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Power Series :
1) Definition :
We call power serie any serie of function ay + a;x + a,x? + -+ + a,x™ + -+

[ee]
we write : Z a,x" = Z U, And (a,),soisareal sequence.
n=0

n=0

U, = a,x™ is called the general term of the serie{S,, }.

n
Examples : Zx” , Z x™, Z 3nx™"
n+1

n=0 nz0 n=0

2) Radius of convergence :

The radius of convergence of a power serie Z a,x"
n=0
Is the positive real R such that :
If |x| < R the serie {S4} is Cenvergent.
{ If |x| > R the serie {S,} is divergent.

3) Domain of convergence : We call domain of convergence of a power serie {S,,} the set of
all reals where the serie is convergent.

If |x| < R, {S,} converges and the domain of convergence is the interval of the
center zéro and theradius R. D={ x€R / |x| <R}.

Theorem:
Let 2 a,x™ a power serie. And R its radius of convergence. We have :
nz0
R=0 < D ={0}
{ R=+40 < D=R
0O<R<+ow ©D=]-R R]|
Remark :

1) Forx = +R We don’t conclude about convergence of the série{S,,} .

2) Ifthe power serie is in the form Z a,(x —xy)™ Then:

n=0



R=40 < D=R

0O<R<+o0 ©D=]-R+x, R+x,]

4) Tests of convergence : (Calculation of radius R)

Let Z a,x™ apower serie.

n=0

a)  Test of Cauchy- Hadamard

. n n . . n . n
If nl_l)er la,x™| = nli)rgm Via,l 1x] <1 <The serie Zanx converges).

n=0

1
The radius of convergence R is given by : R = 1 with /= lil‘-{l Vla,|
n—+0oo

Examples :
1) Z(Zx)”, a,=2" ; lim 32" = lim 2=2
n—-+oo n—+oo
nz=0
Then: R = L W
Y G W\ Y
1
For x = if the numerical series Z 1 and z(—l)” are divergent.
n=0 n=0
11
Then the domain of convergence is D = ]— 57
2 Z(x)n R=1 L= li "(1)n—1' Loo
) n Sl e ) Tatten T

nz1

R=+400 and D =R.
b) Test of D’Alembert :

n+1

An+1X An+1

a,xm

If lim

n—+oo

= lim

n—+oo

n

3

x| <1 <The serie Z a,x" converges).

n=0



1 a
Then the radius of convergence R given by : R = 7 .with [ = lin+1 ZH
n—-+oo n
Examples : 1 il _ !
xamples: 1) —— a"_n+1
nz1
a n+1
lim =2 = lim =1. Then:R=1.
n—+oo | a, n—+on + 2
Forx=1, . > L
orx=1, 1 — diverges.
nz1 nz=1
(-" . oo
Forx = -1, Z L1 converges. (According to'Leibnitz)
n=1 n
Then:D =]-1 1]
2) z nlx™ a, =nl!
n=0
1 a n+1)!
R=- |, [= lim |2 = lim !: lim (n+1) =+

l n—+0o| a, n—+o Nl n—-+oo

1
Then : R=T=0AndD={0}.

5) Sum of'the power serie :
Consider Z a,x™ apower serie of the radius R.

nz0

n
Wecall §,, = Z a,x® The partial sum of the serie Z a,x™.
k=0

n=0

We call sum of the serie Z a,x™ alimit of its partial sum .

n=0

Written: S = lim S,,.

n—+oo
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X n
1-q"_1-(3) . X" . L
Sy = = ¥ , The sum of the serie Z(E) is §= lim S, = | 3
2

n=0
6) Derivation and integration of power series :
Theorem :

Consider z a,x™ a power serie , with radius’'R and the sum S. Then :

nz0

a
(1) The series Z na,x" 1 and Z - _:1 x™*1 obtained by derivation.

nz1 n=0

And integration ofthe'serie Z a,x™,have the same radius of convergence.

n=0

@2) S'(x) = (Z anxn>, = Znanx"‘l

n=0

(3) .]:S(t)dt = .];)x (Z ant”) dt = Z n(:ill X1

n=0 n=0

xn
pample: 5= X
xample = Dn

n=2

1— xn+1 1
Z x" = lim T By integration we obtain :

n—+oo 1—x

nz0



x™t1 — _In(1 m=n+1 x™ - _In(1 Bv i .
i nl—-x) — = n(1—x) By integration
nz0 mz1
xmtl n=m+1 x™
— [ m@-tdt=(@1- 1- = =(1-x)n(1-
z =~ | = 0de= A =0 -2+ =y~ (0 = 43
0 nz

7) Power series expansion (developement) :
Consider f : D € R — R Derivable on D. and x,, € D.

+00
M (x
We call the serie Z fn_('o) (x — x¢)™ The Taylor serie of f in the neighborhood of x, .

n=0

Theorem:
Any derivable function on the interval D is equal to the sum

of a power serie converges in this intervale.

Examples:  Developement (expansion) inthe neighborhood of zero (x, = 0) .

2// n g(n)
1) £(x) = e* = £(0) + xf"(0) + ——— f<> L0

n!
xn
Z1hxbxl4ota o= Y
nzon'
x? X GO
= = ——F — ... —1\y2n+l 4 ., — 2n+1
2)f00) = sin(x) = x =y + o+ (F)" 4+ Zit D
n=0
_ N =Dt
3) f(x) = cos(x) = @) x

n=0

1 1
4) f(x) =sh(x) = E(ex —e™), gx)=ch(x)= E(ex +e™)



( " 1
| ex=2——1+x+2x +§x + b —x"+
nz0 )
Ona%I (- 1)11 1 1 (— 1)n
e =z =1l—-x+-x2—=x3+-+ n4.
\ 2* 73
sh(x)=x+—x3+-+ 1 x2n+1 4o z 1 21
3 (2n+ 1)! L (2n+ 1)
ch(x) = X2 4 .= 1 521
2 (2n)! 4 (2n))
nz

5 f(x) =In(1+x)

1
We have : T7x- 1—x+x%+-+ (D))" = Z(—l)"x"

n=0

X d 1n
f(x)zl"(1+x)=f1fu_ (n+)1
0
Examples :
X +2 1/ 3
1)f(x):x2+2x—322(1—x x+> 4; 121+_ 4; M(_) ()

: 1 11
In(4+ x) =? Wehave: (In(4+x)) “4+x 4
1+

By integration we obtint : (n(4 + x) =

nz1




