_——— = — = —— = —
e characteristic system:  —-=— c Y "1
(§=d_y1 dy = —dx L2 € =x+3y?
{cy ; =}'{—Zy-lij—lnluI :{E A s T
ay _au Y N u=e 2t C,=e¢ =ue?
-1 2u

1 1
Then: ¢@(Cy,C,) =@ (x +§y2,u e23’> =0 or u(x,y) = e ?f (x + Eyz) , f arbitrary function.

u@x,0)=x > fx)=x = ulx,y)= e % (x+%y2).

9]

u_ ou _ 0 o dx dy du

(E,) : { ox dy characteristic system: — = —— = —

; 1 —X 0

ulx,0) =x

dx dy 2 _ 1 3 1
{T =—7 = {—x dx = dy N {Cl =y+ §x = ulx,y) = f(y + —x3) , f arbitrary.

_ u = CZ — 3

u=C, (;=u

u(x,0) = x3 :f(%x3> =x3 =2f(x)=3x = ulx,y)=3y+x3.

du OJu
b) By separation of variables: (E;): 2"5 + dy =0 Put:u(x,y) = X(x)Y(y)

u(1,0) =1

6u_

a_ —_ X’Y YI XI

u=XyY = 61)i = (Ey): 2xX'Y +XY' =0 = 7= —ZxY = k (Constante)
k_ = XY’
dy



7=k In|Y| = ky +C, Y = Cze™
, k = Ca ,  (efr=(5e%2=0C,)

X = —_—— =

oy = I In|X]| 5 In(x) + C, \/}k
(x,y) = X(x)Y () &

ulx,y) =Xx)Y(y) = C5C, =C .
NN
eky

u(1,00=1=>C=1 = ulx,y) =—

% + Sln(x)a— =0
(Ey) : x y Put: u(x,y) = X(X)Y(y)
(au .
—=XY v v
=XY = {ax = (Ey): X'Y +sin(x)XY'=0 = —=— —k
’ MUy . Y Xsin(x)
ka— = XY
y
(Y
— =k _ ~ )
{ Y { InlY| = ky + C, Y = Cet
X In|X| = kcos(x) + C, X = Cyekeost)
\ Xsin(x)

The general solution is :
Tt
u(

¢) By the coordinates method : (E,) :

21

u(x,y) = X(x)Y(y) = CekW*cosx) (¢,C, = C)

ou ou
(A—+B—=C OnPose{
0x dy
(au duds oOudt OJu OJu
<E)x dsdx Odtdx ds Ot
au_auas 6u6t_6u ou

\6y ~dsay Tatay as ot

7
X

8u+8u 1 +
— 4+ —= s=x+y
ox 0dy Put.{t:x_y
u(2x,x) =x
s=Ax+By>
Bx — Ay
du 1
(El)-Zgzl > u(x,y)=55+f(t),

1
The general solution is: u(x,y) = > x+y)+flx—y).

ux,x) =x = f(x) = —%x >ulx,y)=y.

(e“r > (y,e% > ()

0) =-2>C=-2 = u(x,y) = —2ek0*cos®) _ (particular solution )

fArbitrary.



(au Ju ds auat_au u

ou_,o0u_, 3 9x dsox dtox 9s 0

) —=-3—= (s=x—-3y s x s 0x t ox s t
(E,): a;(c) _6in ) Posons.{tz_gx_y DO“{a_u_a_ua_s+a_ug__ a_u_a_u
u(0,y) = sin(y) \oy ~dsay "atay  “os ot

ou u ) .
—=0>—=0>=> u=f(t), f arbitrary Function.

(E;) : 10 ds ds
Then: u(x,y) = f(—=3x—y).

u(0,y) = sin(y) = f(—y) = sin(y) = f(x) = —sin(x)
u(x,y) = sin(3x + y).

Exercise 02 :

= xe¥

(
(E,): 4' 0xdy
l

u(0,y) = —y3+5

ik 0 1
¢ e¥ = o _ f xe¥dy = xe¥ + f(x) > u(x,y) = Exzey +F(x)+g9)

dx0dy - 0x

where : f and g two arbitrary functions.

%x2+F(x)+g(0) =3x%2+5 . {F(x) =§x2+5—g(0)

F(O)+gl) =—-y*+5 g =-y3>+g(0)

u(x,0) =3x%2+5
=
u(0,y) = —y3+5

5 1 5
F(x)+g() =§x2 -y3+5 = ulxy) =Ex2ey+ Exz —y3+45

) 02u+16u_0 Put ou av_(')zu
220 9x2 T x ox “'ax_”' dx  0x?
ov 1 10v 1 1
Er): o+ v=0= - =-—— 2v="f(Q)

f , g arbitrary functions.



Exercise 03 :

0%u 0%u
. Y
(El) : axz 4 ayz y
1) La forme canonique :

(A= B? — 4AC = 4 > 0 Alors (E,) is hyperbolic equation.)

. . dy\* _dy
Solve the characteristic equation: A (—) —B—+4+(C=0
dx dx
2 dy
dy dy dx {Cl—y+2x
—_— — = — =4+
(dx) 1=0= dx 2 dy C,=y—2x
=2
dx
(au ou ou Ifazu 0%u 0%u 0%u
_ —:2—— —_— 2=4 2—8 +4‘ 2
PUL {S—y+2X {ax ds ot Jax ds dsdt ot
" lt=y-2x "’ 6_u_6_u+6_u Iazu 0%u Zazu 0%u
\ 3y ~as "ot | 3y2 = 952 T %%sac T ar
0°u 1
959t = ea (s +t)? isthe canonical form of (E,).
0°u 1 ou 11
- 2 o -2 3
Ty AC i ety ACRL P AO
= 111( +)*+F@t) +g(s) = ulx,y) = ! Y+ F(y—-2x)+ gy +2x)
u=-350 g(s uloy) = =2y y —2x) + g(y + 2x).
) 0%u 6 0%u +962u_ 5
27 9x? dxdy 6y2_xy

(A= 0 Alors (E,) est parabolique.)
2

- | dy\* _dy dy
Characteristic equation : (—) +6—+9=0 > (—+ 3) =0
dx dx dx

dy
a+3=0 >C =y+3x

Choose C, so that the jacobien determinant: J(C;,C,) # 0

4



Take: C, = x (]=|f B =—1¢0)

Put the change of variable : {S =t)i-l;c 3x
( azu_982u+662u +62u
(a_u_a_u§+a_ug_ga_u+a_u dx2 7~ 0s? dsot = 0t?
{ax‘asax otox  “9s ot _ | ’u _9%u
6u_6u65+6u6t_6u dy?  0s?
dy  dsdy 0dtdy 0s o*u @ (au) 0 (6u) B 62u+ 0%u
\0xdy dx\dy) odx\ds) ~ 0s?  0dsot
62 62
a_tl; =xy?= a_tl; = t(s — 3t)? is the canonical form of (E,).
62 d 2¢2 9
a—tlj =t(s—3t)? > 6—1: = f t(s — 3t)?%dt = Y st 4 Zt‘* + f(s),  f Arbitrary.

2

s?t3 1

SU=Te T2 20

Then : the general solution of (E,) is:

+3x)%x3 1 9
%—E(y + 3x)x* + — x>+ xf(y + 3x) + g(y + 3x),

u(x,y) = 20

u0,y)=0=>g90Q)=0

9
——st*+—t>+tf(s) + g(s), f,g Arbitrary functions.

f, g Arbitrary

9 1
_ - _ T .4
ulx,0) =0 :>20x +xf(3x) =0 = f(x) TR
(y+3x)%x3 1 L9 o 1 .
Then: u(x,y) = — —E(y + 3x)x* + 0% ﬁx(y + 3x)%.
Exercice 04 :
n" n"
1) Z ] Un = o D'Alembert
n2=1
h Upyq (n+ 1™ 2"l 1 (n + 1)" note e z n
: = == — =
wenave I 1T 2 e+ 1 e 2\ n 2 2n

nz1

n
is divergent.
n!



n

2) ann(1+%> un=nln<1+%>=ln(1+%)

nz1

n

1 1
lim u, = lim In (1 + —) =10 = Z nin (1 + —) est divergente.
no+oo n-+oo n 4 n

nz

n

2 n+1 2 2
3) Z (§) = §Z (§> Geometric serie ¢ < 1 , converges .

+1
2\"*! n 2\ noken 2
Or: u,= (—) Cauchy : lu,| = (§) —3 <1

2 n+1
<§> converges. /

u, convergente.

nz1
1 1
5 n3—1-—4ynd u, =+/n3—1—+yn3= ~
) nzo( ) n Vi3 — 1+ Vn3 V3
1 : : 3 :
—— Riemann serie a==>1 converges. Then Z (\/n3 —-1- n3) is convergent.
Vn3 2
nz1 nz1
n \" n \" n  noto 1
) . Grv1)  w=G) lunl = 51 2
nz
Then : Zun converges.
nz1
2n? _ 2n? _
7) Z)m nl_l)rllwm = 2 # 0 Then Zun est divergente.
nz nz



Exercise 05 :

1 1\ no+oo 1
1) z cos (E) , U, = COS (E) ——> 1#0; Then: z cos (E) is divergent.

nz1 nz1

. (4 . (4 4 no+too )
2) Zsm(ﬁ) , un=sm<§> Put:x=3—n —— 0, sin(x) ~x.
n=0

. (4 4

() 5

L\ : : 1 (Y.
2 4 (§> Geometric serie q = 3 < 1 converges. Then: Z sin (3_”) is convergent.
nz=0

1 1 1 n-+o 1
3) Z 1—cos(—> , un=1—cos(—) Put:x =— — 0, cos(x)~1—=x?
n n n 2

11 11 11 . .
u, =1-— (1 3 —) =53 and >z Serie of Riemann & = 2 > 1 converges.

Then : Z <1 — cos (%)) is convergent.
4) Z(—l)”sin (%) , U, = (—1)"sin (%)

nz1

1 1 1
sin (F) ~ ZIunI ~ Z = Serie of Riemann converges a = 2 > 1.

nz1 nz1

Then : ZIunl converges = Zun converges.

nz1 n=1



